DIRECTIONAL KRONECKER ALGEBRA FOR Zi-ACTIONS
CHUNLIN LIU AND LEIYE XU

ABSTRACT. In this paper, directional sequence entropy and directional Kronecker
algebra for Z4-systems are introduced. The relation between sequence entropy and
directional sequence entropy are established. Meanwhile, direcitonal discrete spectrum
systems and directional null systems are defined. It is shown that a Z%-system has
directional discrete spectrum if and only if it is directional null. Moreover, it turns
out that a Z?-system has directional discrete spectrum along ¢ linearly independent
directions if and only if it has discrete spectrum.

1. INTRODUCTION

Let ¢ € N. Throughout this paper by a Z%measure preserving dynamical system
(Z2-MPS for short) we mean a quadruple (X, Bx, u,T), where X is a compact metric
space, the Zi-action T is a homeomorphism from the additive group Z? to the group
of homeomorphisms of X, By is the Borel o-algbra of X and p is an invariant Borel
probability measure. We denote the corresponding homeomorphism of X by T for any
¥ € 79, so that T% o T® = T%% and T9 is the identity on X.

Kolmogorov [15] introduced the notion of entropy to dynamical systems, which played
an important role in the study of ergodic theory and topological dynamics to measure
the chaoticity or unpredictability of a system. To investigate the complexity of entropy
zero systems, many invariants were introduced. Kushnirenko [17] developed an invari-
ant, sequence entropy, to distinguish non-isomorphic entropy zero systems. We refer to
[12, 21] for further study on sequence entropy. Katok and Thouvenot [13] introduced
the notion of slow entropy for measure preserving actions of discrete amenable groups
to measure the complexity of entropy zero systems. Recently, Dou, Huang and Park
[0] introduced the notion of entropy dimension to classify the growth rate of the orbits
of entropy zero systems. To investigate the Cellular Automaton map together with the
Bernoulli shift, Milnor [18] defined directional entropy. Many of its properties were
further studied in [1, 3, 4, 19, 20, 21].

In this paper, we introduce a new invariant, directional sequence entropy, for Z9-
actions, based on classical sequence entropy and directional entropy. We investigate
some properties of directional sequence entropy, analogously to classical sequence en-
tropy. Moreover, we discuss the relation between the spectrum and directional sequence
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entropy. One of our main results is to show the directional version of Kushnirenko the-
orem, which tells us that a Z9-MPS has directional discrete spectrum if and only if its
directional sequence entropy is always zero for any sequence along corresponding direc-
tion. In the proof of this result, our main difficulty is that many theories of classical
sequence entropy can not be directly applied to our proof such as spectral mixing the-
orem of Koopman-von Neumann [16], since these results are only available for the case
of group actions. Motivated by a Z-MPS, which was introduced by Park [20], we over-
come this difficulty by establishing the relaiton between directional Kronecker algera
and classical Kronecker algebra. Taking advantage of the relation between the two, we
can show our results by some classical consequences for the case of Z-actions. Mean-
while, we show that directional sequence entropy is closely relavant to classical sequence
entropy and a Z2-MPS has directional discrete spectrum along ¢ linearly independent
directions if and only if it has discrete spectrum.

For convenience, we focus on Z2-MPS. Using exactly the same methods, we can
obtain corresponding results of Z4-MPS for any integer ¢ > 2, which are introduced in
Appendix B. To be precise, let (X, Bx,u,T) be a Z>-MPS and ¥ = (1,3) € R? be a
direction vector (For simplicity, we write ¥ as (1, 3). In fact all results in this paper are
true when ¢’ = (0, 1) since this case is the same as the case of Z-actions.). For a finite
measurable partition a of X, let

== u(A)log u(A).

Aca
We put
A'(b) = {(m,n) € Z% : pm —b/2 < n < Bm +b/2} .

Given a finite measurable partition a of X, for any infinite subset S = {(m;,n;)}2; of
A?(b) that {m;}22, is strictly monotone, we put

hS(T a) = lim sup o H (\/T (mams) > :
k—o0
Then we can define the directional sequence entroy of 7" for the infinite subset S by

S S
hu(T) = Sl;p h#(T, a),

where the supremum is taken over all finite measurable partitions of X.
Define the v-directional Kronecker algebra by

Ko(b) = {B € By : {U}m’")lB : (m,n) € Aﬁ(b)} is compact in L?(X, BX,,u)},

where U;m’") : L*(X, By, ) — L*(X, By, j1) is the unitary operator such that

U,I(wm’n)f — f o T(m’n) fOI‘ au f € L2<X7 BX; M)
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and 1p is the indicator function of B € By, that is,
1, z€B,

Lp(r) = { 0, v¢B.
In Section 3, we prove that K (b) is a o-algebra and the definition of K (b) is indepen-

dent of the selection of b € (0,00). So we omit b in K (b) and write it as K.
Motivated by the work in [! 1], we can show the following consequence.

Theorem 1.1. Let (X, Bx,u,T) be a Z*-MPS, v = (1,3) € R? be a direction vector
and b € (0,00). Given a finite measurable partition o of X. For any infinite subset S’
of A(b),

hy (T, @) < H,(alK).
Moreover, there exists an infinite subset S = {(my,n;)}2, of A¥(b) such that {m;}2,
is strictly monotone and )

hia (T, ) = Hy(alK).
Remark 1.2. Let « be a finite measurable partition of X. We define

hi’*(a) = sup {hE(T, a)}, (1.1)
SCAT(b)

where the supremum is taken over all infinite subsets S = {(m;,n;)}22, of A¥(b). By
Theorem 1.1, hi*(o) = H,(a|K%) and then (1.1) is well defined since it is independent
of the selection of b.

In order to investigate entropy zero systems, Kushnirenko [17] introduced the notion
of sequence entropy and studied spectral theory via sequence entropy. He obtained a
classical consequence, that is, a Z-MPS is a discrete spectrum system if and only if it is
a null system. Motivated by his work, we define directional discrete spectrum systems
and directional null systems as follows.

Definition 1.3. Let (X, By, u,T) be a Z*>-MPS and ¢ = (1,3) € R? be a direction
vector.
(a) We say p has o-discrete spectrum if K7, = By.
(b) We say (X, Bx,u,T) is v-null if for any b € (0,00) and infinite subset S =
{(my, )2, of A%(b), hi(T) = 0.
We obtain one of our main results which is a directional version of Kushnirenko
theorem.
Theorem 1.4. Let (X,Bx,u,T) be a Z*-MPS and v = (1,3) € R? be a direction
vector. Then the following two conditions are equivalent.
(a) p has U-discrete spectrum system.
(b) (X, Bx, u,T) is U-null.

