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ABSTRACT. In this paper, we study the mean Li-Yorke chaotic phenomenon along any infinite
positive integer sequence for infinite-dimensional random dynamical systems. To be precise,
we prove that if an injective continuous infinite-dimensional random dynamical system (X, ¢)
over an invertible ergodic Polish system (2, F,P,0) admits a ¢-invariant random compact set
K with positive topological entropy, then given a positive integer sequence a = {a;}ien with
lim; 400 a; = 400, for P-a.s. w € 2 there exists an uncountable subset S(w) C K(w) and
€(w) > 0 such that for any two distinct points z1, 2 € S(w), one has

N N
lim inf % ; d(¢(ai, w)ar, (ai, w)ez) =0, limsup % ; d(¢(ai,w)z1, 6(ai, w)z2) > e(w),

where d is a compatible complete metric on X. To overcome the difficulties arising in the infinite-
dimensional random dynamical systems, we use the regularity of measure to construct the ex-
pected measurable partitions and to decompose the distance function.

1. INTRODUCTION

In the study of dynamical systems, there is a fundamental question: how to describe the
chaotic phenomenon. In the past few decades, there are various results about this question,
such as [1, 3, 10, 15, 20, 21, 30, 37, 38]. The reader can refer to [29] for more aspects and
details. In this paper, we focus on the relation between the positive entropy and the mean Li-
Yorke chaos in infinite-dimensional random dynamical systems. In deterministic finite-dimensional
dynamical systems, Blanchard et al. [5] proved that the positive entropy implies the Li-Yorke
chaos; moreover, Downarowicz [12] observed that the mean Li-Yorke chaos is equivalent to the
DC2 chaos and proved that the positive entropy implies the mean Li-Yorke chaos. For further
studying on the Li-Yorke chaos, see [4, 17, 28, 31, 41, 42].

Since about 1980, random dynamical systems have attracted widespread attention. There
is an extensive literature on random dynamical systems, for example [2, 23, 25, 26, 27, 32, 36].
However, little is known about the relation between the entropy and the Li-Yorke chaos for random
dynamical systems. Until 2017, the first result was obtained by Huang and Lu [19]. They showed
that the positive entropy implies the Li-Yorke chaos for almost sure fibers in infinite-dimensional
random dynamical systems. Recently, the second author [39] proved that the positive entropy
implies the DC2 chaos for almost sure fibers. If the phase space is not compact, even though
trajectories of two points are very close for most of the time, then the average of trajectories
of these two points is not necessarily small, since trajectories of these two points may be pretty
far for the rest time. Therefore, the DC2 chaos may not imply the mean Li-Yorke chaos in
infinite-dimensional random dynamical systems which is different from the case in deterministic
finite-dimensional dynamical systems.
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It is natural to ask that whether the positive entropy implies the mean Li-Yorke chaos in
infinite-dimensional random dynamical systems. In this paper, we give a positive answer. The
main difficulty in our proofs is that the phase space is not compact, even not locally compact. This
leads to the invalidation of many classical results in compact systems. By a detailed observation,
we show that there also are many asymptotic pairs in non-compact systems (see Theorem 3.1).
Besides, we prove that the set of the pairs being separate in the mean sense along a given infinite
positive integer sequence has the full measure under the product of conditional measure with
respect to the relative Pinsker factor in non-compact systems with positive entropy (see Theorem
3.8). Through these two theorems, we show that the positive entropy implies the mean Li-Yorke
chaos for almost sure fibers in infinite-dimensional random dynamical systems.

To describe the results of this paper precisely, we present the basic setting. Assume that (X, d)
is a complete separable metric space and (2, F,P, ) is an invertible ergodic Polish system (see
Section 2.1 for the definition). Consider the discrete random dynamical system over (92, F, P, 6)
defined by the measurable map

»:NoxOQxX =X, (nwx)— odnw,x)

where Ny = NU {0}, such that the map ¢(n,w) := ¢(n,w, ) for any w €  satisfies the following
properties:
(i) ¢(0,w) = Idx;
(il) ¢(n+m,w) = ¢(n,0Mw) o p(m,w) for any n,m € Ny.
The pair (X, ¢) is called a continuous (resp. an injective continuous) random dynamical system
over (Q, F,P,0) if ¢(n,w) is a continuous (resp. an injective continuous) from X to itself for any
n € N and P-a.s. w € Q.
A multifunction K = {K(w)}weq is called a random closed (resp. compact) set if P-a.s. w € ,
K (w) is a nonempty closed (resp. compact) set of X and
wr inf d(x,
o d@y)
is measurable for any x € X. In this paper, K will also be regarded as a subset of {2 x X by
{(w,z) : z € K(w)}. A random closed set K is said to be ¢-invariant if ¢p(n,w)K(w) = K(6"w)
for any n € N and w € Q.
The first main result of this paper is stated as follows.

Theorem 1.1. Let (X, ¢) be a continuous random dynamical systems over an invertible ergodic
Polish system (Q, F,P,0) and K C Q x X be a ¢p-invariant random compact set. If the topological
entropy of (K, @) is positive, i.e. hiop(¢p, K) > 0 (see Section 2.2), then (K, ) is mean Li-Yorke
chaotic for almost sure fibers. Namely, for P-a.s. w € Q there exists a Mycielski set (i.e., a union
of countably many Cantor sets) S(w) C K(w) and e(w) > 0 such that for any distinct points x,
xg € S(w), one has

li f— d(¢ =
]\1[13_1120 Z (i,w)z1, Pi,w)x2) =0,

hmsup—Zd i, w)z1, ¢i,w)z2) > €(w).
N—>+oo i—1

Furthermore, the Li-Yorke chaos along a given sequence has been investigated in the determin-
istic dynamical systems. For example, Huang, Li and Ye [18] showed that the positive entropy
implies the chaos along any infinite sequence, and the reader can see |28, 31| for more results.
Inspired by the above works, we prove that an injective continuous infinite-dimensional random
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dynamical systems with positive entropy is mean Li-Yorke chaotic along any infinite sequence for
almost sure fibers. Specifically,

Theorem 1.2. Let (X, ¢) be an injective continuous random dynamical system over an invertible
ergodic Polish system (2, F,P,0) and K C Q x X be a ¢-invariant random compact set. If the
topological entropy of (K, ¢) is positive, i.e. hiop(@p, K) > 0, then given an infinite positive integer
sequence a = {a; }ien (i-e. im0 a; = +00), (K, ¢) is mean Li-Yorke chaotic along a for almost
sure fibers. Namely, for P-a.s. w € Q there exists a Mycielski set S(w) C K(w) and e(w) > 0 such
that for any distinct points x1, x2 € S(w), one has

(11) k}g_}fgizd ah .’L'1,¢<ai,u.})$2) = 07
(1.2) limsup — Z d(9(ai, w)z1, ¢lai,w)z2) > €(w).
N—)—i—oo

This paper is organized as follows. In Section 2, we review some necessary notions and required
properties. In Section 3, we prove that stable sets in a Polish system are dense in the support
of conditional measure with respect to relative Pinsker factor, namely Theorem 3.1; at last, we
prove the set of all separating pairs in a Polish system with positive entropy is full measure of the
product of conditional measure with respect to the relative Pinsker factor, namely Theorem 3.8.
In Section 4, we prove Theorem 1.1 and Theorem 1.2.

2. PRELIMINARY

In this section, we review some basic concepts and results from the theory of measure-preserving
dynamical systems.

2.1. Conditional measure-theoretic entropy. In this subsection, we review the definition of
conditional measure-theoretic entropy of a measure-preserving dynamical system and state some
properties of the conditional measure-theoretic entropy. The reader can refer to [14, 40| for more
details.

