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ABSTRACT. Let G be an infinite discrete countable group and (X, G) a minimal
G-system. First, we prove that

hip(X,G) >log Y huXO),
pEMe(X,G)
where hf,,(X,G) and h},(X,G) are the supremum of the topological and metric

sequence entropy, respectively. Additionally, if G is abelian, there exists K €

NU {oo} with log K < hj,,(X,G) such that it is a regular K-to-one extension of

its maximal equicontinuous factor.

Furthermore, for any infinite countable discrete group G, we show that if the
factor map from a minimal G-system to its maximal equicontinuous factor is
regular K-to-one and almost Ks-to-one, then the system admits [K;/K>]-1T-
tuples, where K3 € NU {00} and K3 € N. As a corollary, we refine the upper
bound on the number of ergodic measures for systems that are almost N-to-one
extensions of their maximal equicontinuous factors and lack K-IT-tuples, thereby
improving the result of Huang et al. (2021, J. Funct. Anal. 280, no. 12, No.
109000).

1. INTRODUCTION

Throughout this paper, we always assume that GG is an infinite discrete countable
group, unless otherwise stated. Meanwhile, we always assume that X is a compact
metric space with a metric d and By is the Borel o-algebra of (X, d). By a G-system,
we mean a pair (X, G), where G acts on X as a group of homeomorphisms. By a
G-measure preserving system (G-mps for short) we mean a triple (X, u, G), where
(X, G) is a G-system and p is a G-invariant Borel probability measure on X.

The notion of sequence entropy for a Z-mps was introduced by Kushnirenko [28],
who showed that an ergodic Z-mps has discrete spectrum if and only if its sequence
entropy is zero for any sequence. Goodman [13] later introduced topological sequence
entropy for a Z-system, and Huang, Li, Shao and Ye [17] proved a minimal Z-system
with zero topological sequence entropy along any sequence, is uniquely ergodic, has
discrete spectrum and is an almost one-to-one extension to its maximal equicontinu-
ous factor. For general group actions, the sequence entropy can be defined similarly.
Huang and Ye [21] introduced the maximal pattern entropy, denoted by A, (X, G),

top
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and proved it equals to the supremum of topological sequence entropy over all se-
quences of G. From [17, 21|, the maximal pattern entropy of a G-system is log K for
some K € NU{oo} . Correspondingly, in the measure-theoretical setting, we denote
by k7, (X, G) the supremum of metric sequence entropy of G-mps (X, u, ) over all
sequences of G. In this paper, we will show that for any ergodic G-mps (X, u, G),
there is K € NU{oo} such that 1} (X, G) = log K (see Theorem 2.9), and clarify
that this result does not hold for non-invariant measures (see Proposition 2.10).

Denote by M¢(X, G) the set of ergodic measures of (X, G). It is well known that
SUD e me(x.c) P (X, G) < Wi, (X, G), where the inequality can hold strictly (see e.g.

top
[21, Theorem 2.6]). If further assume the minimality, we have a better lower bound.

Theorem 1.1. Let (X, G) be a minimal G-system. Define
log ZueME(X,G) G - if M(X, G) s finite or countable,

a:=X0, if M(X,G) =0,
00, if M¢(X,G) is uncountable.
Then, the following inequality holds:
hiop(X, G) > a. (1.1)
In particular, if SUp,epe(x,q) M X, G) = hi,, (X, G) < oo, then it is uniquely er-

godic.

Remark 1.2. We provide an example showing that the equality in (1.1) may hold,
demonstrating that this lower bound is sharp. In [10], the authors constructed a min-
imal system (X, G), which is an at most two-to-one and almost one-to-one extension
of its maximal equicontinuous factor, and has two distinct ergodic invariant mea-
sures. By Theorem 4.4 in [21], we have hy, (X, G) < log2. Applying Theorem 1.1,
since the system has two distinct ergodic measures, we also have h;“op(X, G) > log2.
Therefore, hf, (X, G) = log?2.

As a direct corollary of Theorem 1.1, the number of ergodic measures of a minimal
system is bounded by the maximal pattern entropy.

Corollary 1.3. Let (X,G) be a minimal G-system. Then |M¢(X,G)| < elterX&),

Let (X,G) be a G-system and 7 : (X,G) — (H,G) be the factor map to its
maximal equicontinuous factor. Here 7 can be obtained in a constructive way via
the regionally proximal equivalence relation [34]. Let v be the Haar measure of H.

We say (X, G) is a regular K-to-one extension of its maximal equicontinuous factor
if ({y € H : |7 1(y)] = K}) = 1.

Investigating the structure of minimal systems that lack non-trivial sequence en-
tropy tuples is also an interesting problem, as explored in [30]. When G is abelian,
Huang, Lian, Shao, and Ye [18] demonstrated if a minimal G-system (X, G) satisfies
hi,,(X,G) =log K for some K € N, then it is an almost K’-to-one extension of its
maximal equicontinuous factor for some K’ < K. In a recent study, Qiu and Yu
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[32] proved that if G = Z, it is regular K-to-one extension of its maximal equicon-
tinuous factor for some natural number K with log K < A, (X,Z). However, their
approach does not generalize to general infinite discrete countable abelian groups.
In this paper, we employ a new method to extend this result to any infinite discrete

countable abelian group.

Theorem 1.4. Let (X,G) be a minimal G-system, where G is abelian. Then there
evists K € NU {oo} with log K < h}, (X, G) such that (X, G) is reqular K-to-one
extension of its mazximal equicontinuous factor.

Remark 1.5. For general minimal group actions Theorem 1./ may not hold. For
example, put T = R/Z = [0,1). Define T,S on T by Tx = v + « and Sz =
for x € [0,1) where « is an irrational number. Let G be the group generated by T
and S. Since (T, T) is minimal, so is (T,G). The maximal equicontinuous factor of
(T, G) is trivial and the size of the fiber is co. However, Glasner and Megrelishvili
[12] showed that (T, G) is null.

The local entropy theory has unfolded around the concept of entropy pair in-
troduced by Blanchard [4]. From the viewpoint of independence, for a K-tuple
(Aq,..., Ak) of subsets of X, we say that a set J C G is an independent set for this
tuple if for any nonempty finite subset I C J and function o : I — {1,2,... K},
Nsess T Ag(s) # 0. A pair of two different points (z1,z2) € X x X is called strongly
scrambled by Huang [16] if, for any open neighborhood U; of x;, i = 1,2, the pair
(U1, Us,) has an infinite independent set, which was used to study the tameness of
systems. Kerr and Li [23] independently introduced the corresponding definition for
tuples, and call them K-IT-tuples. If each component of a K-IT-tuple is pairwise
distinct, we call it an essential K-I1T-tuple.

Fuhrmann et al. [10] first showed that the inconsistency between the measure-
theoretical and topological perspectives of the extension to its maximal equicontin-
uous factor guarantees the existence of IT-pairs. Huang et al. [18] extended this
result to IT-tuples. More precisely, they proved that if 7 is almost one-to-one and
regular K-to-one for some K € N with K > 2, then (X, G) has essential K-IT-
tuples. In the following theorem, we relax the almost one-to-one condition to an
almost finite-to-one condition.

Theorem 1.6. Let (X,G) be a minimal G-system and © : (X,G) — (H,G) be
the factor map on the maximal equicontinuous factor of (X, G). Let v be the Haar
measure of H. Given K; € NU {oc}, Ky € N, suppose that (X,G) satisfies the
following two conditions:

(1) m is reqular Ki-to-one;
(2) 7 is almost Ky-to-one.

Then (X, G) has essential K-1T-tuples for all K € N with 2 < K < (%}

Remark 1.7. From Theorem 1.6, if a minimal G-system (X, G) has no invariant
measures and has no K-IT-tuples for some K € N with K > 2, then 7 is almost
oo-to-one.
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Indeed, if this conclusion is not valid, there exists Ko € N such that w is almost
Ky-to-one. Since (X, G) has no K-IT-tuples, then there ezists K1 € N such that
v({y € H : |7 (y)| = K1}) = 1, where v is the Haar measure on H. Then
I K% D ven—1(y) OxdV(y) is an invariant measure which is a contradiction.