Meanwhile, we establish the relation between sequence entropy (respectively discrete
spectrum) and directional sequence entropy (respectively direcitonal discrete spectrum)
as follows.
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Theorem 1.5. Let (X,Bx,u,T) be a Z?-MPS. Given a finite measurable partition o
of X, if there exists an infinite subset S of Z* such that hi(T, a) > 0, then there is at
most one direction ¥ = (1, 8) € R? such that h*(e) = 0.

Theorem 1.6. Let (X,Bx,u,T) be a Z?>-MPS. Then the following statements are
equivalent.

(a) There exist two directions ¥ = (1,31), W = (1, 3;) € R* with 81 # [ such that
i has U-discrete spectrum and w-discrete spectrum.
(b) p has discrete spectrum.

This paper is organized as follows. In Section 2, we recall some basic notions that
we use in this paper. In Section 3, we introduce the directional Kronecker algebra and
study many properties of directional sequence entropy to describe it. In Section 4, we
prove Theorem 1.1 and Theorem 1.4. In Section 5, we prove Theorem 1.5 and Theorem
1.6. In Appendix A, we prove some consequences that are not directly relevant to the

main purpose of this paper. In Appendix B, we introduce the corresponding results of
7-MPS.

2. PRELIMINARIES

In this section we recall some notions of measure preserving systems that are used
later (see [0, 7, 8, 23]).

2.1. General notions. In this article, the sets of real numbers, rational numbers,
integers, non-negative integers and natural numbers are denoted by R, Q, Z, Z, and
N, respectively. We use || f||, to denote the LP-norm of a function f defined in a Borel
probability measure space (X, Bx, i), that is,

11l = </ FPdu)t, i1 < p < oo
X

and

[flle = inf{a >0 pu({x - [f(x)] > a}) = 0}.

2.2. Conditional expectation. Let X’ be a sub-c-algebra of Bx. Then L?(X, X, 1)
is contained as a subspace in L*(X, Bx, ) and the conditional expectation is given as
the orthogonal projection map:

E(X) : L2(X, By, 1) — L*(X, &, ).

It is known that the conditional expectation is uniquely determined by the following
statements (see [7]).

(a) E(f|X) is X-measurable for all f € L*(X, Bx, u1).
(b) Forall Ae X, [, fdu = [,E(f|X)dpu.

Therefore we have the following result of conditional expectation.
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Proposition 2.1. Let (X, Bx,u) and (Y, By,v) be two Borel probability spaces. Let X
and Y be sub-o-algebras of Bx and By, respectively. Then for any f € L*(X,Bx, )
and g € L*(Y, By, v),

E(fglX x ) = E(f|X)E(g|Y)
for ux v-a.e. (z,y) € X XY, where X x Y be the product o-algebra of X and ).

Proof. For the completeness of the paper, we conclude the proof which is easy to obtain
by above result in [7] and Fubini’s theorem. By the uniqueness of the conditional
expectation, it is sufficient to prove that for any A x B € X x ),

f(@)g(y)dp(x)dv(y) =/ E(f1X)(2)E(g|V)(y)dp(x)dr(y). — (2.1)

AxB AxB

By Fubini’s theorem, we obtain

F(@)g(y)du(x)dv(y) = / f(2)dp(x) /B 4(y)dv(y)

and
/ E(/]X)(@)E(g]Y) (y)dp(x)du(y) = / E(|X)(x)du(z) / E(g1Y)(y)dv (y).
AxB A B

Then we immediately get (2.1) by (b) in this subsection. O

2.3. Classical Kronecker algebra and discrete spectrum. Let (X, Bx,u,T) be
a Z-MPS and H = L*(X,Bx,p). In complex Hilbert space H, we define a unitary
operator Ur : H — H by

Urf=foT

for all f € H. We say that f is an almost periodic function if {UZ%f : n € Z} is a compact
subset of H. It is well known that the set of all bounded almost periodic functions forms
a Up-invariant and conjugation-invariant subalgebra of H (denoted by A.). The set of
almost periodic functions is just the closure of A. (denoted by H.). It is known that
(see [25, Theorem 1.2]) there exists a T-invariant sub-o-algebra KC,, of Bx such that

H. = L2(X, K, 11).

The sub-o-algebra IC, is called the Kronecker algebra of (X, By, u,T). It is easy to
know that IC,, consists of all B € Bx such that

{Ullp :n € Z} is compact in H.

We say p has discrete spectrum if Bx = K,. Similarly, the Kronecker algebra and
discrete spectrum for the case of Z%-actions can be defined (see [10]).

Let S C Z, be an infinite sequence. We define the upper density and lower density
by

- 1
d(S) = limsup H|Sﬂ{0,1,...,n — 1}

n—oo
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and

.1
d(S) :hﬂ&lfﬂsﬂo’l"“’”_ 1}

where |A| is the number of elements of a finite set A. If d(S) = d(S) = d, we say S has
the density d.
We recall the spectral mixing theorem of Koopman-von Neumann [10].

Theorem 2.2. The Hilbert space H can be decomposed as H = H, ® Hr, where

c

He = span{f € H : there exists A € C, such that Ur(f) = Af}
and

He={feH:3SCN, d(S) =1, such that for all g € H, lim (U}.f, g) = 0}

nes

where d(S) is the density of S and (-,-) : H x H — C,(f,9) = (f.9) = [y f(x)g(z)dx

is an inner product on H.

2.4. Sequence entropy. Let (X, Bx,u,T) be a Z>-MPS. Given a finite measurable
partition « of X, let
==Y p(A)logu(A

Aca

For any infinite subset S = {(m;,n;)}2, of Z*, we put

hS(T oz)—hmsup H (\/T mi;ni) )

k—o00
Then we define the sequence entroy of T" for the infinite subset S by
S _ S
h,u (T) - Slolép hu (T7 Oé),

where the supremum is taken over all finite measurable partitions of X.

2.5. e-net. Let A be a subset of a normed linear space (X, || - ||) and € > 0. A subset
A, C X is called an e-net for A if for each x € A there is an element of A is within an
¢ distance to some element of A,.