A Polish space X means that it is a separable topological space whose topology is metrizable
by a complete metric. A Polish probability space (X, X, u) means that X is a Polish space, X is
the Borel o-algebra, and p is a probability measure on X'. In this moment, (X, X) is called Polish
measurable space. A probability space (X, X, u) is called a standard probability space if (X, X)
is isomorphic to a Polish measurable space. A measure-preserving dynamical system (MDS for
short) (X, X, u, T) means that T is a measure-preserving map on the probability space (X, X, u).
A MDS (X, X, i1, T) is called ergodic if for any A € X, T~ A = A implies that pu(A)u(X \ A) = 0.

Given two MDSs (X, X, u, T) and (Y, Y, v, S), we say that (Y, Y, v, S) is a factor of (X, X, u,T)
if there exists a measure-preserving map 7 : (X, X, u,T) — (Y, YV, v, S) such that mroT = S o,
and 7 is called a factor map.

Definition 2.1. A MDS (X, X, u, T) is called a Polish system if (X, X, u) is a Polish probability
space. If T!: X — X exists and is measurable, then (X, X, u, T) is called an invertible MDS.

Let (X, X, 1) be a probability space and S be a sub-o-algebra of X. The conditional expectation
is a linear operator E(-|S) : £}(X, X, u) — LY(X, S, ) charactered by following properties:
(i) for every f € LY(X, X, u), E(f|S) is S-measurable;
()foranyAESandeEl(XXu ), [afdp = [LE(f|S)du



4 CHUNLIN LIU, FENG TAN, AND JIANHUA ZHANG

Recall the Martingale theorem. The reader can see it in [16, Theorem 14.26] or [13, Chapter
5.2].

Theorem 2.2 (Martingale theorem). Given a probability space (X, X, 1), suppose that {Sp}nen
is a decreasing sequence (resp. an increasing sequence) of sub-o-algebra of X and S = ﬂn>1 Sn
(resp. S = 0(\518n)). Then for any f € LY(X, X, ), E(f|S,) = E(f|S) as n — +oc in
LY(X, X, 1) and p-almost sure.

Let (X,X,u,T) be a MDS. Given a finite measurable partition o and a T-invariant sub-o-
algebra & of X', denote

HulalS) 1= 3 [ ~B(1LAIS) g E(LIS)

Note that {H,(\/7—y T'a|S)}nen, is a non-negative and sub-additive sequence. Therefore, the
conditional measure-theoretic entropy of p with respect to § is defined as

a N—toon

n—1
1 ,
hu(T|S) :==suph, (T, «|S) :=sup lim —H, (\/ T_’a|S> ,
o i=0

where « runs over all finite measurable partitions of (X, X'). Let 7 : (X, X, u, T) — (Y, Y, v, S) be
a factor map between two MDSs. The conditional measure-theoretic entropy of p with respect to
7 is defined as h,,(T'|7) := h,(T|m1Y). The following result is a generalization of Abramov-Rohlin
formula from |7].

Lemma 2.3. Let 7: (X, X, u, T) = (Y, V,v,S) and ¢ : (Y, V,v,S) — (Z, Z,n, R) be two factor
maps between two MDSs on standard probability spaces. Then Yor : (X, X, 1, T) — (Z, 2,10, R)
is also a factor map and

hu(T|p o ) = hy(T|w) + ho (S|).

2.2. Entropy for random dynamical systems. In this subsection, we mainly introduce the
entropy and the variational principle in random dynamical systems. Throughout this subsection,
we assume that (X, ¢) is a continuous random dynamical system over an ergodic Polish system
(Q, F,P,60), where (X,d) is a complete separable metric space. The reader can refer to [2, 25| for
more details.

Definition 2.4. Suppose that (X, ¢) is a continuous random dynamical system over an invertible
ergodic Polish system (2, F,P,#). The map

P:OxX—->0OxX, (w,z)— (w,o(1,w)x)
is said to be a skew product system induced by (X, ¢).

Let mo : 2 x X — € be the projection. A probability measure g on the measurable space
(Q x X,F x X) is said to have marginal P if (7q).p = P, namely pu(A x X) = P(A) for any
measurable subset A € F. Denote Pp(€2 x X)) as the collection of such measures, Mp(2 x X, D)
as the collection of ®-invariant elements of Pp(2 x X), and Ep(2 x X, ®) as the collection of
ergodic elements of Mp(§2 x X, ®). For convenience, we omit ® and write Mp(2 x X, ®) and
Ep(Q x X, ®) as Mp(Q x X) and Ep(2 x X), respectively.

Assume that K is a ¢-invariant random compact set. Then there exists p € Mp(Q2 x X) with
w(K) =1 (see [8] or [2, Theorem 1.6.13]). Set

ME(Q x X) = {pu e Mp(Q x X) : p(K) = 1}.
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Since K is a Borel subset of 2 x X (see |2, Proposition 1.6.2]), (K, KC, u, ®) is a MDS on a standard
probability space where K ={ANK: A€ F x X} and
o (K, K, p, @) — (Q,F,P,0)
is a factor map between MDSs on standard probability spaces. The measure-theoretic entropy
(K, ¢) with respect to u is defined by
hyu(@, K) i= hu(P|ma) = hy(@|rg" F).

That is, h,(¢, K) is the conditional measure-theoretic entropy of (K, IC, u, ®) with respect to mg.

Now, we prepare to give the definition of the topological entropy of (K, ¢). The reader should be
careful that the definition of the topological entropy here is slightly different from the definition
of the topological entropy when X is compact ([6, 24]). Denote Dy as the collection of all

compatible metrics on X. Given d € Dy, for w € Q,e > 0 and n € N, a subset E of K(w) is
called an (w, n, €, ¢; d)-separated subset of K (w) if for any distinct points z,y € E, one has that

max ld(d)(i,w)x, (i, w)y) > €.

o<i<n—
Denote the maximal cardinality of all (w, n, €, ¢; d)-separated subsets of K (w) as r,(K,w, €, ¢;d).
The topological entropy of (K, ¢) is defined as following

1
(2.1) hiop(¢p, K) := inf lim limsup / log rp (K, w, €, ¢; d)dP(w).
deDx e—0 n—+oo M JQ
Remark 2.5. If X is compact, then
1

lim lim sup — / log (K, w, €, ¢; d)dP(w)

=0 pstoo M JO
is independent of the choice of metrics on X (for example, see [24, Proposition 2.2|).

We end this subsection by presenting the variational principle for random dynamical systems.

The reader can obtain it by combining [19, Lemma A.4] and a similar approch of [24, Proposition
2.2].

Proposition 2.6. Let (X, ) be a continuous random dynamical system over (Q, F,P,0) and K
be a ¢-invariant random compact set. Then
htop(d, K) = sup{hy(¢, K) : p € ME(Q x X)} = sup{h, (¢, K) : p € & (Q x X)},
where EF (2 x X) is the set of the ergodic elements of ME (Q x X).
2.3. Natural extension. In this subsection, we review the natural extension of the MDSs on

standard probability spaces. Assume that (X, X, u,T) is a MDS on a standard probability space.
Let

X = {f: (SUi)iGZ € XZ Tx; = 241,01 € Z},
T:X =X, (zi)iez— (Txi)iez,
X be the o-algebra which is generated by Unez H;lx./‘( where II,, x : X — X with II, x (Z) = xp,

and i be the measure on X which is defined by a(II; % (4)) = u(A) for A € X. It is clear that
(X, X, i, T) is an invertible MDS on a standard probability space. Then

My =T x : (X, X, 1,T) = (X,X,,T)

is a factor map and (X, X, i, T) is called the natural extension of (X, X, u,T). The reader can
refer to [35] for the proof. In [34], it is proved that (X, X, i, T) is ergodic if and only if (X, X', u, T')
is ergodic.
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Now, we state a result about the conditional measure-theoretic entropy of the natural extension
from [19, Lemma 3.2].