The example in Remark 1.5 clearly has no invariant measures. This, combined
with the discussion in Remark 1.7, raises a natural question.

Question 1.8. Assume a minimal G-system (X, G) has no essential K-1T-tuples for
some K > 2 and M®(X,G) # 0. Is it true that (X, G) is reqular K' to one extension
of its maximal equicontinuous factor for some natural number K' < K — 17

Remark 1.9. When K = 2, this question is solved by Fuhrmann, Glasner, Jdger
and Oertel [10], where they proved that if a tame (introduced by Kéhler [25]) minimal
system has at least one invariant measure then it is reqular. Recall that a G-system
is tame if and only if it has no essential 2-1T-tuples [23].

Finally, let us end this section with a corollary of Theorem 1.6. In [18], Huang,
Lian, Shao and Ye demonstrated that if a minimal system under an amenable group
action is an almost N-to-one extension of its maximal equicontinuous factor and
lacks K-IT-tuples, then it has no more than N(K — 1)V different ergodic measures.
We extend their result to infinite countable discrete groups, and refine the upper
bound of the number of ergodic measures.

Theorem 1.10. Let (X, G) be a minimal G-system and 7 : (X,G) — (H, Q) be the
factor map on the mazimal equicontinuous factor of (X,G). Assume that (X,QG)
satisfies the following two conditions:

(1) m is almost N-to-one for some N € N;
(2) (X, G) has no K-IT-tuples for some K € N, K > 2.

Then (X, G) has no more than N(K — 1) different ergodic measures.

The structure of the paper is as follows. In Section 2, we recall some basic notions
and results. In Section 3, we provide the proof of Theorem 1.1. In Section 4, we
prove Theorem 1.4, Theorem 1.6 and Theorem 1.10.

2. PRELIMINARY

In this section, we review some basic notions and fundamental properties of G-
systems.

2.1. Regionally proximal relation. A G-system (X, G) is called minimal if X
contains no proper non-empty closed G-invariant subsets. It is easy to verify that a
G-system is minimal if and only if every orbit is dense if and only if {gU : g € G}
is an open cover of X for any nonempty open subset U of X. A factor map m :
X — Y between two G-systems (X, G) and (Y, G) is a continuous onto map which
intertwines the actions. In this case, we say that (Y, G) is a factor of (X, G) or (X, G)
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is an extension of (Y,G). We say 7 is almost N to one for some N € NU {oco} if
{y €Y : |77 (y)] = N} is a dense G subset of Y. In the case (Y, @) is minimal, 7
is almost N to one if and only if N = mingey |77 (y)]|.

For k > 2, the k-regionally proximal relation [1] is defined by
RPL(X,G) = {(x;)"_, € X*: for any € > 0 there exist 2, € X and g € G
with d(z;, ;) < e(1 <i < k), and d(g;, go) < e(1 <i < j<k)}.

A G-system (X, G) is equicontinuous if for any € > 0, there is § > 0 such that
whenever z,y € X with d(z,y) < J, then d(gz,gy) < € for all ¢ € G. There is a
smallest invariant equivalence relation S, such that the quotient system (X/S,,, G)
is equicontinuous [9]. The equivalence relation S, is called the equicontinuous struc-
ture relation and the factor (X/S.,, G) is called the mazimal equicontinuous factor
of (X,G). We remark that S, is the smallest closed G-invariant equivalent rela-
tion containing the 2-regionally proximal relation RP»(X,G). The 2-regional prox-
imal relation RP,(X, G) is G-invariat, closed, symmetric and reflective. Of course,
RP,(X, @) is an equivalence relation if and only if S., = RP(X,G). It turns out
that in many cases RP»(X,G) is an equivalence relation. For example, (X, G) is
minimal and X x X has a dense set of minimal points [1, Theorem 8§].

Theorem 2.1. Let (X,G) be a minimal G-system and k > 2. Assume that X x X
has a dense set of minimal points. If x1,x9, - ,xx € X satisfy (x1,2;) € RP(X,G)
for 1 <i <k, then (x1,22, - ,2x) € RP(X,G).

Especially, if G is abelian and (X, G) is a minimal G-system, then (z, gx) € X x X
is minimal for all x € X and g € G. Thus, X x X has a dense set of minimal points
and then Theorem 2.1 is true in this case (In the case G is abelian, one can see [19]
or [31] for other proofs).

2.2. Independence set. We recall the notion of independence sets introduced in
[23, Definition 2.1](see also [24, Definition 8.7]).

Definition 2.2. Let (X, G) be a G-system and k € N. For a tuple A = (Ay, -+, Ag)

of subsets of X, we say that a set J C G is an independence set for A if for every
nonempty finite subset I C J and function o : I — {1,2,--- k},

mSEIS_lAO'(S) 7é @

Definition 2.3. Let (X, G) be a G-system andn > 2. We call a tuple (z1,-- - ,x,) €
X" is an n-IT-tuple (or an IT-pair for n = 2) if for any product neighborhood
Uy x Uy x -+ x U, of (x1,-++ ,x,) in X™ the tuple (Uy,Us,--- ,U,) has an infinite
independence set. If each component of a n-IT-tuple is pairwise distinct, we call it
an essential n-1T-tuple.

We denote the set of n-IT-tuples and essential n-IT-tuples by IT, (X, G) and
IT: (X, G), respectively.
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The diagonal of X™ is defined by
Ap(X) =A(z, - ,x) e X" 12 € X},
and put
A(X) = {(x1, 29, ,2,) € X" : for some i # j,2; = ;}.
When n = 2 one writes A(X) = Ay(X) = AP (X).
The following results can be found in [23, Proposition 6.4].
Proposition 2.4. Let (X, G) be a G-system and n > 2.

(1) Let (Aq,---,Ay) be a tuple of non-empty closed subsets of X which has an
infinite independence set. Then there exists an n-1T-tuple (z1,--- ,x,) with
xj€Aj foralll <j<n.

(2) IT5(X, G) is nonempty if and only if (X, G) is non-tame.

(3) IT,.(X,G) is a closed G-invariant subset of X".

(4) Let: (X,G) = (Y, G) be a factor map. Then 7™ (IT,(X,G)) = IT,(Y,G),
where 7™ : X" — Y™ defined by 7 (a1, -+ 1) = (7(21), -, 7(20)).

(5) Suppose that Z is a closed G-invariant subset of X. Then IT,(Z,G) C
IT,(X,G).

2.3. Ellis semigroup. An Ellis semigroup is a compact space with a semigroup
multiplication which is continuous in only one variable. For an Ellis semigroup F,
the element u with u? = w is called an idempotent. The Ellis-Numakura theorem
says that for any Ellis semigroup F, the set J(E) of idempotents of E is not empty
[8]. An idempotent u € J(FE) is minimal if v € J(E) and vu = v implies uv = u.

Given a G-system (X, ), the Ellis semigroup E(X) associated to (X, G) is defined
as the closure of {z + tx : t € G} C X% in the product topology, where the
semi-group operation is given by the composition. On E(X), we may consider the
G-system given by E(X) 3 s+ ts for each element ¢ € G.

Theorem 2.5 ([2], pp. 52-53). Suppose H is a compact metric space and (H,G) is
minimal and equicontinuous. Then E(H) is a compact metrisable topological group.
Further, we have the following.

(a) If G is abelian, then E(H) is abelian and (H, Q) is isomorphic to (E(H),G).
(b) For a general G, (H,G) is a factor of (E(H),G), where the factor map 7 is
given by
m:FE(H)— H,t—th
for some fixed h € H. Moreover, 7 is open.

In this paper, we use the notation cl(-) to denote the topological closure of a set
and int(-) to denote its topological interior. The following is in [18, Proposition 3.2]
which was proved to be true for k = 2 in [10, Proposition 3.3].

Proposition 2.6. Let H be a locally compact second countable Hausdorff topological
group with left Haar measure v, and let k € N with k > 2. Suppose that Vy,--- Vi, C
H are compact subsets that satisfy
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(1) cl(int(V;)) =V; fori=1,2,--- | k;
(2) int(V;) Nint(V;) =0 for all 1 <i < j <k;
(3) v(NF_, Vi) > 0.
Further, assume that G C H is a dense subgroup and G C H 1is a residual set. Then

there exists an infinite set I C G such that for all a € {1,2, ..., k} there exists h € G
with the property that

he (Nt int(Va,).

tel

Now we introduce another type of Ellis semigroups.