It is known that (see [2, Page 28]) a subset A of a normed linear space (X, || - ||) is
compact if and only if for any € > 0 there is a finite e-net F, C X for A. That is, there
is a finite set F, C X such that

AcC U B(z,e).
xeFe

Note that the e-net mentioned in this paper is relative to L?-norm unless we explicitly
indicate otherwise.
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3. DIRECTIONAL KRONECKER ALGEBRA

In this section we introduce the directional Kronecker algebra and describe it via
directional sequence entropy.
Let (X, Bx, i1, T) be a Z>-MPS, ¢ = (1,8) € R? be a direction vector and b € (0, 00).
We put
A'(b) = {(m,n) € Z%: Bm —b/2 <n < Bm +b/2} .
Let AY(b) be the collection of f € L*(X, Bx, ut) such that

{U}mm) f:(mn) e Aﬁ(b)}

is compact in L*(X,Bx, u). It is easy to see that A%(b) is a Upas-invariant for all @
in Z? and conjugation-invariant subalgebra of L*(X, Bx, u). It is known that (see [25,
Theorem 1.2]) there exists a T-invariant sub-o-algebra K7 (b) of Bx such that

AZ(b) = L*(X, K (b), ). (3.1)
By (3.1), the v-directional Kronecker algebra of (X, Bx, u,T') can be defined by

K7 (b) = {B € By : {U}m’n)lB : (m,n) € Aﬁ(b)} is compact in L?(X, BX,,u)} :
The following result shows that the definition of ICf:(b) is independent of the selection
of b € (0, 00).

Proposition 3.1. Let (X,Bx,u,T) be a Z*-MPS and 7 = (1,3) € R? be a direction
vector. Then K7(by) = KZ(by) for any by, by € (0,00).

Proof. We put

U(B,b) = {U{"1 : (m,n) € A(b)}
for b € (0,00) and B € Bx. Fix by, by € (0,00). Without loss of generality, we assume
that by > bs.

We first prove that K (by) C KJ(bs). For a fixed B € KJ(b1), U(B,by) is compact
in L?(X, Bx, 1) Hence U(B, by) is compact in L*(X, Bx, i) since U(B,by) is closed in
L*(X,Bx,p) and U(B,by) C U(B,b). It follows that

K2 (by) C KCh (ba).

Next we show that KJ(by) C Ki(b1). Given B € K (by), U(B,by) is compact in
L*(X, Bx, j1). Note that we can find a finite subset C' of Z? such that

UBb)c {U;mm””*"%B:(m,n)eAﬁ(bz)}.

(m/,n")eC

It follows from the fact that {U:(Fm’n)lB :(m,n) € Aﬁ(bg)} is compact in L*(X, By, i)
that

{U§m+m/,n+n/)13 :(m,n) € Aﬁ(bg)}
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is compact in L*(X, Bx, ) for all (m’,n’) € C. So U(B, b;) is compact in L*(X, Bx, ),
since it is closed in L*(X, Bx, p1). This implies that B € KJ)(b;). Therefore
This ends the proof of Proposition 3.1. 0

Now we establish the relation between direcitonal Kronecker algebra and directional
sequence entropy. Let us begin with some notations. Since complex Hilbert space
H = L*(X, By, j1) is separable, there exists an infinite subset

S =A{(mi,ni) 12y (32)
of A¥(b) such that ilij&@’ U}m”)ﬁ exists for any f,g € H. Now for a fixed f € H, we
define J : H — C by

J(g) = lim (g, UF""f).

Obviously, J is a continuous linear functional on H. By Riesz representation theorem,
there exists S(f) € H such that

J(g) = {g,5(/)) (3.3)
for all g € H.
Lemma 3.2. Let (X, Bx,pu,T) be a Z?>-MPS, v = (1, 3) € R? be a direction vector and

b € (0,00). Then for any finite measurable partition o of X, there exists an infinite
subset S" = {(m,nl)}2, of S such that {m}}2, is strictly monotone and

BT) 2 3 [ ~S(ia)log S(1a)dn
Bea’X
where S and S(-) are defined by (3.2) and (3.3), respectively.

Proof. Enumerate o as { By, ..., Bi}. Fix a finite measurable partition n = {D,... D;}
of X. Let S = {(my,n;)}2, be define in (3.2). Then

lim (U™ 15, 1p,) = (1p,, S(15,)) (3.4)

1—00

for any s € {1,2,...,k} and ¢t € {1,2,...,1}. Therefore we deduce

)
M(Dt)

. Ui g 1p,)
= lim Y —(U "5, 1p,) log Wz o0 D
i—>oo§t: Uz 5., 1p,) w(Dy)

(‘;1) Z —<S<IBS)7 1Dt> log (W)

liminf H, (T~ ™™ a|n) = lizrr_1>;l>£lf Z —pu(T~"") B, 1 Dy) log (
s,t

1—>00
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=3 -uo [ Spsames ([ Spgae) 69
DI / > Efj log (S(1,))dp

=3 [ S tog(015)in

=~ [ St log(S(15))dn

Bea
where in the inequality we use concavity of the function —x log x.
Now we can define inductively an infinite subset S’ = {(m!, n})}2, of S by using

1"

(3.5) repeatedly such that {m/}s°, is strictly monotone and for any i € N,

1=

i—1
/ / / / 1
—(mi,nj) —(mj,n]-) _ N
H, (T a|j\:/1T a) > /XS(ls)log (S(1p))d 5

Bea

As H, (Vi T-0mm)a) = H, (Vi) T-mm)a) 4 H, (T=mmdaf VI T=mma)
therefore

k i-1
! 1 ! i / ’
hi (T') = limsup z E H, (T(mz"”i)a‘ \/ T—(m].,nj)a>
i=1 i1

k—o00

k

1 1

> lim sup — —/Sl log (S(1g))du — —
e £ (30 [ stunssuman- 5

=Y - [ ) og (S
Bea X
Now we finish the proof of Lemma 3.2. O

For further discussion, we need a classcial consequence ([23, Page 94]).

Lemma 3.3. Let (X,Bx, ) be a Borel probability space and r > 1 be a fized inte-
ger. For each € > 0, there exists 6 = d(e,r) > 0 such that if « = {A1, Ay, ..., A}
and n = {By, Bs,...,B,} are any two finite measurable partitions of (X, Bx,p) with
S H(AABy) < 6 then Hy(aln) + H,(nla) < c.

By Lemma 3.2 and Lemma 3.3, we can get the following result.

Theorem 3.4. Let (X,Bx,u,T) be a Z*-MPS, v = (1,3) € R? be a direction vector
and b € (0,00). Let B € Bx and P be an infinite subset of A¥(b). Then the following

conditions are equivalent.

(a) {U;m’n)lg i (m,n) € P} is a compact subset of L*(X,Bx, 11).
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(b) For any infinite subset S’ = {(m},n})}2, of P,
S’ e
h, (T,{B,B}) = 0.
(c) For any infinite subset S" = {(m!,n;)}2, of P that {m}}$2, is strictly monotone,

i (T, {B,B}) = 0.