Lemma 2.7. Let Iy : (X, X,i,T) — (X, X,u,T) be the natural extension of the MDS
(X, X, 1, T) on a standard probability space. Then hz(T'|I1x) = 0.

2.4. Disintegration of measures. In this subsection, we recall some notations and results on
the disintegration of measures which are summarized from [13, Chapter 5 and 6].

For a factor map 7 : (X, X,u,T) — (Y,),v,S) between two invertible MDSs on standard
probability spaces, there is a set of conditional probability measures {u,},cy with the following
properties:

e 1, is a probability measure on (X, X) with p, (77 1(y)) = 1 for v-a.s. y € Y;
e foreach f € £1(X, X, p), onehas f € L1(X, X, py) for v-as. y € Y, themapy — [ fdpu,
isin £Y(Y,Y,v) and [, ([y fduy) dv(y) = [ fdp.
= fY pydr(y) is called the disintegration of p relative to the factor (Y,Y,v,S). Furthermore,

the measures {p, },cy are essentially unique and satisfy that Tip, = pg, for v-a.s. y € Y. The
conditional expectations and the conditional measures are related by

(2.2) E(f|71Y)(z) = / fdiin(y) for p-as. ze€X
b'e

for every f € £LY(X, X, ). The product of (X, X, u, T) with itself relative to factor (Y,), v, S) is
the MDS
(X XX, X x X, uxy u,TxT),

where the measure p Xy = [} (py X py) dv(y) is T x T-invariant and is supported on Ry :=
{(xl,xg) e X x X 7T(x1) = 77(952)}.

The disintegration of measures has another equivalent form of expression. Specifically, denoting
S =77V, {u$ }rex is the disintegration of u relative to S if the followings hold:

e S is a probability measure on (X, X) with uS (7 n(x)) = 1 for p-a.s. z € X;
e for p-a.s. @ € X, one has that for any z1,z2 € 7 1m(z), pS, = ps,;
e for each f € L'(X,X,u), one has that f € LY(X,S,uS) for p-a.s. = € X, the map
x> [y fdus belongs to LY(X, X, p) and [y ([ fdus) du(z) = [y fdu.
We remark that the two forms above-mentioned are equivalent. Namely, puS = Pr(z) for p-a.s.
e X.

2.5. Relative Pinsker o-algebra. In this subsection, we introduce some notations and results
about the relative Pinsker o-algebra.

Let (X, X, u,T) be a MDS on a standard probability space and S be a T-invariant sub-o-
algebra of X'. The relative Pinsker o-algebra P,(S) with respect to S is defined as the smallest
o-algebra containing

{Ae X :h,(T {A, A°}|S) =0}.
By [40, Section 4.10], P,(S) is a T-invariant sub-o-algebra of X'. Hence, it uniquely (up to an
isomorphism) determines a factor (Y,),v,5) of (X,X,u,T) (see |13, Theorem 6.5]). That is,
there exists a factor map

T (X, X, u,T)— (Y, V,v,S)

between two MDSs on standard probability spaces such that 77*()) = S (mod p). Usually, 7 :
(X, X, 1, T) = (Y,V,1,S) is called relative Pinsker factor map with respect to S. If § = {X, 0},
then P, (T') := P.(S) is called Pinsker o-algebra of (X, X, pn,T).
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The following lemma is well-known in MDSs, which will be used in the proof of Theorem 3.8

and the main theorems. The reader can refer to [5, Theorem 2.1 and Theorem 2.3| or [43, Lemma
4.1]).

Lemma 2.8. Assume that 7 : (X, X,u,T) — (Z,Z,n,R) is a factor map between two ergodic
MDSs on standard probability spaces. Let 7y : (X, X, u, T) — (Y, ), v, S) be the relative Pinsker
factor map with respect to 7712 and p = fy pydr(y) be the disintegration of i relative to the
factor (Y, Y,v,S). If hy(T|r) > 0, then p, is non-atomic (i.e. py({z}) = 0 for each x € X) for
rv-a.s. y €Y.

Finally, we give a proposition which describes the relation between two different relative Pinsker
factors. The reader can see a more general form in [9, Theorem 0.4 (iii)].

Proposition 2.9. Let 7 : (X, X,u,T) — (Z,2,n,R) be a factor map between two MDSs on
standard probability spaces and m : (X, X, p,T) = (Y, V,v,S) be the relative Pinsker factor map
with respect to 71 Z. Denoting pu = fY wydv(y) as the disintegration of p relative to the factor
(Y, Y,v,S) and

(X x X, X x X, puxy pu,TxT),

as the product of (X, X, u,T) with itself relative to factor (Y,Y,v,S), then one has that
(2.3) P((m 0 Proj;) ' 2) = (m o Proj;) 'Y (mod \)
where A = p Xy p and Proj; : X x X — X is the projection to the first coordinate.

3. Two FUNDAMENTAL THEOREMS

Letting X be a Borel subset of a Polish space X and 7 : (X, X,u,T) — (Z, 2,1, R)! be a factor
map between two MDSs on standard probability spaces, we prove that the stable sets are dense in
the support of conditional measure with respect to the relative Pinsker factor, namely Theorem
3.1. Additionally assuming that h,(T'|7) > 0 and (X, X, u,T) is ergodic, one has that the set of
all separating pairs has the full measure under the product of conditional measure with respect
to the relative Pinsker factor, namely Theorem 3.8.

The reason why we don’t directly assume that (X, X, u, T') is a Polish system is that when we
prove Theorem 1.2, the random compact set may not be a Polish space but only a Borel subset
of the whole space.

3.1. Stable sets. The following theorem is a generalization of [42, Lemma 3.2| to our setting. In
the proof of it, the main difficulty is that the previous results depend on the compactness of the
space. Through some more detail observations, we can prove that, in non-compact systems, there
also are many asymptotic pairs.

Theorem 3.1. Let X be a Borel subset of a Polish space X and  : (X, X, 1, T) = (Z,Z,m,R) be a
factor map between two invertible MDSs on standard probability spaces. Denotemy : (X, X, u,T) —
(Y, V,v,S) as the Pinsker factor map with respect to 7~ 1Z and p = Jy 1ydv(y) as the disinte-
gration of p relative to (Y,Y,v,S). For any infinite positive integer sequence a = {an}nen (i-e.
limy, 400 @, = +00), there exists a p-full measure subset X1 such that for any x € X1,

(31> Wég (13, T) N Supp(ﬂﬂ'l (a:)) = supp(um (:):))

where Wi(z,T) ={y € X : limps100 d(T%x, Ty) = 0} and d is a compatible complete metric
on X.

n this place, X is the o-algebra generated by the Borel subsets of X.
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Remark 3.2. In Theorem 3.1, for a probability measure zz on (X, X'), supp(x) is the smallest
closed subset A of X with 11(A) = 1. The closure in (3.1) is with respect to the topology of X.

In order to prove Theorem 3.1, let us begin with some lemmas. The following lemma is a
classical result. The reader can refer to |22, Theorem (17.11)] for the proof.

Lemma 3.3. Assume that (X, X, u) is a Polish probability space. Then for any A € X and € > 0,
there exists a compact subset A. C A such that p(A\ A¢) <e.