Definition 2.7. A filter on G is a nonempty family p of subsets of G with the
following properties:

(1) If A, B €p then AN B € p;

(2) If A€p and AC B C G, then B € p;

(3) 0 ¢ p.

If in addition, p satisfies that for any A C G, either A € p or G\ A € p, then it is
called an ultrafilter on G [14, Section 3.

Let
PG = {p : p is an ultrafilter on G'}.

The sets with the form H := {p € G : H € p} with H C G form a base for a
topology on SG. With this topology SG becomes a compact Hausdorff space. The
semigroup operation on G is defined by

Acp-qe{relG Azt ep}eq,
where Az™! := {y € G : yv € A}. Then G is an Ellis semigroup.
Let (Uy)gec be a unitary representation of a group G on a Hilbert space H, and
He={peH :{Uyp:ge G} is precompact in H}.

Since the unit ball in H is a compact metrizable space with respect to the weak
topology, the expression p-limgeq Uy has a well defined meaning. The following
consequence was proved by Bergelson [3, Theorem 4.4 and Theorem 4.5].

Theorem 2.8. Let (U,), € G be a unitary representation of a group G on a Hilbert
space H. Let p € BG be a minimal idempotent. Then

H=HcD Hum,
where Hom = {p € H : p-limgeq Uyp = 0}.
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2.4. Measure decomposition. Let X be a compact metric space. Denote By
by the Borel g-algebra of X and denote M(X) by the set of all Borel probability
measures on X. For yu € M(X), denote by BY the completion of Bx under x and
denote by supp(u) the support of u, i.e. the smallest closed subset of X with full
measure. Under the weak® topology, M(X) is a nonempty compact convex space.
For a sub-o-algebra F of BY, p can be disintegrated over F as pu = fX pr e du(x),
where pr, € M(X). The disintegration is characterized by the properties (2.1) and
(2.2) below:

for every f € L'(X, B, ), f € L'Y(X, B, pir..) for p-ae. x € X, (2.1)
and the map = — [, fdur, is in L'(X, F, p);

for every f € L'(X, By, n), E.(f|F)(z / fdur, for p-ae. z € X. (2.2)

If 7', F are sub-o-algebras of By with 7' C F then for every f € L}(X, B, n),
E,(fIF)(z) = E,(E.(f|F)|F)(x) for p-ae. x € X.

This is equivalent to

/ fdur . :/ / fdpr . dpr . (y) for all f € LY(X, By, p) for p-ae. z € X.
X xJx
Then

WF o = / M]—',ydﬂ}",x(y) for u-a.e. T c X. (23)
X

Let (X,G) be a G-system. We say p € M(X) is G-invariant if u(g~'B) = u(B)
holds for all B € BY and g € G. Denote by M(X, G) the set of G-invariant Borel
probability measures of (X,G). We say B € BY is G-invariant if ¢g-'B = B for
all g € G, and p € M(X, Q) is ergodic if for any G-invariant Borel set B € B,
w(B) = 0 or u(B) = 1 holds. Denote by M*¢(X,G) the set of ergodic measures
of (X,G). Since G is countable, it is well known that M°(X,G) is the collection
of all extreme points of M(X,G). Using Choquet representation theorem, for each
€ M(X,G) there is a unique measure 7 on the Borel subsets of the compact space
M(X,G) such that 7(M(X,G)) =1 and u = fMe(X,G) mdr(m), which is called the
ergodic decomposition of p. If we let Z,(G) = {B € B : u(¢BAB) = 0,Vg € G},
the ergodic decomposition of p is just the disintegration of p over Z,,(G).

2.5. Sequence entropy. Let X be a compact metric space. A cover of X is a finite
family of subsets of X whose union is X. A partition of X is a cover of X whose
elements are pairwise disjoint. Denote by Cx (resp. C%) the set of all finite covers
(resp. finite open covers) of X and by Px the set of all finite partitions of X.

Let (X, G) be a G-system. Given a sequence A = (g,)32, of G and U € C%, the
topological sequence entropy of U with respect to (X, G) along A is defined by
h.A

top

(G,U) = hmsupllogN \/g’lu

n—00
=1
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where N(\/!_, g; 'U) is the minimal cardinality among all cardinalities of sub-covers
of /', g; 'U. The topological sequence entropy of (X, G) along A is

h;‘)p(X G) - Sup htop(Gvu)'

Define the mazimal pattern entropy of (X, G) by
top(X G) - Sup htop(X7 G)J

where the supremum is taken over all sequences of G.

By the ideas of Bowen [5] and Dinaburg [6], the topological sequence entropy
along A = (gn)5>, can also be defined through the separated set. A subset E of
X is a (n,€)-separated set along A if for any distinct z,y € F there is j € N with
1 < j < n such that d(g;x, g;y) > €. Let Sepyi(e) be the largest cardinality of any
(n, €)-separated set along 4. Then

1
(X, @) = lim lim sup —log SepA(e).

=0 nooo

h.A

top

For p € M(X), define
P% = {a € Px : each element in « belongs to B }.
Given « € P and a sub-c-algebra A of B, define

Hy(alA) = 3 / W(Lal4) log B, (1.4 A)ds,
Aca
where E, (14].A) is the conditional expectation of 1,4 with respect to A. One standard
fact is that H,(a|.A) increases with respect to o and decreases with respect to A.
Set ' = {0, X} and denote

Hy(a) = ==Y pu(A)logpu(A

A€a

Let (X, i, G) be a G-mps, and o C P%. The sequence entropy of o with respect to
(X, u, G) along A is

1
hA(G a) = limsup — H( mgta).

n—oo
Define
(G, @) = sup hH (G, a),

where the supremun is taken over all sequences of GG. Define the maximal pattern
entropy of (X, u, G) by
h;(G) = sup hA(G)

04673“

For p € M(X,G), define the Kronecker o-algebra of (X, u, G) by
K.(G)={B € B : {U,15 : g € G} is precompact in L*(u)},
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where U, f(z) = f(gz) for g € G, f € L*(u),z € X. It is easy to see that K,(G) is
a G-invariant sub-o-algebra of Bf. For yp € M*(X,G), let p = [, pedu(z) be the
disintegration of p over K,(G). If u is ergodic, there is k, € N U {oo} such that
|supp(pz)| = K, for p-ae. z € X.

The following theorem shows the relation between sequence entropy and Kro-
necker o-algebra. Its proof follows a similar approach to that of [20] for G = Z,
with the key difference being the replacement of natural number density by filters.
Therefore, we provide the full proof in Appendix B. A similar result for amenable
group actions can be found in [29].

Theorem 2.9. Let (X, p,G) be an ergodic G-mps. Let p = [y podp(z) be the
disintegration of p over K, (G). Then (X, G) = logk,,.

The following result shows the assumption of ergodicity in Theorem 2.9 is neces-
sary.

Proposition 2.10. There ezists a minimal zero-dimensional Z-system (X, Z) such

that, for any r € [0,00], there exists an invariant measure p, on (X,,Z) satisfying
hy.. (Xu, Z) =.

Proof. By Weiss [37] (also Downarowicz [7]), there exists a minimal zero-dimensional
Z-system (X,,,7Z) carrying isomorphic copies of all nonatomic invariant measures.
Now we prove for any r € [0, oc], there exists u € M(X,,Z) satisfying h'(X,,Z) =
T

Given r € [0,00], there exist ki, ks € NU {oo} and ¢t € [0,1] such that r =
tloghky + (1 — t)loghks. Let (X,u1,Z) and (Y, p2,Z) be two ergodic mpss with
by, (X,Z) = logk, and hy, (Y,Z) = log ky. We may further assume that p; and
are nonatomic. Let (Z, u,Z) be the mps such that Z is a disjoint union of X and
Y, and p = tu; + (1 — t)pe. By a standard computation, we obtain that

h(Z,Z) =tlogk + (1 —t)log ks = 1.