Proof. (a) = (b). Let n = {B, B}. If {U;m’n)lB :(m,n) € P} is a compact subset of
L*(X, Bx, pt), then for any infinite subset S' = {(m/}, n})}°; of P,

1"

{U}m/’n/)lg c(m/,n’) € S’}

is a compact subset of L?(X, By, 11). So for any § > 0, there exists s € N such that for
any (m},n;) €5,

1)

-
(mji ’nji)

" (T—<m;7n;> BAT ™) B) — | UT1 — U i gy < 6

for some j; € {1,2,...,s}. It follows from Lemma 3.3 that for any € > 0 and (m},n}) €
S’ there exists j; € {1,2,...,s} such that

I (T_(mg,n;)mTf(m;i,n;-i)n) + HH (T*(m;i,n}i)mT—(mgmé)n) < €.

m

Thus for any 7 > s,

i—1
HM (T—(m;,n;)m \/ T(mg,n;)n> < HM (T—(m&né)mT*(mgiJl;‘i)n) < €.

j=1
We conclude that
n i—1
! : 1 —(m%,n —(m’ n’.
hﬁ (T,n) = hmsup—ZHu (T (mimi) | \/T (m5, y)n> <e
j=1

n
n—00 i—2

Let € — 0. We obtain that hlSL' (T,n) =0.
(b) = (c). This is obvious.

(c) = (a). If {U}m’n)lg : (m,n) € P} is not a compact subset of L?(X, Bx, i), then
there exists € > 0 and an infinite subset F' of P such that for all (m,n), (s,t) € F,
p (T~ BAT= GO B) = |US 15 — USSP 152 > e (3.6)
Similar to (3.2), we obtain an infinite subset Sp = {(m;, n;)}:2, of F' such that
Tim (g, US™ " f) = (g, S¥ (/)

for any f,g € H. It follows from Lemma 3.2 that there exists an infinite subset S} =
{(ml,n})}2, of Sp such that {m}}°, is strictly monotone and

WSF(T, (B, B°Y) > /X (—Sr(15) log (Sr(L5)) — Sr(Lpe) log (Sr(15))) dp.
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As hi/F(T, {B, B°}) = 0, it follows that —Sr(15)log Sr(1p) = 0 for p-a.e. z € X. So
Sr(1p) is an indicator function and

(Ix, Sr(1g)) = [|Sk(Lp)|2-
Since
(Lx, 1p) = lim (1x, U " 1) = (1x, Sp(1p)),
it follows that
1Sr(1B)[l2 = [[15]2-
Hence

lim U715 = Sp(1p)]2 = 0.

This implies that for sufficiently large ¢ and 7,

—(mi,n;) —(mj,n;) €
W (T BAT B) < 5

which contradicts (3.6). Therefore {U}m’n)lg :(m,n) € P} is a compact subset of
L2 <X7 BXy lu) O

The following description of directional Kronecker algebra is obtained immediately
from Theorem 3.4.

Corollary 3.5. Let (X,Bx,u,T) be a Z>-MPS, v = (1,8) € R? be a direction vector
and b € (0,00). Then for any B € Bx the following statements are equivalent.

(a) B € KE.
(b) For any infinite subset S = {(m;,n;)}2, of A¥(b),

hi(T,{B,B}) = 0.

(c) For any infinite subset S = {(m;,n;)}22, of A%(b) that {m;}32, is strictly mono-
tone,

hi (T, {B,B}) = 0.
Moreover, for any finite measurable partition o C /Cg of X and any infinite subset
S = {(mi, i) }21 of A7(b),
hi(T, a) =0.
Remark 3.6. By Corollary 3.5, we immediately obtain
ng = {B € By : for any infinite subset S of A”(b), hi(T, {B,B})=0}.
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4. DIRECITONAL DISCRETE SPECTRUM SYSTEMS AND NULL SYSTEMS

In this section, we prove Theorem 1.1, which is divided into two lemmas. Moreover,
we prove the directional version of Kushnirenko theorem, that is, Theorem 1.4. For
this purpose, we begin with the following property of directional sequence entropy.

Theorem 4.1. Let (X, Bx, i, T) be a Z*-MPS, ¢ = (1, 3) € R? be a direction vector and
b€ (0,00). Suppose that {a,}5°, satisfying o, / Bx, is a family of finite measurable
partitions of X. Then for any infinite subset S = {(my,n;)}22, of A%(b),

lim 13 (T, ) = by (T).

n—o0

Proof. For any finite measurable partition n of X and k,n € N,

k k
HM (\/ T(mi,m)n) < HM \/T(mi,m)<nvan>>

i=1 i=1

k k k
=H, \/ T—(mi,m)an> +H, (\/ T_(mi’ni)m \/ T—(mi7ni)&n)

i=1 i=1 i=1

k k k
=1 -1

=1
k
<H, \/ T—(mi7ni)an> +kH, (n|ay,) .
i=1

)

Divided by k from both sides and take the upper limits when & — oo, we can get
hip(T,m) < hyy (T, ) + Hy(n]a).
By Martingale convergence theorem [10],
lim Hy,(n]an) = Hu(n]Bx) = 0.
It follows that
hi(T,n) < liminf 15(T, op,) < limsup ki, (T, ov,) < b2 (T).

n—0o n—»00
Therefore
ha(T) = sp hy(T,) = lim h(T, ),
where the supremum is taken over all finite measurable partitions of X 0J

Now we are able to prove Theorem 1.1. For clarity, let us divide the proof into two
lemmas.
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Lemma 4.2. Let (X,Bx,pu,T) be a Z*-MPS, v = (1,8) € R? be a direction vector
and b € (0,00). For any finite measurable partition o of X and infinite subset S =

{(mi,ni)}22, of A(b), )
hi (T, o) < Hu(alK).

Proof. Since (X, Bx) is separable, there exist countably many finite measurable parti-
tions {n }reny C ICz such that

lim H(alne) = Hy(alK).

For a fixed k € N and an infinite subset S = {(m;, n;)}2, of A%(b), one has

g&#¥<VT 1) ):0 (4.1)

by Corollary 3.5. Therefore we conclude

h (T, oz)—hmsup H (\/T mani) )

=00

1
< limsup 7Hu (\/ = (mini) (Vv 77k:)>

l—o0 i=1
(4.1) 1 : 1 :
=) - —(m4,n;) N T —(mg,ny)
= luziigp lH” (\/T (aV T]k)> llirg ZH” <\/1T Uk)
= lim sup H T~ (mina) o T~ (mina)

< limsup ~ ZH (m"’”i)a|T_(m"’”i)nk)

l—o00

—HﬂMm%
Finally, let £ — oco. We get
hi (T, ) < Hy (oK),
Now we finish the proof of Lemma 4.2. O
For further proof, we need the following result ([9, Page 69]).