Let (X, X, u, T) be a MDS. A partition ¢ is called a measurable partition of (X, X) if
¢=Vé&
i€l
where {&;}icr is a countable family of finite measurable partitions. Denote o(&) as the smallest
sub-o-algebra of X which contains £. For two measurable partitions &; and &, of (X, X), it can be
shown that (&) V o(&) = o(&1 V &) where o(&1) V o(&2) is the smallest sub-o-algebra of X that
contains the o-algebras o(§1) and o(&2), so there is no ambiguity to denote o(&; V &2) by &1 V &a.
For convenience, we write &1 < & if for any element of & is contained in some element of £;. For
a measurable partition £ of (X, X, u,T'), put {(z) as the element of £ containing z,

&=\/T7¢ and F=\/T"¢
neN nez

The measurable partition ¢ is called measurable generating partition if €& = X (mod pu).

Now, we summary a few results from [43] as the following lemma. Particularly, (i) of Lemma
3.4 is from [43, Lemma 3.1|; (ii) of Lemma 3.4 is from [43, Theorem 3.3, Lemma 3.5|; and (iii) of
Lemma 3.4 is from [43, Lemma 3.6].

Lemma 3.4. For an invertible MDS (X, X, u,T) on standard probability spaces, let «, 3, v be
finite measurable partitions of (X, X') and S be a T-invariant sub-o-algebra of X'. Then, we have

(i) If @ = B, then limy, 400 Hy (|~ VT "y~ VS) = Hy(a|f™ VS).
(i) Hy(ala™ VPLS)) = Hy(ala™ VS) = h,(T, «|S) and
hu(T,aV B|S) = hyu(T, BIS) + hu(T, a8V S).
(iii) If € is a measurable generating partition of (X, X’) with £ D S (mod u), then
ﬂ T DPu(S) (mod p).

n€eNp

Following ideas in [43, Lemma 3.7|, we prove the corresponding result for our setting. This is
a key lemma to prove Theorem 3.1. We use Lemma 3.3 to construct the expected measurable
partition to overcome the difficulty that the phase is not compact.

Lemma 3.5. Let X be a Borel subset of a Polish space X and (X, X, u, T) be an invertible MDS
and S be a T-invariant sub-o-algebra of X. Then (X, X, T, ) admits a measurable generating
partition « of (X, X') with following properties:

(a) @ DS (mod p) and Py(S) = ey, T "™ (mod p),
(b) the set

{x € X : any pair of points belonging to o~ (z) is asymptotic along N1}
has p-full measure.

LA pair (z,y) € X x X is called asymptotic along a = {an }nen if limy o0 (T2, T*"y) = 0, where d is the
compatible complete metric on X,
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Proof. By Lemma 3.3, we can find a sequence of compact subsets {X,, },en of X with u(X,) >
1-— 2% and X, C X1 for any n € N. Therefore, we can choose a finite measurable partition &,
of (X, Ay) for each n € N where X,, = {ANX,, : A € X}, with the following properties:

(I) &, = &py1 for each n € N;
(IT) the maximal diameter of &, goes to zero as n — +o0o, namely, lim,_, . max{diam(A) :
Aeg,}=0.
For each n € N, denoting U,, = &, U{X \ X,,} which is a finite measurable partition of (X, X),
then Uy, 1 = Uy and \/, Uy = X (mod p).
Define inductively V,, = V,_1 V T =1, _1 for n > 2, where V; = U; and t, € N are to be
chosen by using (i) of Lemma 3.4 such that

1 1

Fixing m € N, for any ¢t > m, one has that
Hy(VimVi, V 8) = Hu(Vim|[Vy V S)

t—1
(3.2) = 3 (HValV v S) = HuVulViy v ) < %
Clearly, 8 = \/,,cn Vn is a ;neasurable generating partition of (X, X). Due to (3.2), one has that
(3.3) i (Hy(Vin[Vi v S) = Hu(Vinl 87V S)) = 0.
In the next, we will explain that
(3.4) () (@ "B VS) CPu(S) (mod p).
neNg

In fact, we only need to illustrate that for any a finite measurable partition £ of (X, X’) with
o(§) C Npen,(T7"B~ V' S), one has that o(§) C Pu(S) (mod p). By (ii) of Lemma 3.4 and
T c B~V S, one has
Hy(ElE™V 8) =Hu(Vin V EVL VEVS) = Hy(Vn|Vy VETVS)
<SH, WV, VS)+H,(Vn|V,,VS) — H,(Vn|B~ VS).
As m — 400, by (3.3) we have
hu(T,€|S) = Hu (€167 vV S) < Hu(§]8™ v S) =0,

which implies the (3.4).

Take a measurable partition v of (X, X) such that o(y) = S (mod p). Then v = BV 7 is
the required measurable partition. Indeed, « is a measurable generating partition with o(a) 2 S
(mod p). By (iii) of Lemma 3.4, we have P,(S) C (,en, 7~ "a~ (mod ). On the other hand,
by Claim 3.4, one has that

(YT "a = (@8 VT ™y )C (| (T "B VS) CPuS) (mod p).
neNg neNg n€Ng

Therefore, P,(S) = Nyen, T~ "™ (mod p). Note that if © ¢ U,,en Njeny Uis; 777 (X \ Xi),
then for any pair of points belonging to a™ (x) is asymptotic along N. Indeed, since

Ve VT s\ Tty

meN meN jeN meN jeEN
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there exist A, € U, for each n € N such that z € o™ () C ,,enNjen T~ " " A4;. By assumption
that ¢ U,penMNjen Uis; T-m (X \ X;), there exists a strictly monotone increasing positive
integer sequence {ky, }°° ; such that Ay, € &, for each n € N. Due to (II), we know that any pair
of points belonging to o~ (z) is asymptotic along N.

Finally, combining the following fact that

ol UNUT v x| <X w | OUT e

meN jeNi>j meN jEN>j

= lim g | T ™" X7
Jj—+oo g
meN =]

1
< 1 - =
= Z jlgl—noo Z A 0,
meN =]
we finish the proof of Lemma 3.5. O

The following result is a corollary of [13, Corollary 5.21] and |8, Theorem 3.17]. For complete-
ness, we present a direct proof here.

Lemma 3.6. Let (X, X, u) be a Polish probability space, {S,, }nen be a decreasing sub-o-algebra
of X and § = (,,cyy Sn- Denote p = [ pnzdp(x) and p = [ oo zdp(z) as the disintegrations
relative to S, and S, respectively. Then for p-a.s. x € X, the following inequality

. >
(35) Eglig Nn,x(U) =z Noo,x(U)
holds for any open subset U of X.

Proof. Let {Ay}nen be a countable topological basic of X. By Theorem 2.2, there exists p-full
measure subset X7 such that for any x € X1, we have

(36) nEI—&I-loo Hn,x <U Az) = Moo,z (U Az)
i€l i€l
for any finite subset I C N. For any = € X and open subset U := |J;cx A, , one has

%gﬂolof pin,z(U) = %gﬂolof Hn,x (g Aki)
va

m
i |
> limfnf it s (Ufm)
1=

= liminf fiog (L_Jl A@-)
= oo,z (U).

This finishes the proof of Lemma 3.6. (I

The following lemma is from [17, Lemma 2.1|. The only difference between Lemma 3.7 and [17,
Lemma 2.1] is whether the phase space X is compact. In fact, the proof of [17, Lemma 2.1] still
holds for non-compact space. So, we omit the proof here.
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Lemma 3.7. Let (X, X, u) a Polish probability space and So C 87 be two sub-o-algebras of X
Denote p = [y pizdp(z) as the disintegration of y relative to S; for i = 1,2, respectively. Then
supp(p1,z) C supp(pe 5) for p-as. z € X.