Since p; and ps are nonatomic, it follows that p is also nonatomic. Thus, there
exists ju, such that (X, ., Z) is isomorphic to (Z, p, Z), and so b}, (X, Z) =r. O

3. PROOF OF THEOREM 1.1

In the first part of this section, we present a new approach (Proposition 3.1) for
estimating a lower bound on the maximum pattern entropy. This lays the ground-
work for the proof of Theorem 1.1. In the second part, we proceed with the proof
of Theorem 1.1.

Given the length and complexity of the proof, we provide an outline to enhance
readability. First, we introduce the method for estimating a lower bound on topo-
logical sequence entropy.

Proposition 3.1. Let (X,G) be a G-system, v € (0,1) and K € N\ {1}. As-
sume that there is € > 0 such that for any M € N and nonempty open subsets
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Uy, Uz, -+ Uy of X there exist g € G, M C {1,2,--- ,M} and xpy € U, for
ke{l,2,--- K}, m €M such that

(1) M| = (1 —~)M;
(2) d(gxm ks GTmpr) > €, for 1 <k <k’ < K,me M.

Then h;, (X,G) > log((1 —v)K).

top

When M¢(X,G) = 0, Theorem 1.1 holds trivially. In the case where M¢(X, G)
0, it suffices to show that for any K <1og Y, c vpe(x.c €Y, one has hy,, (X, G)
K. For all € > 0, define

XE = {(zy, 29, ,2x) € XX 1 d(vp, 2p) > e for 1 <k <k < K}.

By Proposition 3.1, it remains to show that for any v > 0, M € N and nonempty
open subsets Uy, Us, -+, Uy of X there exist ¢ € G, M C {1,2,---, M} with
IM| > (1 — )M and a tuple (Zy, -+ ,Zp) € U x -+ x UE such that

9Zm € XE for all m € M.

£
>

By Birkhoft’s pointwise ergodic theorem, to complete the proof, it suffices to con-
struct an ergodic measure v on (X%)M satisfying

v(UE x - xUf) >0and v(P, x -+ x Py) >0,
where P, = X¥ if m ¢ M and P,, = XX if m € M.

3.1. Preliminary results for Theorem 1.1. First, we prove Proposition 3.1.

Proof of Proposition 3.1. For any nonempty finite subset E of G, denote by Sepy(¢)
the maximal number L such that there exist x1, 29, -+ ,z;, € X with

ng(d(gxl,gxl/) >e¢ forall1 <l< ! <L.
ge

We are going to show that there is a sequence A = {g1, g2, --} of G such that
Sep{91792,~~,gn}<6) > (K(l - ,7))71—1 for n € N.

Let g1 € G. It is clear that Sepy, () > 1 = (K(1 —~))'~". Now assume that
we have g1, ga,- -+ ,gn € G for some n € N with Sepyy .. 1(e) > (K(1 —7))"".
Then there are nonempty open subsets Uy, Us, - - - () of X such that

Y 5ePg) g5, 9n

/
112%}% d(gzUmngUm/) > €, for 1 <m<m < Sep{gl,gg,-n,gn}(G)?

where d(U,V) = inf{d(z,y) : v € U,y € V} for U,V C X. By assumption,
there exist g,41 € G, M C {1,2,-+,8epy, g, .. g1(€)} and x, . € Uy, for k €
{1,2,--- K}, m € M such that

(2) d(gns+1Tm ks Gns1Tmpr) > €, for 1 <k <k’ < K,m e M.
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Then for k, k' € {1,2,--- | K},m,m’ € M with (m, k) # (m/, k'), one has

max d(g;x Tt k) > €.
1<i<nt1 (gz m,ky Ji m,k)

This implies Sepg,, 4, - gn.gnia3(€) = (K (1 —7))". By induction, we get the required
sequence A = {g1, g2, - } of G. Therefore

log Se €
hio(X,G) > it (X,G) > limsup 8 5P 41,02, gu} (€)

top
n—00 n

> log(K (1 —7)).
This ends the proof of Proposition 3.1. 0

To prove Theorem 1.1, we also need some lemmas.

Lemma 3.2. Let k € N\ {1} and e > 0. Let L;,i = 1,2,--- , k be subsets of X such
that for each i, |L;| = k and d(x,y) > 2¢ for distinct x,y € L;. Then there ezists
x; € Ly, i =1,2,--+ |k, such that d(x;,xy) > €, for 1 <i<i <k.

Proof. It k = 2, we let x1 € L. Since |Lo| = 2,d(x,y) > 2¢, for all z,y € Ly with
x # y, there is 9 € Ly such that d(x,z5) > €. Hence the lemma is true for k = 2.

Now we assume that the lemma is true for some k£ > 2. Then for k + 1, there
must exist L) C L;,i € {1,2,--- , k} such that

|| = k,d(z,y) > 2¢, for x,y € L,z #y.
By induction, there is x; € L}, i € {1,2,--- , k} such that
d(zi,xy) > €, for 1 <i<i <k.
Note that |Liy1| = k + 1. Then there exists xx11 € Lgi1, such that
d(zi,xy) >e for 1 <i<i' <k+1.
We finish the proof of Lemma 3.2. !

For § > 0 and K € N\ {1}, put
XE = {(21, 79, ,75) € X* v d(zp,zp) > 5 for 1 <k <k <K}

Lemma 3.3. Assume that p € M(X) and K € N\ {1}. If |supp(un)| > K, then
lims_, ,uK(Xfa) > 0.

Proof. Since |supp(p)| > K, we can find distinct points zq,xs, -+ , 2 € supp(u).
Put

r:= min d(xg, zp) > 0.
1<k<k/<K (@, 211)
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Then each B(xy,7/3) has positive measure and B(z1, 5) X B(z, 5) X - -x B(7k, 5) C
X for all § < &. Therefore

O K(yK

lim % (XZ5)

> u(B(x1,7/3) x B(x9,7/3) x -+ x B(xk,7/3))

= I (B, 7/3))

> 0.
This ends the proof of Lemma 3.3. U

Lemma 3.4. Let p € M(X). Let M € N, v € (0,1) and Ay, Ag,--- , Ay be
measurable subsets of X with u(A;) > 1—~ fori=1,2,--- M. Then there ezists
M {1,2,--- M} such that

(1) [M] = (1 —~)M;

(2) :u(mme./\/lAm) > 0.

Proof. Notice that

RS PNIENE /X %mz Lo, (@)dpu()

It follows that the measurable subset W = {z € X : £S™ 1, (2)>1—~} of
X has positive measure. Notice that

w= U N

McC{1,2,--,M} meM
IM[Z(A=y)M

Since the set {M C {1,2,--- , M} : [M| > (1 — )M} is finite, we can find a
M C {1,2,---, M} such that p(NmemAm) > 0 and | M| > (1 —v)M. This ends
the proof of Lemma 3.4. O
For i € M(X,G), recall
Z,(G) ={B € By : n(BA(¢gB)) =0, for all g € G},
and the Kronecker g-algebra of (X, i, G) is defined by
K.(G)={B € By : {Uj1p : g € G} is precompact in L*(u1)}.

The following lemma 3.5 can be proved by an argument similar to that of [15,
Theorem 16, pp. 53], and hence it will be proved in Appendix A.

Lemma 3.5. Let (X,G) be a G-system. Then for I € N and py, g, -+, iy €
M(X,G), one has I, xpyyx-xp (G) C Ky (G) X Ky (G) X -+ x K,y (G).
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3.2. Proof of Theorem 1.1. Now we are going to prove Theorem 1.1. In fact,
Theorem 1.1 immediately follows from Theorem 3.6 and Theorem 2.9.

Theorem 3.6. Let (X, G) be a minimal G-system. Then

h’;fkop(Xv G) Z lOg Z kﬂv

HEME(X,G)
where k,, is defined as in Theorem 2.9.
Proof. If M¢(X,G) = 0, it is obviously true. Now we assume that M¢(X,G) # 0.

Fix I € N with I < |M®(X,G)|. Assume that uq, -+, pu; € M(X,G) are different
ergodic measures of (X, G). Let p; = [y pizpi(2) be the disintegration of y; over

K,.:(G). To prove Theorem 3.6, it is enough to show that h}, (X,G) > log Sk
for natural numbers k; < k,,,i=1,2,--- 1.