Lemma 4.3. Let (X,Bx,n) and (Y,By,v) be two Borel probability spaces and (X X
Y, Bxxy, it X V) be their product Borel probability space. Then for any B C X XY, the
following two statements are equivalent.
(a) B, :=={y € Y : (z,y) € B} € By for p-a.e. x € X, BY :={x € X|(x,y) €
B} € Bx forv-a.e. y€Y.
(b) B e Bxyy.
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Lemma 4.4. Let (X, Bx, u,T) be a Z*-MPS, v = (1, 8) € R? be a direction vector and
b€ (0,00). Then for any finite measurable partition o of X, there is an infinite subset
S = {(mi,n;)}2, of A¥(b) such that {m;}32, is strictly monotone and

hi (T, ) > Hp(a|K3).
Proof. To prove our result, we need a Z-MPS, which was introduced by Park [20]. Let
X =Xx [0,1)?, f=puxm and B = By x C,
where C is the Borel g-algebra on [0,1)? and m is the Lebesgue measure on [0, 1)2. Let
G, u,v) = (TEHEFD g s by — [s 4 u),t +v — [t +0]),

where [a] is the integer part of a. Write ¢, ,5 as W" for any n € N. Then we get the

Z-MPS (X, B, i, W). Let KCii be the Kronecker algebra of (X, B, 71, W). We divide the
proof into four steps.

Step 1. K = ICZ x C.

Proof of Step 1. It is enough to show that Ky C ICf: x C since the opposite side is
obviously true. We fix B € K5 and put

B®Y ={z € X : (z,s,t) € B}

for (s,t) € [0,1)?. We are going to show that B € Kf x C. By Lemma 4.3, it is enough
to show that B! e KU for m-a.e. (s,t) € [0,1)%. By the definition of K7, it is sufficient
to show that

(US™™ 1 ey« |Bm —n| < 1, (m,n) € Z2}
is a compact subset of L*(X, By, i) for m-a.e. (s,t) € [0,1)%. To do this, we let
h@@wzzh/ 1p(a, £, Q)dedC, if (s.1) € 7,
M1

where v € N and n, = [k27%, (K + 1)27%) x [127%, (I + 1)27%), k,1 € {0,...,2" — 1}.
We have the followmg clalm.

Claim 1. The following statements are true.
(1) For each u € N and (s,t) € [0,1)?,

(US™™ fo(x,5,8) 1 |Bm —n| < 1, (m,n) € 72}

is a compact subset of L?(X, Bx, ).
(2) For m-a.e. (s,t) € [0,1)%

Tim [ fu(-s,1) = Lpceall2 = 0.



DIRECTIONAL KRONECKER ALGEBRA FOR Z?-ACTIONS 15

Since the proof of Claim 1 is somewhat long and complicated, we move it to Appendix
A. Now let us assume that Claim 1 holds. Then we deduce that

{U}m’")lB(s,g (|Bm—n| <1, (m,n) e Zz}

is a compact subset of L?(X, Bx, u) for m-a.e. (s,t) € [0,1)?, since 1 gy € L*(X, Bx, )
for m-a.e. (s,t) € [0,1)% By the arguments at begining, we finish the proof of Step
1. O

Step 2. For a given measurable partition € = {Dy, Ds, ..., D, }, there exsits an infinite
subset " = {(m/,n})}32, of A%(b) depending on € such that {m/}32, is strictly monotone
and

Zgr?O<U<m " (1p, — E(1p,]K0)), 1) = 0 (4.2)

for any B € By and j € {1,2,...,r}.

Proof of Step 2. By Theorem 2.2, there exists a sequence S c Z, with d(g) = 1 such
that

lim ~<UIC‘L/(1D]. X 1[071)2 — E(lpj X 1[071)2|Kﬁ)), 1p % 1[0,1)2> =0 (4.3)

n—o00,neS
forany B € Bx and j € {1,2,...,7}, where 1p, X 1jg1)2 = 1p, () - 1j9,1)2(s, ) is defined

on X. We omit the independent variable for convenience. By Step 1 and Proposition
2.1, we have

E(lD‘j X 1[071)2|/Cﬁ) = E(le X 1[071)2|/CZ X C)
:E(leVCg) X E<1[071)2‘C) = E(leVCg) X 1[0’1)2.
Let f; = 1p, — E(le|le:), j€{1,2,...,7}. Then we conclude

fj X 1[071)2 = 1D]. X 1[0’1)2 — ]E(lD] X 1[0’1)2’Kﬁ), j € {1,2, e ,')"}.
By Fubini’s theorem,

UZ(f5 % Loay2), 1 X Ligay2) — (US V(5 x 1p192), 1 X 192
| /[ [ (e < ) dute)dras|
0 1

-If / (FTIP D) = f(T000)) d(a)is
-1/ / ey ) ddut)

<{np} / (T )] | £ (T 1) ()
<2||f; 11 {n},

(4.4)
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where {nf} is the decimal part of nf. Let M = 2maxi<j<.{||f;|[1} and ©, = {n € Z, :
{np} < 557} for all v € N. Since ©, is a syndetic set (a subset S of Z+ is syndetic if it
has bounded gaps, i.e. there is a number N € N such that {i,i+1,...,i+ N} NS > 0
for every i € Z,), it follows that d(©, N S) > 0 for all v € N. Take ny, € ©,N S for
each v € N. By (4.4) we obtain that

'}LII;IO |<U‘C[L;(f] X 1[0@)2), ]-B X 1[0’1)2> — <U}n,\,,[n«,ﬁ]) (fj X 1[071) ) 1B X 1[01 >| =0 (45)

for all j € {1,2,...,7}. By the construction of ©,, there exists 7y € N such that for any
v > 7o we have (n., [n,8]) € A(b). It follows that there exists an infinite subsequence

{n,}22 1 of S such that (n,, [n,4]) € A%(b) and
lim (U7 (1, — E(1p,K5)), 1s)

Y—00

(ny,[n 4.3)(4.5
_hm|< s vﬁ])(f XlOl)) 1BX1[0,1)2>|( é )O

y—00

for all j € {1,2,... 7“}. Let
{( my, z) (mz’nz) (n70+i7 [n’YOJriB])’i 6N}7

which is the infinite subset we want. O

Step 3. Let n be a finite measurable partition of X. Then there exists an infinite
subset S” = {(m},n?)}2, of A¥(b) such that {m/}°, is strictly monotone and

lim inf H,,(T~™""Daln) > H, (oz|/C”)
71— 00
Proof of Step 3. Let a = {Ay, Ay, ..., A} and n = {By, By, ..., B;}. By Step 2, there
exists an infinite subset S” = {(ml,nz) 2, of AY(b) such that {mf}e2, is strlctly
monotone and
Tim (U7 (14, = E(14, [K])), 1g,) = 0 (4.6)

forall pe {1,2,... k} and ¢ € {1,2,...,1}. Hence

N //

liminf H, (T~ ™" a|n)
1—00
. . // // ILL(T ( N ”)A ﬂB)
= lim inf —[L( A ﬂB)log(
=00 Z 1(By)
— lim inf Z ], 1p,) ] 0" 1,18,
=limin e Aps 1B,) 108
i—00 B ,u(Bq)
i) W3 (14, 1K) 15,
9 Jim inf E (14,|K7) , 15,) log LB .
minf > = ) e, 4 (B,)
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(mg' mi) 7
U ]ig;’:;’ i )’IB‘I)). From concavity of