With the help of lemmas above-mentioned, we give the proof of Theorem 3.1 as follows.

Proof of Theorem 3.1. Recall that X is a Borel subset of a Polish space )?, T (X, X, u,T) —
(Z,Z,n, R) is a factor map between two MDSs on standard probability spaces, m1 : (X, X, u,T) —
(Y, Y, v, S) is the Pinsker factor map with respect to 712, and p = fy pydr(y) is the disintegra-
tion of u relative to the factor (Y,),v,S).

Fix an infinite positive integer sequence a = {a, }nen. By Lemma 3.5, there exists a measurable
partition « such that

(n712) = ﬂ T "o~ (mod p)
n€eNg

and for p-a.s. x € X, any pair of points belonging to a~(x) is asymptotic along N. Hence
(T~ )(z) C Wi(x,T) for each n € Ny and p-a.s. © € X. For any n € Ny, let p = [y pin odp(z)
be the disintegration of u relative to T~"a~. Following from the definition of the measure disin-
tegration, for any n € Ny and p-a.s. x € X, one has that

(3.7) fin,e (W3 (x, T)) =1
Note that
a” DT 'a” 2T 2% > and ﬂ T"a" =P,(r7'2) (mod pu).
n€eNg

Applying Lemma 3.6 and Lemma 3.7 on {T7"a ™ }nen, and Py(mw ~1Z) for the Polish probability
space (X X , i) where X is the Borel-o algebra of X there exists a p-full measure subset X' C X
such that for any z € X', any closed subset F of X and any m € N, one has that

(3.8) lim sup ,un,:c(F) < My (x) (F),
n—-+o0o
and
(3.9) SUPP(fm,e) S SUpP(mi,e) € -+ C SUPD(fhry (2))-

By (3.7) and (3.9), one has that for 2 € X’ and any n € Ny,

Mn,ﬂl(Wg (.%', T) N Supp(ﬂm (a:))) 2 M'IZVT(W; <$7 T) N Supp(,ufrl (:t))) =1,
which implies that
(3.8)

oy (o) (W5 (2, T) O supp(pig, (z))) = limsup pn (W5 (2, T) O supp(pir, 2))) = 1.

n—-+o00

Therefore) Supp(:uwl(ac)) < W§($7 T) n Supp(ﬂwl(z))'

On the other hand, as for any x € X', it is clear that supp(pir, (z)) 2 W5 (2, T) N supp(pir, (z))-
This completes the proof of Theorem 3.1.

3.2. Separating pairs. In this subsection, borrowing the ideas in [31], we prove Theorem 3.8.
In the proof of [31, Theorem 1.4], the similar result has been established for non-relative factor
case in compact systems.
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Theorem 3.8. Let X be a Borel subset of a Polish space X and 7 : (X, X, u,T)— (Z,Z,m,R)
be a factor map between two invertible ergodic MDSs on standard probability spaces. Denote
o (X, X, u,T) — (Y, V,v,8) as the relative Pinsker factor map with respect to 712, u =
Jy 1ydv(y) as the disintegration of p relative to the factor (Y,Y,v,S). If hy(T|w) > 0, then for
any infinite positive integer sequence a = {a;}ien (i.e. lim; o0 a; = +00), there exists a v-full
measure set Yy such that for any y € Yy, there exists a positive constant o, such that

ty X py(Wa(X, 6y)) = 1,

where

n—oo

. L= o s
Wa(X,0y) = {(:1:1,.7:2) eXxX: hmsupn;d(T ixy, T%x9) > 6y},

d is a compatible complete metric on X.

To prove Theorem 3.8, we recall the notion of the characteristic o-algebra firstly, and then
prove that relative Pinsker algebra is the characteristic o-algebra along any infinite positive integer
sequence for MDSs, namely Proposition 3.11.

Definition 3.9. Let (X, X, u,T) be a MDS. A sub-c-algebra S of X is called a characteristic
o-algebra for the positive integer sequence a = {ay, }nen if for any f € L2(X, X, u),

(3.10) M [[Alay, f) - Alay, E(f|S))ll2 = 0,

where Aay, f) = = 5N, foT% and ||fll2 := ( [y |f2du)"">.

In [11, 31|, it was proved that Pinsker algebra is the characteristic o-algebra along any infinite
sequence in countable discrete amenable groups in compact metric spaces. We restate a convenient
version of this theorem as follows.

Lemma 3.10. Let (X, X, u,T) be an invertible MDS on a standard probability space. If a =
{an}nen is an infinite positive integer sequence, then the Pinsker algebra of (X, X, u,T) is a
characteristic o-algebra for a.

The corresponding result of Lemma 3.10 also holds for relative Pinsker o-algebra. Specifically,

Proposition 3.11. Let 7w : (X, X,u,T) — (Z,Z,n,R) be an invertible factor map between two
MDSs on standard probability spaces. If a = {an }nen is an infinite positive integer sequence, then
Pu(r71Z) is a characteristic o-algebra for a.

Proof. Let P,(T) be the Pinsker o-algebra of (X, X', i, T). Then
PM(T) C ,Pﬂ(ﬂ-ilz%

which implies that for any f,g € £2(X, X, u),

(f =E(fIPu(r™2)), E(gPu(r" 2)) — E(9[Pu(T))) = 0.
Hence, for any N € N,

(IAGax. 1)~ Afan. EFPLD)) )
2
=(IAax, /) = Alan, E(fIPu(r 2)) )

+ (Il A(an E(f1Pu(n ' 2))) — A(an, E(/IPu(T))) l2)

2
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That is,

|A(an, f) — Alan, E(f|Pu(r "' 2)))ll2 < [ A(an, f) — A(an, E(f|Pu(T))) |2
By Lemma 3.10, one has that
lim ||A(ay, f) — A(an, E(f|Pu(r 1 2)))|2 = 0.

N—+4o00

We finish the proof of Proposition 3.11. O

To prove Theorem 3.8, we recall the notion of the weak convergence and some results about
it. Let (X, X, u) be a probability space. A sequence {hy }nen in £2(X, X, i) converges weakly to
h € L%(X,X,p) (denoted by h, — h), if limy—y oo [ hnfdu = [hfdp for all f € L2(X, X, p).
The following results are proved in [31, Lemma 4.1 and Lemma 4.2].

Lemma 3.12. Let (X, X, u,T) be a MDS and a = {a,}nen be an infinite positive integer se-
quence. Given a T-invariant sub-c-algebra S of X and f € £2(X, X, 1), assume that there exists
P(f) € L2(X, X, ) such that A(a,, f) = P(f). Then,

(1) if limy 400 [[A(an, f) — A(an, E(f|S))|l2 = 0, one has that
Alan, E(f]S)) = P(f),

as n — oo. Moreover, P(f) € L2(X,S, ).
(ii) if f is real-valued, then limsup, ., A(an, f)(xz) > P(f)(x) for p-as. x € X.

Lemma 3.13. Let (X, X, u,T) be a MDS and a = {a,}nen be an infinite positive integer se-
quence. Given g € £L2(X, X, i) with g(z) > 0 for p-a.s. * € X and A € X with u(A) > 0, assume

w

that f = gla, where 14 is the character function of A, and A(a,, f) — P(f) € L*(X, X, ).
Then P(f)(z) > 0 for p-a.s. x € A.