Now we fix natural numbers k; < k,, for i = 1,2,--- 1. Put X = XXZimki and

Io= p X pk2 x - x pl". For 7 € X, we denote

T = (xla Ty« ,1'25:1 kfz) orr = (xl,la e 7x1,k17 T 7x17k1)
since there is no confusion. For 7 € X, we put
ﬁf = /’61,11,1 X o0 X uluzl,kl NEEED 4 luI@I,kI'
For € > 0, put
— Y .= Z{:l ki
W.=A{7e€ X : (X% ) > 0}. (3.1)
For j € N, we let i(j) be the number i such that

I i—1 I i
mst—i—st—i—l <j SmZkS—i-st for some m € NU {0}.
s=1 s=1 s=1 s=1

Let £ be the set of 7 € M(X,G) with marginal pijy on the j-th coordinate for
1< < Z£:1ks~ For 7 € £ we put

T/CZ/ﬁsz(f)-

X
Here 7 is well defined for 7 € £ since the map = — p;, is measurable for each .
We have the following claim.

Claim 3.7. lim_,qinf,ce (W) = 1.

The proof of Claim 3.7 will be presented later. Now fix 0 < v < 1. By Claim 3.7,

we can fix € > 0 such that
in(f9 Te(We) > 1— 7. (3.2)
TE

We are going to verify the conditions in Proposition 3.1. Fix M € N and nonempty
open subsets Uy, Us, --- , Uy of X. Let

M — M/— — _
o= /M ufl7i27'”751\/1dﬁ (5171,372,"' ’xM)
X
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be the disintegration of 7™ over T,m(G) as well as the ergodic decomposition of M.
By Lemma 3.5,

Zon(G) € (Kpu(G) X Kp(G) x - -- x Ky (G,

i

Then by (2.3), for iM-a.e. (T1,To, -+ ,ZTn) € YM, one has
ﬁ§17§27---7§]\/j - /A{ ﬁgl X X ﬁgjwdﬁfl,fg,---,i]w (y17y27 e ’yM)
X
Since (X, G) is minimal, supp (™) = XML k), One can choose
Vi= sz 7y € MG(YM, G) for some (Z1,Za, -+ ,Zy) € xM

such that , , ,
p(UZ=F o Uz=F o x U= My >,

V= /XM Hg, X oo e X ﬁdeV@h?Q: U, (3:3)
and the projection of v on the j-th coordinate is p;;).
For m € {1,2,--- , M}, put
A =X" W XM
Let p,, be the projection of X" on the m-th X. Then by (3.3),

pol) = [ g

By (3.2),
V(An) = pm(v)(We) > 1—7, forallme {1,2,--- , M}.
By Lemma 3.4, there is M C {1,2,---, M} such that
(1) IM[ = (1 —~v)M;
(2) V(mmEMAm) > 0.

Put P, = X if m ¢ M and P,, = X2=% if m € M. By (3.1), for any
T Unm) € NimemAm,
Tig, X - X Ty (Pyx -+ x Py) =) iy (Pr) > 0.
Since v(NpmemAm) > 0, one has
v(Py X -+ X Py)

2/ ﬁglX...X%M(Plx...xpM)dy(gl,...’yM)
mm({MAm
> 0.

I ) I ) I .
Since v is ergodic and I/(Uly‘i:lk’ X U;Li:lk’ X e X Uﬂ%zlkl) > 0, there is h € G
such that

. ) I )
(h(Ulz:{:1 R UQZZI:lk’ X eee X U]%i:lkl)) N (P X Py x -+ x Py) #0.
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1 ) 1 . I )
We can find (T1,Zs, - ,Ty) € Ulziz1 ™ UZZI':1 ik UJ\%"ZIRZ such that
h(fl,fg,"' ,fM) c P XP2 X o+ X Py
If we rewrite @,, = (:L’m’k)k:m’_,_’zg:l y, for m € M, we have
I
A(h o, B gy) > €, form e ML <k <k <)k

i=1

o
since T,, € P, = X>Z€":1k’ for m € M. Since z, 1, € Uy, form € M,1 < k <
ZI k;, the conditions in Proposition 3.1 are valid. Then by Proposition 3.1,

=1
hi(X,G) > log((1 — ) Yoi_, k). Let v \, 0. One has hj, (X,G) > log>i_ k.
O

top

This ends the proof of Theorem 3.6 by the beginning argument.
Now we prove Claim 3.7.

Proof of Claim 3.7. Since puy, jia, - - - , puy are different ergodic measures of (X, G), we
can find ¢y > 0 and r. N\, 0 as € = 0 and nonempty compact subsets V;. of X for
i€{1,2,--- ,I},e € (0,¢) such that

d(Vie, Vi) > efor 1 <i<d <TIandee€(0,¢), (3.4)
and
pi(Vie) >1—r.for 1 <i < ande€(0,¢).
Then
11_1}1(%%(‘/;76) =1forl1<i<]I. (3.5)

For i € {1,2,--- , I} with k; =1 and € € (0,¢),d > 0, put
%,6,6 = V;,e N {x € X: H/i,:r:(%,e) > 0}7 (36)

where the subscript ¢ is simply for consistency with subsequent notations. Since
tix(Vie) > 0 for p-ae. x € Vi, by (3.5), it follows that

(1513% hIEILIOHf pi(Vies) = 11—% wi(Vie) = 1. (3.7)
For i € {1,2,--- I} with k; > 2 and € € (0,¢),0 < § < 1, put
VVi,e,5 = {.Z' €X: :uf,lzv(XiZQE) >1- (1 - 5)’61} (38)
Since |supp(pi.)| > ki > 1 for p-a.e. x € X, one has by Lemma 3.3 that
lin Tim (Wi e 5) = 1. (3.9)
Put
Vies={r € X pio(Vie) >1—0}. (3.10)
and

Vi’e’g =V' N Wi,e,&- (3.11)

1,€,0
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Notice that
Vi) = [ atViodp(a)
X

— / - pia(Vid)dpi(z) + /X tie(Vie)dpi(z)

i,€6,0 \Vvil,s,é
< pi(Vies) + (1= 0)pa(X \ Vies)

This implies
1
—7Te.

pilX \ Vi) < :

(1= m(Vie)) <

SN

Hence by (3.11),

1
pi(Vies) 2 iWies) = pi(X \ Vies) 2 1i(Wies) — <re.

5 €
By (3.9), one has
lim lim inf p;(V; e 5) = 1. (3.12)

6—0 =0

Now we are going to show that Vlké 5 X V;ﬁ s X e X Vllfé& C W.. Without loss of

generality, suppose that V]Lke1 s X VQRS s X e X VIké s 7 0. Fix a
T = (561,1, s Tkt 7'r1,k1) € ‘/1]11,5 X ‘/2]?26 X X VIIZ,(S'
Forie {1,2,---,I} with k; > 2 and k € {1,2,--- ,k;}, by (3.10) and (3.11),
Hi, (Vi) > (1= 0).

Combining with (3.8), one can find k; points in Vi, N supp(;e,,) such that the
distance between them are larger than 2e. By Lemma 3.2, one can choose y; ) €
Vie N supp(fig,,) for 1 < k < k; such that the distance between them are larger
than e. For s € {1,2,--- It with k; = 1, by (3.6) there is y; 1, € V; . Nsupp(piz, ;. )-
Combining with (3.4), the distance between vy 1, , Y14, - , Y1k, are larger than

o . _ Sk ST ki
€. This implies (Y11, , Y1gys " > Yrk,) € supp(fiz) N X . Since X is

I .
a nonempty open subset of X>i=1% one has ﬁf(Xg’:lk’) > 0 and then 7 € W,.
Therefore Vlkelé X V2k§5 X oo X Vlkéé c We.