Let al,, = iy (14,1K7) , 1p,) log (

—zlog x, we deduce that

a]iq - / Uﬁm n) (1A |}Cv) 2] 1og / Uj(wm“m)]E (1Ap|lcg) .
w(By) B, p(By) B, w(By)
() (1 o
UT ]E (].A |’C“) < (m// n//) )
> P10 Yoo (U 1, |7
> [ Ty o (0 R (1)
That is,
. ol g (1, K7) log <UT(m;gn;')]E(1Ap|le:)) d

We conclude that

pq > Z / om 1AP|KU) log (U(m ,”i)E (1Ap|lcg)) d

‘Z / " (L, ) log (U(""‘“””E(upwci))d
=30 [ B ) g (B (1K) d

Pq

Therefore
liminf H, (T (i ll)oz\n) > H, (a\ICZ).

1—00
Step 4. In this step, we finish the proof of Lemma 4.4.

We can define inductively an infinite subset S = {(m;,n;)}22, of AY(b) by using Step
3 repeatedly such that {m,;}3°; is strictly monotone and for any i € N,

i—1
—(m;,n; —(m4,n4 U 1
1,70l \[ T-75790) > H(alK]) — 5
j=1
Therefore, one has
i—1
h3(T, ) = limsu H,( T~ (mami)g, T (mami) g
3(T0) = limsup ¢ Z v )
1< 1
> limsup - > (Hu(olK]) - 5
k—oo i—1
= Hu(aliCE)
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This finishes the proof of Theorem 4.4. O
Remark 4.5. By Lemma 4.2 and Lemma 4.4, we complete the proof of Theorem 1.1.

By Lemma 4.2 and Lemma 4.4, one of our main results, the directional version of
Kushnirenko theorem, is proved as follows.

Proof of Theorem 1.J. Let (X, Bx,u,T) be a Z>-MPS and ¢ = (1, 3) € R? be a direc-
tion vector.

(a) = (b). Assmue that p has t-discrete spectrum system. Then K = Bx. Let
b€ (0,00). By Lemma 4.2,

hi(T,a) < Hy(alK)) =0

for any infinite subset S = {(m;, n;)}2, of A¥(b), which implies (X, Bx, i1, T) is ¢-null.

(b) = (a). Assume that (X, Bx, u, T) is v-null. Then for any b € (0, c0) and infinite
subset S = {(m;, n;)}2, of AY(b),

hi(T) = 0.
Hence
S 2
hu(T7 {Bv B }) =0

for any B € Bx, which implies B € le: by Corollary 3.5. Therefore IC}’: = By, that is,
i has v-discrete spectrum. This completes the proof of Theorem 1.4.

O

5. SEQUENCE ENTROPY AND DIRECITONAL SEQUENCE ENTROPY

In this seciton, we recall and prove Theorem 1.4 and Theorem 1.5, which establish
the relation between sequence entropy (respectively discrete spectrum) and directional
sequence entropy (respectively directional discrete spectrum). For these purposes, we
recall a result in [1, Lemma 5.1], which is restated as follows.

Lemma 5.1. Let (X,Bx,u,T) be a Z*-MPS. Then the following conditions are equiv-
alent.

(a) {U;m’n)lg :(m,n) € ZQ} is a compact subset of L*(X, Bx, 11).
(b) For any infinite subset S = {(m;,n;)}2, of Z2,
S 1) —
ho(T,{B,B}) = 0.

Next we prove a combinatorial result as follows.
Lemma 5.2. Let v = (1, 8,), %W = (1, 32) € R? be two directions with 31 # [B2. Then
7% = N%(b) + A%(b)
for any b > 4([|81 — Ba|] + 1), where
AP(b) + AP (b) = {(my + my,ny +ng) : (my,n1) € A%(b) and (ma,ny) € A%(b)}.
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Proof. Given (m,n) € Z?, by division algorithm, we can choose m; € Z such that

In — Bom + (1 — Ba)ma| < [B1 — Ba. (5.1)
Since b/4 > [|#1 — B2|] + 1, we can choose ny € Z such that

(a) Blml — b/2 S nq S 5177?/1 + b/2,
(b) ny = fymy + r with |r| < b/4.

Let no = n —ny and my = m — my. Then it is sufficient to prove that

(mg, ng) € Au_j(b)

Note that
[ng — Bama| =|n — Bamn + ny — Bora| = [0 — Bam + Bimy + 1 — Bam|
(5.1)
=n — Bom + (B1 — Bi)ma + 1| < B — Bof + |7
<([[Br = Ball +1) +b/4 < b/2,
which implies (mg,n2) € A%(b). This finishes the proof of Lemma 5.2. O

With the help of the above lemma, we are able to prove Theorem 1.4 and Theorem
1.5, which are recalled and proved as follows.

Theorem 5.3. Let (X, Bx,u,T) be a Z>-MPS. Given a finite measurable partition «
of X, if there exists an infinite subset S of Z* such that hi(T, a) > 0, then there is at
most one direction v = (1, 3) € R? such that

hZ’*(oz) =0,
where k() is defined by (1.1).

Proof. Given a finite measurable partition o of X, assume that there exists an infinite
subset S of Z? such that

s
b (T, ) > 0.