Proof. Assuming that above lemma doesn’t hold, then p(B) > 0, where B := {x € A: P(f)(x) <
0}. Since f(z) > 0 for p-a.s. = € A, there exists € > 0 such that u(C¢) < p(B), where
C.={x € A: f(x) <e€}. Forany n € N,

[orindu= [ firopdiz [ iz eu(s) - uc),
X X T-nB\C.
which implies that

[ Padn= 1 [ A adn > (ulB) - u(C0) >0

n—+00 Jx
This contradicts the fact that [, P(f)1pdu < 0. O

Lemma 3.14. Assume that 7 : (X, X, u,T) — (Y, ),r,S) is a factor map between two MDSs
on standard probability spaces and A € X with u(A) > 0. Denoting p = [y pydv(y) as the
disintegration of y relative to the factor (Y, Y, v, S), then there is a subset B € Y with v(B) > p(A)
such that any y € B, py (7~ (y) N A) > 0.

Proof. Let B={y € Y : puy(A) > 0}. Then B € Y and
v(B) = /B Ldv(y) > /B by (A)di(y) = /Y 1y (A)di(y) = p(A).

By the definition of measure disintegration, it is clear that for any y € B, pu,(7~1(y)nA) >0. O

After all preparations, we begin to prove Theorem 3.8.
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Proof of Theorem 3.8. Recall that X is a Borel subset of a Polish space )Z, T (X, X, uT) —
(Z, Z,n, R) is a factor map between two MDSs on standard probability spaces, m1 : (X, X, u,T) —
(Y, Y, v, S) is the relative Pinsker factor map with respect to 7! Z, and d is a compatible complete
metric on X. Let 1= [y pydr(y) be the disintegration of p relative to (Y,Y,v, S).

Claim 3.15. Given a compact subset X; of X with u(X;) > 0 and an infinite positive integer
sequence a = {a; }ien, there exists a measurable set Y7 with (Y1) > p xy pu(X1 x X7) such that
for any y € Y1, there exists d,(1) > 0 such that

fry Xy (Wa(X1,0,(1))) = py X pry (X1 x X1) > 0,
where

. 1 o R
Wa(X1,04(1)) = {(xl,:cg) e X1 xXq :hmsup—Zfl(T ixy, T%x9) > 5y(1)},
=1

n—+oo N i
and fl(x17x2) = 1X1><X1 (x17$2)d(x17x2)-

Proof. Let A := p Xy p (see Section 2.4) and Ax = {(z,z) : * € X}. By Lemma 2.8 and Fubini’s
theorem, we have

A(Ay) = /Y /X iy (&) gy ()l () = O,

which implies that d(z1,22) > 0 for A-a.s. (z1,22) € X x X. And hence that fi(x1,22) > 0 for
Aas. (x1,m2) € X1 X X7.

Denoting A(ay, f1) == + Zfil fio(T'xT)% for any N € N, it is clear that {A(ay, f1)}nen is
a sequence of bounded functions in £2(X x X, X x X, \). By using Alaoglu’s theorem, there exists
a monotone increasing positive integer sequence {ay, }nen and P(f1) € L2(X x X, X x X, \) such
that

(3.11) A(agy, f1) = P(f1) as N — oo.

Applying Proposition 3.11 to the m o Proj; : (X x X, X x X\, T xT) — (Z,2,n,R), where
Proj; : X x X — X is the projection to the first coordinate, we have

G A, f1) = Aay, E(fi Pa((r o Proj;) ' 2))) |2 = 0.

Due to (3.11) and Lemma 3.12, one has
A(akN,E(fl\PA((m o Projl)_lz))) = P(f1) € L’z(X X X, Pr((m1 0 Projl)_lz), A),
as N — oo. By using Proposition 2.9, one has that
P(f1)(x1,22) = E(P(f1)|PA((m1 0 Proj;) ™' 2)) (z1, 22)

= E(P(f)](m1 0 Projy) Ve 2) = [ PURdy x )

XxX

for M\-a.s. (z1,22) € X x X, where y = m o Proj;((z1,22)). Combining Lemma 3.12 and Lemma
3.13, there exists a measurable subset B of X1 x X; with A(B) = A(X; x X7) such that for any
(x1,x2) € B, we have

limsup A(ay, f1)(z1,22) = P(f1)(z1,22) = / P(f1)d(py x py) := 26,(1) > 0,

N—+00 XxX
where y = 71 o Proj; ((x1, x2)).

According to Lemma 3.14, there exists Y] € Y with v(Y{) > A\(B) = A(X; x X1) such that for
any y € Y],
Ly X py (71 © Proj;) "'(y) N B) > 0.
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As A((X1 x X1)\ B) =0, there exists v-full measure Yy, such that for any y € Yy’
fry X py (X1 X X1)\ B) = 0.
Let Y7 = Y/ NYy. Then v(Y7) > A(Xy x X3). Since (71 o Proj;) "' (y) N B C Wa(X1,68,(1)) for
any y € Y7, it follows that for each y € Y1,
ty X pyWa(X1,6,(1))) = py x Ny((W1 o Projy) ™' (y) N B)
= iy X py(B) = py X puy (X1 X X1).
This finishes the proof of Claim 3.15. U

According to Lemma 3.3, there exists a sequence of compact subsets {X,}n,eny of X with
w(X,) > 1—1/n and X,, C X,41 for each n € N. Applying Claim 3.15 on each X,,, we can
choose a subsequence a monotone increasing positive integer sequence {aj, }nen such that for
any n € N,

A(agy, fn) = P(f) as N — oc.
Furthermore, one has that d,(n) > dy(m) if y € Y, NY,, and n > m. Indeed, we only need to
prove that P(f,) > P(fn) for any n > m. For any g € £L2(X, X, ) and g > 0,

<P(fn) - P(fm)ag> = NETM<A(akN7fn) - A(akN7fm)vg> = 07

since fr, > fm. Let Y = N;cyUps; Yo Then, by Claim 3.15 and the fact above, one has
v(Y') = 1. For each y € Y, assume that y € (), Ys,,- Then, one has

fy X py(Wa (X, 0y)) = léglfgﬂy X py(Wa(Xi,, dy))

> timind iyt (Wa(X08,00))

= liminf p, x py(Xy, x X3,,) =1,

n—-4o0o

where 0, := min{dy(n) : y € Y,,}. Therefore, Theorem 3.8 holds. O

4. PROOF OF THE MAIN THEOREMS

In this section, we prove Theorem 1.2 and Theorem 1.1 by using Theorem 3.1 and Theorem 3.8.
Recall a result (see |33, Theorem 1]) which is crucial to find Cantor subsets in a perfect complete
metric space, firstly.

Lemma 4.1. Let Y be a perfect complete metric space and C be a dense G subset of Y x Y.
Then there exists a dense Mycielski subset S C Y such that S xS C CUAy, where Ay = {(y,y) :
yeY}

4.1. Proof of Theorem 1.2. In this subsection, we assume that (X, ¢) is an injective continuous
random dynamical system over an invertible ergodic Polish system (2, F,[P,0). In this case, for
any ¢-invariant random compact set K and for any u € ME(Q x X), (K, K, s, ®) is an invertible
MDS on a standard probability space (for example, see [16, Theorem 2.8|), where K is the o-
algebra generated by the Borel subset of K.

Proof of Theorem 1.2. Assume that hyp(¢, K) > 0. By Proposition 2.6 there exists pu € X (€ x
X) such that h,(¢, K) > 0. Since ® is injective, (K, K, p, ®) is an invertible ergodic MDS on
a standard probability space and 7q : (K, KC, u, ®) — (Q,F,P,0) is a factor map between two
MDSs on standard probability spaces. We divide the remainder of the proof into two steps.