By (3.7) and (3.12), we can choose €, \, 0,6, \, 0 as n — oo such that
lim p;(Vie,s,) =1forie{1,2,--- I}
n—oo
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Then
lim inf 7ic (W)

e—0Te€

> hm lnf lnf T’C((‘/l €n, 5n) ! (‘/275n76n)k2 X X (‘/I,Eny(sn)kl)

n—oo TEE

> liminf inf 7, Z Te(XT1 X (X \ Vigjens,) X XZi=t ki)
e
= liminf { 1 - Z XN\ Vighens,)
= 1.
This ends the proof of Claim 3.7. 0

4. PROOFS OF THEOREM 1.4, THEOREM 1.6 AND THEOREM 1.10

In this section, we are going to prove Theorem 1.4, Theorem 1.6 and Theorem
1.10.

4.1. Proof of Theorem 1.4.

Lemma 4.1. Let (X, G) be a minimal G-system. Let M € N, 0 > 0 and (z1, 9, ,xp) €}
RPy(X,G). Let U be a nonempty open subset of X. Then there exist h € G and
xl. € B(xy, ) such that hx!, € U form=1,2,--- /M.

Proof. Since (X, G) is minimal, {gU : g € G} is an open cover of X. Let v < ¢ be
the Lebesgue number of {gU : g € G}. Since (x1,x9, -+ ,xn) € RPy(X,G), there
exists ' € G and 2!, € B(x,,,y)for m =1,2,--- | M such that
d(h'z,, Wal ) <~v,1<m<m <M.
There is g € G such that
bz € gU for 1 <m < M.
This implies g 'h'z!, € U for 1 <m < M. Then h = g~/ are as required. O

Now we prove Theorem 1.4.

Proof of Theorem 1.4. Let G be an infinite discrete countable abelian group. Let
(X,G) be a G-system and 7 : (X,G) — (H,G) be the factor map on the maximal
equicontinuous factor of (X, G). Let v be the Haar measure of H.

Since (H, v, G) is ergodic, there is P € NU {oo} such that |7 ~!(y)| = P for v-a.e.
y € H. Hence the set {y € H : |7~ !(y)| > K} has measure 0 or 1 for all K € N. Fix
K € Nwith v({y € H : |[7'(y)| > K}) = 1. To prove Theorem 1.4, it is enough to
show that b} (X, G) > log K.

top
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Fix v € (0,1). There is € > 0 such that the set

W :={y € H:Sep(n ' (y),2¢) > K} (4.1)
with v(W) > 1 —~, where Sep(7~*(y), 2¢) is the maximal number L such that there
exist o1, o, -+ ,xp € ™ Hy) with d(z;,xp) > 2c forall 1 <1 <1’ < L.

Now we are going to verify the conditions in Proposition 3.1. Fix M € N and
nonempty open subsets Uy, Uy, -+, Uy of X. Since (X, @) is minimal, there is a
nonempty open subset U of X and ¢q, 92, - ,gm € G such that

gnU C Uy, for allme {1,2,---  M}.
Notice that

/H D lwlgmy)dr(y) = Mu(W) > (1 =) M.

Thus, there is yy € H such that
[{m e {1,2,--- M} :gnyo € WH = (1—7)M.
Put
M={me{1,2,--- M} : gnyo € W}
By (4.1), there exists 2, € T (gmyo),m € M,k =1,2,--- | K such that
d(zm ks 2mp) > 2¢, forme M, 1 <k <k <K.
Fix 0 > 0 such that for all z, 2’ € X,

d(z,z") < ¢ implies d(gmz, gnz') < =, for all m € M. (4.2)

DO ™

Notice that
{g;zlzm,k m e Mak € {1727 e 7K}} C ﬂ-il(y())'
Since G is abelian and (X, @) is minimal, one has 7' (yo) x 7' (yo) C RP2(X, G)
which together with Theorem 2.1, implies (g, Zmk ) mem k1,2, k1 € RPmir(X, G)
By Lemma 4.1, there exists h € G and 2], , € B(g,, 2m,9) such that
hz;n,k,EU, forme M,1 <k <K.

Put 21 = gmhz),,, form € M,;1 <k < K. Then

)

Tk = gmhz;n’k € g,U CU,

form € M,k € {1,2,---, K}. Since 2], , € B(g,,' 2mx,0) one has by (4.1) and (4.2)
that

AW e, W ) = A(Gm 2 s G Zm i)
Z d(Zm,lm Zm,k’) — d(gm'z;n,ka Zm,k) - d(ng;nJg/a Zm,k’)
> €

form € M,1 <k < k' < K. Therefore, the conditions in Proposition 3.1 are valid
for (X, G).



20 CHUNLIN LIU, XIANGTONG WANG AND LEIYE XU

By Proposition 3.1, hf,,(X,G) > log(1 — ) K. Let v 0. One has
hi,(X,G) > log K.
This ends the proof of Theorem 1.4. O

4.2. Proofs of Theorem 1.6 and Theorem 1.10. We collect some known proper-
ties about almost finite-to-one extensions. Let 7 : (X, G) — (H,G) be an extension
between two G-systems. Let 771 : H — 2% y — 77 1(y), where 2% is the collection
of nonempty closed subsets of X endowed with the Hausdorff metric dy. Here the
Hausdorff metric dg is defined by

d(A, B) = max{maxd(a, B), maxd(b, A)},

where d(z, A) = inf,ca d(z,y) for z € X and A € 2%. It is well known that (2%, dg)
is a compact metric space, as X is a compact metric space. We say a sequence
{A;}52, in 2% converges to A € 2%, denoted by lim; o, A; = A, if

1—00

It follows from [26, 27] that 7! is a upper semicontinuous map, and the set H.
of continuous points of 77! is a dense G subset of H. Let

H' =c({r"'(y) 1y € H.}),
where the closure is taken in 2. Note that for each A € H’, there is some y € H such
that A C 7 !(y), and hence A — y define a map 7: H — H. In [35], Veech showed
that (H', G) is a minimal topological dynamical system and 7 : (H',G) — (H,G) is
an almost one-to-one factor map. The following lemma is from [18, Corollary 2.19].

Lemma 4.2. Let 7 : (X,G) — (H,G) be an extension with (H,G) being minimal.
If m is an almost N-to-one extension for some N € N, then the cardinality of each
element of H' is N, where (H',G) is the minimal system as defined above.

Now we prove Theorem 1.6, which is motivated by [18, Theorem 3.1].

Proof of Theorem 1.6. Let (X, G) be a minimal G-system and 7 : (X,G) — (H,G)
be the factor map on the maximal equicontinuous factor of (X, G). Let v be the Haar
measure of H. Let 7 and (H', G) be defined as in above. Then 7 is almost one-to-one
and |A| = K, for A € H'. The two maps 7! and 7! are upper semicontinuous and
hence measurable. By Lusin’s theorem, we may therefore choose a compact set E;
of H with v(E;) > 0 such that 77!|g, and 77|, are continuous and |7~!(h)| = K,
for h € E;. Let E be the support of v|g, and hy € E. Then E is a compact subset
of Fy with v(U N E) > 0 for all open neighborhoods U of hy.

Now we fix K € N with 2 < K < (%1 and L = (K — 1)Ky +1 < K;. Then
there are distinct 1,29, -+ -,z € 7 (ho). Since (X, G) is minimal, Uge,~1(pp)A =
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7 Y(ho). We can find L’ € N and distinct Ay, Ay, -+, Ay € 7 (hg) such that
{z1,29,--+ 21} C U1L=1 A;. Then by Lemma 4.2,
L
L'>[—]|=K>2.
> (KQW >
We have the following claim.

Claim 4.3. (Al,AQ, s 7AL’) € [TL/(H/,G>.

Proof of Claim 4.5. Put

r:= min d(z,z') > 0.
z,z/GUlL:ll A
c#x!

For each [ € {1,2,..., L'}, let if Ay = {a}, 2}, -, 2k, }, and for € € (0, %), define

U = Cl({{y17y27 e 7yK2} eH": d(xkhyk) <eforke {1727 T aKQ}})
Clearly, each U, is a closed neighborhood of A; in H’. Therefore, to obtain that
(A1, A, -+, Ap) € 1T (H',G), by the arbitrariness of € > 0, it suffices to show
that the tuple (U, Us, -+ ,Ur/) has an infinite independence set.