In the following we show that there is at most one direction 7 = (1, ) € R? such that
h;*(a) = 0. If this is not true then there exist two directions 7 = (1, 41), @ = (1, ) €
R? with 3, # 35 such that

hy*(a) =0 and h;"(a)=0.
By Lemma 4.4 and (1.1), we obtian that
H,(0]K;)) = H, (0l K})) =0,

which implies that o C le: N ICLU. Let B € . In the following we show that

{U}m’n)lB : (m,n) € 2%}
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is a compact subset of L?(X,Bx,u), which implies that i (T,{B, B°}) = 0 for any
infinite subset S = {(m},n})}2, of Z* by Lemma 5.1. In fact, by Lemma 5.2, taking

b= ([|1 — B2|] + 2), we have

AT(b) + AT(b) = 72

and hence it suffices to prove that

Ry = {US™ 15 1 (m,n) € A7(b) + A¥(b)}
is a compact subset of L?(X, By, u). Note that B € lCz ﬂ/CZ7 So

Py = {US™™ 1 (m,n) € A¥(b)} and Q= {US™1p: (m,n) € A%(b)}
are compact subsets of L?(X, By, ut). For any € > 0, let
{(mi,na) Y3y CA°(B) and {(uy,v5)}52, C AY(D)

be €/2-nets of P, and Q, in L*(X, By, ), respectively. Hence for any (py,q;) € A¥(b)
and (pg, q2) € A¥(b), we conclude

|UP 1 — U1, < €/2 and U215 — US 15|, < /2

for some i,j € {1,...,s}. Moreover, we deduce

||Uj(1p1+p2,Q1+Q2)1B . U}mi+uj7ni+ﬂj)13||2

<A Vp-aap = UF™ ™ Ly sl (5.2)
U D1 i — US g mimo sz < €.
It follows from (5.2) that
Op = {(m; +uj,ni+v;):1<i.j<s}

is a finite e-net of Ry in L*(X, Bx, i), which implies that R is a compact subset of
L*(X, By, it). By the arguments at begining of this proof, we obtain

S’ c .
h‘u (Ta {B?B }) =0
for any infinite subset S" = {(m},n})}2, of Z2.
Since \/ g, {B, B} is finer than «, it follows that
s’ _
h, (T, a) =0

for any infinite subset S’ of Z?, which contradicts the fact that there exists an infinite
subset S of Z* such that hj (T, a) > 0. This completes the proof of Theorem 5.3. [

The following example shows that they could both hold at the same time that there
is an infinite subset S of Z* such that hy(T,a) > 0 and there is a direction vector

U = (1,) € R? such that hl*(a) = 0.
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Example 5.4. Let (Y, 2", 1) denote the measure space, where Y = {0,1}, 2¥ is the
collection consisting of all subsets of Y and the points 0,1 have measure 1/2. Let

[e.9]

(X7 BX7m) - H(Ya 2Y7M)'

Define T7 = Idx : X — X by

Ti({wn}) = {zn}
for any {z,} € X. Define T, : X — X by

I({wn}) = {yn}

where y,, = x,,41 for all n € N, that is, T is the two-sided (%,
T by

1)-shift. Define Z?-actions
T =TTy
Then we obtain a Z2-MPS (X, Bx,m,T).
Let
o = {0[]]0 1J =0, 1}
be a finite measurable partition of X, where o[j]o = {v = {z,} : o = j}. On the one
hand, take S = {(0,n)}2,. It is known that (see [23, Page 102, Theorem 4.26))

n—oo N

1 " 4
hi(T, a) = limsup —H, (\/ T(O’Z)a> =log2 > 0. (5.3)
i=1

On the other hand, let ¥ = (1,0). Since T; = Idx, it is easy to see that
h*(a) = 0.

It is known that for a Z%-MPS (X, By, u, T), u has discrete spectrum if and only if
Bx = K,, where IC, is the Kronecker algebra of (X, Bx,u, T') (see [L0]). Following the
proof of Theorem 5.3, we can immediately obtain the relation between classical discrete
spectrum and directional discrete spectrum.

Theorem 5.5. Let (X,Bx,u,T) be a Z*>-MPS. Then the following statements are
equivalent.

(a) There exist two directions ¥ = (1,31),w = (1,82) € R* with By # By such that
i has U-discrete spectrum and w-discrete spectrum.
(b) p has discrete spectrum.

Proof. (a) = (b). If there exist two direction ¥ = (1, 1) and @ = (1, 52) with 8, ¢ 52
such that p has v-discrete spectrum and w-discrete spectrum, that is,

K;, = Bx = K.
Fix b € (0,00) large enough. For any B € By,

Py = {U 15« (m,n) € A¥(b)} and Q, := {US"™ 15 : (m,n) € A%(b)}
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are compact subsets of L?(X, Bx, ). By the proof of Theorem 5.3, we deduce

(US™™ 1« (m,n) € 72}

is a compact subset of L*(X, By, u), which implies K, = Bx. That is u has discrete
spectrum.
(b) = (a). If u has discrete spectrum, then IC, = By, that is,

(U™ 1« (m,n) € 72}
is a compact subset of L?(X,Bx,u) for any B € By. Since for any b € (0,00), Py

and Q, are closed subsets of {US"™ 15 : (m,n) € Z2}, it follows that P, and Q, are
compact subsets of L*(X, By, i), which implies that

Ki =By = K7,

Therefore i has v-discrete spectrum and w@w-discrete spectrum. U

Remark 5.6. By the proof of Theorem 5.5, it is clear that if u has discrete spectrum
then u has v-discrete spectrum for any direction v = (1, 8) € R%
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APPENDIX A. PROOF OF CLAIM 1

In this section, we complete the proof of Claim 1.
It follows from Lebesgue differentiation theorem (see [22, Page 106, Corollary 1.5])
that we obtain the following result.

Lemma A.1. For any E € C with m(E) > 0, we deduce

_mn(s, ) E)
D) (A1)

form-a.e. (s,t) € E, where " (s,t) is the cube n}.; containing (s,t).
By Lemma A.1, we can prove the following consequence.
Lemma A.2. For p-a.e. x € X,
lim f,(z,s,t) =1p(z,s,t)

U— 00

for m-a.e. (s,t) €[0,1)2.
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Proof. Tt is clear that f,(x,s,t) is measurable on [0,1)? for p-a.e. x € X. For a given
g(s,t) € L= ([0,1)%,C,m), we let

auls.t) =2 [ glé Qg it (5.0) €
M 1
where u € Nand ny, = [k27%, (k+1)27") x[I27", (I+1)27") for all k,1 € {0,...,2"—1}.
To prove this result, we prove a stronger result, that is, for any g(s,t) € L°°([0,1)%,C, m),
we have lim g,(s,t) = g(s,t) for m-a.e. (s,t) € [0,1)%
U—00

First, we assume that g(s,t) € C ([0,1)?), where C ([0, 1)?) represents the set of all
continuous functions defined on [0,1)2. For any ¢ > 0, there exists § > 0 such that for
any (s,t),(s',t') € [0,1)? with |(s,t) — (¢/,¢)] < 4,

|g(57 t) - 9(8,7 t,)| < €.