Step 1. In this step, we obtain a v-full subset of Y, which has some good properties to help us
complete the proof of Theorem 1.2.
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Let 77#(7751]:) be the relative Pinsker o-algebra of (K7 K, i, <I>) with respect to 7r51]:. By [13,
Theorem 6.5 and Lemma 5.2], there exists an invertible Polish system (Y, Y, v, S) and two factor
maps

T (KK, ®) = (Y, V,1,8), mo: (Y, V,1,5) = (Q,F,P,0),
between invertible MDSs on standard probability spaces such that g o 1 = mq and 7, 1(y) =
Pu(rq F) (mod p). That is, m (K, K, p,®) = (Y,Y,v,5) is the relative Pinsker factor map
with respect to g, v
Denote dg as the complete metric on €. Define the metric on 2 x X as

p(k1, ka) = max{dqg(wi,ws),d(z1,22)}
where k; = (w;, ;) € Q x X for ¢ = 1,2. Then (Q x X, p) is a complete separable metric space.
Given § > 0 and kg € K, put

Wal(K,8) = {(k1,ks) € K x K : hmsup—Zp D x @)% (k1,k2)) > 6},
N%Jroo

and

Wilky,®)={ke K : lim p(@a”k),q)“"k:o) =0}.

Let p = [y pydv( ) be the dlslntegratlon relatlve to the factor (Y, Y, r,S). Claim that there is
a v-full measure set Y such that for Yy € Y with following properties:

(P1) Denoting w = ma(y), then ¢(n,w) : X — X is continuous and K (0"w) is a compact subset
of X for each n € N.

(P2) py(ma(y) x Ky) =1 and p,, is non-atomic, where K, := {z € X : (m(y),z) € K}.

(P3) There exists ¢, > 0 such that p, X p,(Wa(K,dy)) =1

(P4) For any k € 71 ' (y), one has that W (k, ®) N supp(s,) = supp(p,).

(P1) is the basic assumption. (P2) is due to pu(K) = 1 and Lemma 2.8. Applying Theorem 3.1

and Theorem 3.8 to the factor map mq : (K,IC,,U,, <I>) — (2, F,P,0), respectively, (P3) and (P4)
hold.

Step 2. In this step, we finish the proof of Theorem 1.2 by showing the following lemma.

Lemma 4.2. For any y € i}, there exists a Mycielski subset S, of K, and ¢y > 0 such that for
any two distinct points 1,z € S, satisfies (1.1) and (1.2).

Proof. Given y € EA/, let
E, :={x € Ky : py(m2(y) x U) > 0 for any open neighborhood U of z}.
By (P2), we have that E, is a perfect compact subset and
(4.1) ma(y) X Ey = supp(py).
Given € > 0, let w(y) := ma(y) € Q,

[e.ole olNe o]

= m ﬂ (581,562) € Ey X Ey Zd a], xl,qb(aj,w(y))xQ) <

k=11=1N=l

El e

and

[c e O lNe o]

1
ﬂ ﬂ (z1,72) € By X By : Zd dlaj, w(y))z1, ¢(aj, w(y))zs) e

k=11=1N=l
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We complete the proof of this lemma by the following two claims.

Claim 4.3. Recall that d, is defined as (P3). Then Ds, (y) is a dense subset of (Ej, x Ey,d x d).

Proof. For any non-empty open subsets Uy, Uy of X with (U; x Uz) N (Ey x Ey) # @, one has

iy X iy (((@(y) x (Uy N EBy)) x (ma(y) x (Ua N Ey))) N Wal(K, 5y))

Oty ¢ sy (maly) x (U201 ,) x (maly) % (V21 E)))

(g)/ﬁy(m(y) x (U N Ey)) -y (ma(y) x (U2 N Ey)) >0,

which implies that

((ra() % (U1 N EBy) x (maly) x (U2 1 Ey)) ) N Wa(K8,) # 2.
Hence there exist x; € U; N Ey such that (ki, k2) € Wa(K, 6,) where k; = (w(y), x;) for j =1,2.
It follows that

N N

1 1

lim sup — d(o(a;,w(y))x, dla;,w(y))re) = limsup — D% (ky), DY (ks)) > 0.
e 35 3 e o), s o)) = Bmsup 5 32 0 ), 8% k) >,
Therefore, D5, (y) is dense in B, x E,,. O

Claim 4.4. P(y) is a dense subset of (E, x Ey,d x d).
Proof. By (P4), for any k € 7, ' (y) one has that

(4.2) Wi (k, ®) Nsupp(py,) = supp(py),
Denoting

Asya (K, @) == {(k1,k2) € K x K : lim p(®"(k1), 2" (k2)) = 0},

n—oo
then W2(k,®) x W2 (k,®) C Asy,(K,®). Hence
Asy, (K, @) N (supp(py) x supp(py)) 2 (W (k, ®) x Wa(k, )) 0 (supp(py) x supp(psy))
2 (Wa(k, @) Nsupp(y)) x (W (k, ®) 0 supp(uy)).
This combined with (4.2) implies that

(4.3) Asy, (K, ®) N (supp(py) X supp(py)) = supp(py) x supp(y).-

Denoting wx : £ x X — X as the projection, it is clear that

mx x mx (Asya(K, ®) N ((ma(y) x By) x (ma(y) x By)) ) € P(y).

It follows that

P(y) > mx x mx (((maly) x By) x (maly) x B,)) N Asya(K, @)

4. —
(L Tx X Tx ((supp(uy) x supp(py)) N Asy, (K, @))

DX X TX ((supp(uy) x supp(py)) N Asya (K, @)

(4.3)
=" mx X 7x (supp(py) x supp(py)) = Ey x E,.

This shows that P(y) is a dense subset of £, x E,. O
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Denoting C(y) = P(y)NDy, (y), it is clear that C(y) is a dense G5 subset of £, x E,. According
to Lemma 4.1, there exists a dense Mycielski subset S, C E, such that

Sy x Sy € C(y) UAE,,

where Ag, = {(z,z) : © € E,}. Obviously, S, € E, C K, and if (x1,22) is a pair of distinct
points in Sy, then (z1,22) € C(y) which implies that

}\lfg-l;-%gizd aw xla (aivw)$2) =0,

limsup — Zd o(a;,w :c1,¢(a¢,w)x2) > €p = 0y/2.
N—)—i—oo

This finishes the proof of Lemma 4.2. (I

Since v(Y) = 1, there exists Q € F with P(Q) = 1 such that for any w € €, one has that
7, H(w)NY # @. Taking some y € 7, (w) MY, then S(w) := S, is the desired subset. O

4.2. Proof of Theorem 1.1. In this subsection, we use the natural extension of the measure-
preserving systems to deal with that (X, ¢) is not injective. The reason why this method is not
applicable to a general infinite positive integer sequence a is that the sequence a will arise a
deviation for (1.2). Note that the symbols in this subsection are independent of the symbols in
Section 4.1.

Proof of Theorem 1.1. Assume that hiop (¢, K)
X) such that h,(¢, K) > 0. mq : (K,K, u, @) —
standard probability spaces.

Let IIg : (I_(,IC,/],@) — (K, K, 1, @) be the natural extension of (K,IC,M, <I>) and Il :
(Q, F,P,0) — (Q,F,P,0) be the natural extension of (Q,F,P,0). Define # : K — Q by
7((wi, 74)iez) = (wi)icz for (wi, xi)iez € K. Then

7 (K,K,n,®) — (Q,F,P,0)

> 0. By Proposition 2.6 there exists pu € & (Q x
(Q ,]-', P, ) is a factor map between two MDS on

is a factor map between two MDSs on standard probability spaces, where K and € are Borel
subsets of the Polish spaces (Q x X)% and Q% respectively, and g o Ilx = Il o 7.
We divide the remainder of the proof into three steps.