Since € € (0,3), U NUy = () for 1 <l <! < L' Since 7 is almost one-to-one,
it follows from [10, Lemma 2.4] that cl(int(7(U;))) = 7(U;) for 1 < [ < L' and
int(7(U;)) Nint(7(Uyp)) = 0 for 1 <1 < I’ < L. By the continuity of 77|, there is a
neighborhood U of hy such that for h € UNE, 771 (h)NU; # @ for € {1,2,--- , L'}.
One has v(N-, 7(U))) > v(ENT) > 0.

Let E(H) be the Ellis semigroup of (H,G). By Theorem 2.5, (H,G) is a factor
of (E(H),G), where the open factor map . is given by 7. : E(H) — H,t > th for
some fixed h € H. Let 7 be the Haar measure on E(H). Then 7.(0) = v.

(X,G) (H',G)

|

(E(H),7,G) =~ (H,v,G)

Put V; = ;Y (7(U))) for 1 € {1,2,--- , L'}. Since 7, is open, one has cl(int(V})) =
Vifor 1 <1 <L, int(V) Nint(Vy) = 0 for 1 <1 <" < L' and ﬁ(ﬂlelvl) >
y(ﬂlel 7(Uy)) > v(ENU) > 0. By Proposition 2.6, there exists an infinite set A =
{g1,92,---} C G such that for all @ € {1,2,--- , L'}N ", g, int(V,,) # 0. This
implies for all N € N and a € {1,2,---, L'}, N, g; tint(7(U,,)) is a nonempty
open subset of H. Since 7 is almost one-to-one, there is hon € (2, g7 int(7(U,,))
such that |[77'(h, )| = 1. This implies |77 (g han)| = 1 for n = 1,2,--- | N and
then 77! (gnhan) C Us,. Therefore, 2, g7 U,, # 0 foralla € {1,2,---, L'}V and
N € N. Since all U; are compact, one has ()", g, ' U, # O foralla € {1,2,---, L'}

This implies the tuple (U1, Us, - -+ ,Ups) has an infinite independence set and then
(Al,AQ,-" ,AL/) EITL/(H,,G). ]
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Let (X%2 @) be the product system and My,(X) = {{z1,22, " ,21,} : 2z €
X,1 <i < Ks}. Define the factor map
P XE2 o My, (X)) (21, 5 25,) — {21, 250 )

By Claim 43, (Al, AQ, tet 7AL’) c ITL/(H/, G) C ITL/(MKZ(X), G) By PI‘OpOSitiOIl
2.4 (4), there is (A}, Ab, -, A"} € ITp (X5, G) with (p(A]), p(AL), -, p(AL)) =
(Al, AQ, s ,AL/). Then

v v
UP(AD = UAZ D {xy, w9, 2L}
=1 =1

For k € {1,2,--- | Ky}, let py be the projection on the k-th coordinate. Then there
is ko € {1,2,---, Ky} such that

[{pro(A)) 1 1 <1< L'} > {M} > [iw =K.

K Ko
Let 21, 29, -+, 2z be K distinct points in {pg,(A;) : 1 <1 < L'}. Then one has
(21,29, -+ ,2K) € IT%(X,G). This ends the proof of Theorem 1.6. O

Now we prove Theorem 1.10.

Proof of Theorem 1.10. Let (X, G) be a G-system and 7 : (X,G) — (H,G) be the
factor map on the maximal equicontinuous factor of (X,G). Let v be the Haar
measure of H. Assume that (X, G) satisfies the following:

(1) = is almost N-to-one for some N € N;
(2) (X,G) has no K-IT-tuples for some K € N, K > 2.

Assume that |[M(X,G)| > N(K —1). There exist distinct g1, -, fin(—1)+1€
Me(X,G). There exist disjoint measurable subsets Vi, Vy(x_1)+1 of X such

that
(Vi) >1— ! fori=1,2,---  N(K—-1)+1
Ml t - 2(N<K 1) ]_) ’ ’ ’ '

Then

_ 1
v(NZ (V) = 5

This implies [7~'(h)] > N(K — 1)+ 1 for all h € ﬂN(K D (V). By ergodicity,
v({h € H : |77Y(h)] > N(K — 1)+ 1}) = 1. Then by Theorem 1.6, ITx(X,G) \
AT (X)) # () which contradicts the assumption (2). We finish the proof of Theorem
1.10. 0
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APPENDIX A. PROOF OF LEMMA 3.5

Let (X, i, G) be a G-mps. Recall that
Z,(G) ={B € By : n(BA(¢gB)) =0, for all g € G},
and the Kronecker g-algebra of (X, i, G) is defined by
K.(G)={B € By : {Uj1p : g € G} is precompact in L*(uz)}.

In fact, K,(G) is the o-algebra generated by all almost periodic function f € L*(p),
ie., {U,f : g € G} is precompact in L*(). We have the following.

Lemma A.1. Let (X, i, G),i = 1,2 be G-mpss. Then
IMXM(G) - ICM (G> X IC#Q(G)

Proof. This proof is similar to that of [15, Theorem 16, pp. 53]. Let F(xy,23) €
L?*(py X p2) be G-invariant. Define a bounded operator A : L%(u1) — L?*(us) by
setting

Ah(zy) = /X F(xy,29)h(z1)dpy (x1) for h € L*(p1).

The operator A is a Hilbert-Schmidt operator and thus is compact. The operator
A*A is a positive, self-adjoint, compact operator on L?(u1). Therefore, there exist
a decreasing sequence (¢;);e; (I ={1,2,..., N} for some N € NU{oo}) of positive
numbers tending to 0 as j — oo and an orthogonal sequence (f;);er in L?(u;) such
that for every j € I,
A*Af; =t;f;,

and the linear subspace V is spanned by (f;)jer is orthogonal to ker(A), that is,
AV =0.

For all t > 0, let V; = span{f; : t; =t, j € I}. Since F(z1,x2) is G-invariant, it
follows that for all g € G and h € L?(u;)

(U, A(h)) (z2) = / F1, gra)h()dpn (1)

X1

_ /X F (g, gus)h(goy)dpa (1) (A1)

:/X F(zy,x9)h(gz1)dp (1)
= A(U,h)(z2).
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Since each Uy = Uy-1, one has
UA"A = A*AU,, for all g € G.

Therefore, for each t > 0, V; is G-invariant, and hence V' is G-invariant. This means
that for any f eV

{Uf :ge Gy c{f eV |flla=Ifl:}
Since for all ¢ > 0, V; are finite-dimensional linear spaces, {U,f : ¢ € G} is pre-
compact in L*(u;) and then f € L?(X1,K,,(G), u1). Denote W = A(V). By (A.1),
W C L*(X5,K,,(G), pu2) is a closed linear subspace. Let Py, Py and Pygw be the
projection on V, W and V ® W, respectively. Recall that A(V1) = 0. Then for all
hy € L*(uy), ha € L*(u3), one has

/ F(x1,2)hi(z1)ha(x2)dpn X pro(1, 22)
X1><X2
= / (Ahl)hgdﬂg
X2
:/ (Apvhl)hgd,ug
X2
:/ (Apvhl)(Pwhg)d,ug
X2
= / F(Pygw(hi ® hy))dpy X pa
X1><X2

= / (Prow F))(h1 @ ha)duy X pa,
X1xXo
which implies F' = PygwF. Since V@ W C L*( Xy X Xo, Ky s (G), 11 X pi2), it
follows that F is K, (G) x K, (G)-measurable. Hence
Tysps(G) C Ky x Ky
This ends the proof of Lemma A.1. O

Now we prove Lemma 3.5.

Proof. Let I € N and (X;, i, G),i = 1,2,--- , I be G-mpss. If I = 1, it is clear
true. Now we suppose that I > 2. For all i € {1,2,--- I}, define a map m; :
XX X x X - x Xy x Xy = Xy X X X, (@0, i1, Tigr, -0, T, )
(x1,--+,zy). By Lemma A.1, for all i € {1,2,--- I},

I#1><#2><"-><u1

= 7ri(l-(#l X2 X+ X pi—1 ></M+1"'><M1)><m)

- ﬂ-i(K:,ul><,LL2><"'><M—1><M+1"'><,M1 (G) X K:Mz(G»
Cmi(BY x B x - x BY ™ x BT < B x - x BY x K, (Q))

_ RH1 2 Hi—1 Hi+1 it2 L
=By x B x - x By x K, (G) x BY™ x B x -+ x BY.