Step 1. In this step, we're going to introduce some notations for our proof.
By Lemma 2.3 and Lemma 2.7, we have

ha(®17) = hy(®|7) + hp(0[1le)
= hﬁ(‘iu_[Q o 77’) = hﬁ(‘i)|7TQ o HK)
= hp(QIk) + hyu(P|ma) = hy(@|ma) = hy(d, K) >0

Let Pz (7 1F) be the relative Pinsker o-algebra of (K K, i, ) with respect to (2, F,P, ). There-
fore, there exists a MDS (Y, ), v, S) on a standard probability space and two factor maps

m (f(,f,ﬂ,é) - (Y, )1, 8), m: (Y, V,v,8) = (Q, F,P,0)

between two MDSs on standard probability spaces such that moom = 7 and 71 Ly = Pu(71F)
(mod fr). That is, m : (K,IC, b, <I>) = (Y, V,v,5) is the relative Pinsker factor map with respect
to 7 LF.
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Define metrics p, p; and py on X%, Q% and (Q x X)%, respectively as follows:

o 1 d(z},27) T 1 do(w},w?)
p(xlan) :Z%#7 pl((,Ul,O.)Q) — Zi%
iz 2611 + d(z;, z7) iz 21111 + do(w}, w?)

pa(ky, ko) = max{p(i1, &2), pr (@1, @2)},

Wherefj:(:ng)iezeXZ,ch (w )zeZGQ k = (v Wy, Z)ZGZE(QXX)Z for j = 1,2, and d, dg
are the compatible complete metrlcs on X, Q respectlvely For simplicity, we sometimes identify
(2 x X)% with Q% x X% by

((wi,xi))iez € (Q X X)Z ~ ((wi)iez, (xi>i€Z) c QZ X XZ.

Step 2. In this step, we obtain a similar result as Lemma 4.2 for the natural extension system.
Given 6 > 0 and Eo € K, put
N
W(K,6) = {(k1,ks) € K x K : hmsup—zpz x ®)'(ky,k2)) > 0},
N~>+oo

and

W (ko,®) = {k € K: lim py(3"k, ®"kg) = 0}.

n——+00
Let i = [, fiydv(y) be the disintegration of fi relative to the factor (Y,Y,v,S). By Lemma 2.8,
Theorem 3.8 and Theorem 3.1, there is a v-full measure set ¥ with v/(Y) = 1 such that for y € Y
with following properties:
(P1) Denoting &(y) = (wi(y))icz := m2(y), then ¢(n,w;) : X — X is continuous and K (w;(y)) is
compact sub_set of X for each n € Nand i € Z. B
(P2) fiy(ma(y) x Ky) =1 and fi,, is non-atomic where K, := {Z € I;czK(w;i(y)) : o(1,wi)z; =
x;y1 for any i € Z}. )
(P3) There exists ¢, > 0 such that p, x p,(W(K,d,)) =1
(P4) For any k € 71 (y), one has that Ws(k,®) N supp(fiy) = supp(fiy).

With the similar argument as Lemma 4.2, we have the following lemma.

Lemma 4.5. For any y € 17, f(y is a compact subset of (X%, p) and there exists a Mycielski
subset Sy of K, and €y > 0 such that for any distinct two points &1, 2 € Sy, one has

4.4 li f— (@' (@(y), 1), D (&(y), F2)) =
(4.4) lim inf sz (G(y), #1), D' (@(y), ) =0,
N —_ .
(4.5) hmsup—Zm (' (&(y), 1), D' (G(y), Z2)) > €0,
N—>+oo i—1

where &(y) = (wi(y))iez = m2(y).
Step 3. In this step, we finish the proof of Theorem 1.1.
Recall that
m: (Y, V,v,8) = (Q,F,P,0) and Tl : (Q, F,P,0) — (Q, F,P,0),
where 79 is a factor map between two MDSs and Il is the projection Since V(Y) =1, by Lemma

3.14, there exists Q € F with ]P’((AZ) = 1 such that (IIg o )~ H(w) N Y # @ for each w € €.

From now, fix w € Q and y € Y such that Il o ma(y) = w. Then we have w = wo(y). By
Lemma 4.5, there exist ¢g > 0 and a Mycielski subset S of K such that for each pair (¥, %)
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of distinct points in S, satisfies (4.4) and (4.5). Let n : K, — K, be the natural projection of
coordinate with n(Z) = zg for Z = (2;)sez € X%. Put S, = 77(5’y). Then S, C K.
In the following we show that S, is a Mycielski chaotic set for (w,¢). Firstly we claim that

map 7 : S’y — S, is injective. If this is not true, then there exist two distinct points 71, Z2 in Sy

such that n(#) = n(Z2), i.e. xy = 3. Since ¥, 7> € K, we have

(4.6) ;= ¢(i,wo(y))zy = ¢(i,wo(y))ag = 7
for each ¢ € Ny. Thus

lim p((@(n, wi(y))2))icz, (6(n, wi(y)7Dicz) = Tim_ p((whsiezs (@2in)icz) = 0

n—-+o0o n—-+o0o

which contradicts (4.4). Hence n : Sy — S,, is injective. Since S, is a Mycielski set, S, = | ien Cj
where each Cj is a Cantor set. Since 7 : (C}, p) = (n(C}), d) is a one to one surjective continuous
map and Cj is a compact subset of (X Z p), it follows that 7 : C; — n(Cj) is a homeomorphism.
Thus, n(C}) is a Cantor set. Hence that S, = (J;cnn(Cj) is a Mycielski set of K.

Given a pair (z1,z2) of distinct points in S, one has that
li f— d(¢
]\1[13—1:(1)0 Z (J,w)z1, ¢(j,w)z2)

N
S(L+ d(z1,22)) lim inf % > p((¢G, wiw)z)iez, (305, wiy))a?)iez) = 0,
ot

where (2¥);cz = n~!(x) for k = 1,2. This implies that (1.1) holds. On the other hand, recall
that €g is the constant in Lemma 4.5. Take L € N such that 2% < €y/6. By

hmsuprp (k, wi())z)iez, (B(k, wiy))f)iez) > co,
N~>+oo

there exists a sequence of posmve integers {NN;}en with L < Ni < Ny < ... such that

*Zp (k,wi(y)) 2 )iez, ($(k, wi()ad)icz) = €0/2.

N k=1
Note that for each k € N,

(éb(k,wi(y))%l)iez = (xllc—i—i)iEZ and (¢(kawi(y))$%)iez = (xi—l—i)iGZ'
It follows that

72 72
1+k’ 'L+k) 2+k’ z+k) €0 €0 €0
— = _ > — — = =_.
ZZWl—i—d( +k’2 ) Z Z 2Z1—|—d 2 2 3 6

N; k=1 |i|<L +k N; k=1 [i|>L+1 +k’ Tiw))

For each j € N, there exists i; € [—L, L] such that

N; 1 1 N; 1
i: d(x i;—l—k?xij—&—k) R i: d(x 11+k’ Titt)
1td(z) o) yy) WS | 2 L +d(zg g, o)y,

Therefore,
N; J

N; d( 1 2 )
;! O T
N +k L +k NG
N] — Zj Z] Nj el 1 + d( l]-i-k" Z +k)
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N.
LA delart) o
which implies that
N N;+L
lim sup d(o(i,w)xy, p(i,w)xre) = limsup ——— d(o(i,w)z1, o(i,w)x
N%;u )1, @(i:w)e) > limsu Nj+L; (6(i,w)1, 6 (i, w)2)
. i €0 _ €0
>1 —_— 5 _
PN, +L18 7 36
This finishes the proof of Theorem 1.1. O
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