SEQUENCE ENTROPY AND IT-TUPLES 25

This implies 7, xyyx - (G) C Ky (G) X Ky (G) X - - - X Ky, (G). We finish the proof
of Lemma 3.5. UJ

APPENDIX B. PROOF OF THEOREM 2.9

Firstly we show that h},(G,a) = H,(a|K,) for any G-mps (X, i, G) and a € Pk,
where K, = K,(G) is the Kronecker o-algebra of (X, u, G). The following lemma is
from [36, pp. 94].

Lemma B.1. Let (X, B, 1) be a Borel probability space and r > 1 be a fized integer.
For each € > 0, there exists 6 = d(e,r) > 0, such that if « = {A;, As,..., A}
and n = {B1, By, ..., B.} are any two finite measurable partitions of (X, B, p) with
22:1 u(A;AB;) <6 then Hy(on) + Hy(nlor) <e.

By Lemma B.1, we can get the following result.

Lemma B.2. Let (X,u,G) be a G-mps and B € By. If {U/lp : g € G} is
precompact in L*(), then b (G,{B, B°}) = 0.

Proof. Let n = {B,B°}. If {U,15 : g € G} is precompact in L*(u), then for any
infinite sequence A = {g; }ien of G, {U,,1p : i € N} is precompact in L?(p). So for
€ > 0, there exists s € N such that for any i € N there is j; € {1,2,---, s} such that

e n —1be B 3 5
M<gi lB AgjilB ) = IU“< lBAg lB) - ||U9i]‘B - UgjilBH% < 5
By Lemma B.1, one has
H,.(g: nlg;'n) + Hu(g;, ' nlg; 'n) < € for i € N.

Thus for any ¢ > s, we have

W97 n\\/gj ) < Hu(g; 'nlg;,'n) < e.

Hence 1
hA(G n) = limsup — ZH g; ' \/ g; n
n—00 — j=1
Let e — 0. We obtain that h7(G,n) = 0. By the arbitrariness of A, we have
h;.(G,n) = 0. This ends the proof of Lemma B.2. O

Theorem B.3. Let (X, u, G) be a G-mps, and a € Py. Then hi(G,a) = H,(a|,).

Proof. We firstly, show that h},(G,a) < H,(alKC,). Let A = {g1,g2,---} be a se-

quence of G. Since (X, B, i) is separable, there exist countably many finite mea-

surable partitions {7y }ren C IC,), such that klim H,(a|ny) = H,(o|K,). Hence for
—00
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any k € N, we have
1 1
hA(G a) = hmsup —H,( \/gZ ) < hmsup -H,( \/gz aVn))
l—00

Since 1, C K, for all & € N, one has by Lemma B.2 that

l
1
A 1 -1 _
Bt (Gome) = Jim < HL(\/ g7 i) = 0.

Hence

1 1
A
b (G, a)<11msule \/gZ a\/nk))—hm H \/g

l—o00

—hrnsule \/gz Oé|\/gz 77k

I—0o0 =1 =1

< limsup — ZH “talg i)

l—o00 i—1

= Hu(alnk>'

Finally, let k — co. We get hi'(G, ) < H,(a|K,). By the arbitrariness of A, we
have b7 (G, a) < H,(alK,).

Now we prove the opposite side. Given any € Pk, write a = {A1, Ao, ..., A}
and § = {By, By, ..., B;}. By Theorem 2.8, 14, — E(14,|KC,) € Hym for 1 <i <.
There exists a sequence A = {g;}2, of G such that

}L%g(ng(lAk - E(lAle:,u))v ]‘Bj> =0 (Bl)
forany 1 <k <land 1< j <t Hence
liminf H,(g; 'a|B)
21— 00

. _ (g "Ar N B))
=liminf Y —u (g;'Ax N B;) log ( !
1—00 % ( ]) M(B_y)

Uyla,, s,
=liminf Y~ —(Uy,14,,15,) log (M)
k.j

1—00 M(B])
(B1),. . <Ug¢E<1Ak|’C#) ) 1B'>)
:hmmfg —(U,,E (14, |K ,1.log< = .
o0 > < g ( Ak’ M) By) M(B])

Let

aij = —(Ug,E (14,|K,) ,15,) log <

<UgiE (]‘Ak|ICM) ) ]‘Bj> N M(' M Bj)
) )= '
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By the concavity of —xlogx, we conclude that

ai;j - U E(14,1K,) o Uy, E (14,1K,.)
w(B;) B / 1 (Bj) dﬂ) o8 </Bj n(Bj) d“)

( [ v, )d,@j) ( [
e

/ - 1""“"C)lgw B (14,1K,)) du

J

ng‘E <1Ak "C#) d/LBJ)

> = gz 1Ak |IC ) log (ng]E <1Ak |ICM)) d:qu

Therefore, we have

Sa, >y - / U,E (La, ) log (U E (Ly, K,) dp
k,j J

k?j

:Z /U E (14, Cu) log (Ug E (14,K,)) dpe

=2 - /X (La, [KCu) log (I (14, |KCy)) dpe
=H,(o|,).

This shows that
liminf H, (g; 'a|8) > H, (o|K,,) . (B.2)
71— 00

By the above discussion, we can obtain inductively a sequence A" = {h;}°, of G
such that for each 7 € N, one has

i—1
_ _ 1
H, (hi ‘o \/ h; 104) > Hy(a|Ky) — 9

Jj=1

n—1
Hu(hl_la) + Hu(h2_104|h1_104) +...+H, <h51a| \/ hj_loz)
7=1

2;( (@|K,) ;i)zn-Hu(a!’Cw—l

=
—
T<:
=
Q}—‘
N——
I

Therefore, we have

hAI(G a) = limsup — H <\/h 04)

n—oo T
) —
> lim sup nHu(alKy)

n—00 n

= H,(alKy).
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This implies 7 (G, a) > h;‘/(G,a) > H,(o|C,,).
Therefore h} (G, a) = H,(a|K,). This ends the proof of Theorem B.3. O

We need the following lemma from [33, Lemma 3 in §4 No. 2].

Lemma B.4. Let u be a probability measure on X and F be a sub-o-algebra of BYy.
Let = [ p,du(y) be the disintegration of j over F. Suppose j, is non-atomic for
pae. y € X, If0<r <1 and A € By with p,(A) <r for p-a.e. y € X, then
there exists A" € BY such that A C A" and py(A') =1 for p-a.e. y € X.

Now we prove Theorem 2.9.

Proof of Theorem 2.9. Let (X, u, G) be an ergodic G-mps and p = [, pzdp(x) be
the disintegration of p over I, (G).

We prove h7,(X,G) < logk, firstly. If k, = oo, this is clear true. Assume that
k, € N. Then for a € Pk,

HA € a:p,(A) >0} <k, for p-ae zeX.
Hence by the convex of —x logx one has

H,(alK,) / S B, (141K, (2) log E( 14K, (2)dp(x)

Aca

/X S — e (A) log iz (A) ()

Aca

— [ 3 ml o At

Aca
pa(A)>0

> Aca fa(A)
< [ (X milayton i dute)

Aca
pa(A)>0

< / log k,dp(z) = logk,,.
X

By Theorem B.3, we have 7 (G, a) = H,(a|K,) < logk,. With the arbitrariness
of a, we have h},(X, G) < logk,,.

Now we prove hy(X,G) > logk,. If k, = oo, since (X, u,G) is ergodic, p, is
atomless for p-a.e. © € X. Then by Lemma B.4, for k € N there exists a € Pk
depending on £ such that

1
pe(A) = z for p-a.e.x € X and A € a.

Then 1 (G) > hi(G,a) = H,(al,) = log k. Letting k — oo, one has h(G) = oco.

If k,, < o0, since (X, p1, G) is ergodic, fi,(y) = i for y € supp(p,) for p-a.e. = €
X. Since  — i, is measurable, there is a measurable partition a = {Ay,---, Az, }
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of X such that )
e (A) = . for p-a.e. x € X and A € a.

w
Then 1y (G) > hi (G, a) = H,(alK,) = log k.
Therefore h;(G) = log k,,. This ends the proof of Theorem 2.9. O
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