So for any u large enough, we obtain that

gu(s, 1) — g(s. )] = |22 /

nu(s,t

)g(f,C) — g(s,t)dgd(]

< o / 9(6,0) — g(s. Dldedc < e,
nu(s,t)

where I,(s,t) is the one that contains (s,t) in {ny, : k,l € {0,...,2* —1}}. It follows
that lim g,(s,t) = g(s,t) pointwise.
uU—00
Now we prove the general case. Fix a g(s,t) € L>([0,1)%,C,m). For any q € N,
taking €, = é, by Lusin theorem, there exists a measurable closed set E, C [0,1)? such

that B, C Egp1, m(E,;) > 1 — ¢, and g|g, is continuous. Then m(J.2, E,) = 1. For
each ¢ € N, we conclude

U—00

lim [gu(s,£) — g(s,1)] < lim (22“ / 19(6..C) — g(s, £)|dedc
u—r00 n(s,t) () Eq
+22“/ lg(&,¢) —g(s,t)\dfdc>
n(s,t) N ES

<0+ lim 22 (m (E;ﬂn“(s,t)>> M A,

UuU—00

for m-a.e. (s,t) € By, where M = max nep,1)2{|9(s,1)|}. It follows from m(U,2, E,) =
1 that g,(s,t) converges to g(s,t) for m-a.e. (s,t) € [0,1)? as u — oo. O

Now we are able to prove Claim 1.

Proof of Claim 1. Before proving it, we introduce a notation, that is, Uy,, .h = ho ¢y, 5,
for all h € L*(X, B, [1). Since B € Ky, it follows that

{(Wrlg :n € Z,} is compact in L*(X, B, i),
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which implies that
{Usnnlp o |Bm —n| < 1,(m,n) € Z2} is compact in L*(X,B, ). (A.2)

It follows from (A.2) that for any e > 0 there exists a finite e-net {Uy, , 1p}i_; with
(m;,n;) € Z* and |Bm; —n;| < 1. That is, for any (m,n) € Z? with |Sm — n| < 1, there
exists i € {1,2,...,p} such that

1
(/ Us,,.. o 18— Us,,  181%d( % m)) = [|Uspnyn; 18 = Uppnn 18ll2 <€

For a fixed u, we consider {Ud,mi’ni fu}t_;. By Minkowski’s inequality for intergrals (see
[9, Page 194]), we conclude

U o o U¢mnfu||z—(/ / U fu— Us ol dmdu)
01

3
= (/ / U, n, fru = Upp o Sl dmd#)
X g1 i
X kl 77 Ukl ”Z,z
= / TIkz |
X gl s

k,l

/szﬁkz /n”

k,l k,l

1
1 2
= (/ / Uy 1B — U¢m,nlB|2dmdM)
2 \Jx Jjo,)2 o

1
T ou (/ |U¢miv”i13 N U¢m,n13’2d(ﬂ X m))
Xx[0,1)2
1
2

N |—=

1Bdm|2dmdu>

[N

(Ugpyn, 1B — U¢m,n13)dm|2du)

eI

IN

|U¢mz,nl 1B - U(bm,nlB‘zdmd,u)

2

Hence {Us,, . fu}i—; is a finite €/2%-net of {Us,, . fu : |Bm —n| < 1,(m,n) € Z*}, which
implies that

{Uspon fu: |Bm —n| < 1,(m,n) € Z?}

is compact in L2(X, B, i) for all u € N. For a fixed u € N, we take a finite €/2%net
{U(lsmi,ni fu}le- NOte that

Uy ful,8,8) = fu(TM 2, 5, 1),
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So for any (m,n) € Z* with |Sm; — n;| < 1, there exists i € {1,2,...,p} such that

€

— (/ / |fu(T(m,n)x7 S,t) _ fu(T(mi,m‘)x’ S,t)|2dmdu)
x Jo,1)2

For any (s,t) € [0,1)?, there exist k,l € {0,...,2* — 1} such that (s,t) € n};. Hence
1O fuly,8) = UF " £,

N (/ |fu(T(myn)x7 87t> - fu(T(mhni)xv S;t)|2dﬂ)
X

([ 2 [ AR s ) - @ s Py
X M1

<o ( / / |fu(T(m’”)x,S7t)—fu(T(m"’"")w,SJ)lemdu)
X J[0,1)2

(A.3)

N

=

2

Hence for a fixed (s,t) € [0,1)%, {U:(Fm’m)fu D|Bm —n] <1,(m,n) € ZQ} has a finite
e-net {US™™) f,(z,5,t)}7_,. Tt follows that
{U}m’m)fu D|pm —n| <1,(m,n) € Z?}

is compact in L?(X, Bx,u) for each (s,t) € [0,1)%. This ends the proof of the first
statement in Claim 1.
By Lemma A.1, we deduce that for py-a.e. x € X

lim f,(x,s,t) = 1p(x,s,t)
U—00

for m-a.e. (s,t) € [0,1)2. By dominated convergence theorem, we conclude that
uh—I>Ic>lo Hf(7 S7t) — lpen ||2 =0
for m-a.e. (s,t) € [0,1)% Now we finish the proof of Claim 1. O

APPENDIX B. RESULTS FOR Z4-MPS

In this section, we introduce the corresponding results of Z4-MPS, which are proved
by exactly the same methods for the case of Z>-MPS. Let (X, Bx,u,T) be a Z4-MPS.
For a fixed finite measurable partition o of X and an infinite subset S = {w;}2, of Z9,
we put

k
: 1 &,
hi(T, «) = lim sup EH“ (Z\/IT za> .

k—o0
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Then we can define the sequence entroy of 7' for the infinite subset S by
Sy S
hu (T) - Slip hu <T7 Of),
where the supremum is taken over all finite measurable partitions of X.
Now we define directional sequence entropy for the case of Zi-actions. Let v =

(1,B2,...,0,) € R? be a direction vector and b = (by,...,b,) € RT" = {u =
(u1,...,ug—1) € R :u; > 0} We put

Aﬁ(b):{u_j: (mla"'amq) GZqﬁlml_bl/2§m1§61m1+bl/27 (&S {27,(]}}

Given a fixed finite measurable partition a of X and an infinite subset S = {w; =

(mgl), . ,m,(f)) %, of A%Db) that {ml )} ©, is strictly monotone, we put
hS(T a) = lim sup H (\/T “”oz) :
k—o0

Then we can define the directional sequence entroy of T' for the infinite subset S by
Sy _ S
hu(T) = sgp h#(T, a),

where the supremum is taken over all finite measurable partitions of X. Define the
v-directional Kronecker algebra by

Kﬁ(b) = {B € Bx : {U¥1p : W € A%(b)} is compact in L*(X, BX,M)} :

where U¥ : L2(X, By, i) — L*(X, Bx, j1) is the unitary operator such that
USf=foT" for all f e L*(X,Bx, ).

Similarly, we can prove that K7(b) is a o-algebra and the definition of K(b) is inde-
pendent of the selection of b. So we omit b in K(b) and write it as K.

Theorem B.1. Let (X, Bx,p,T) be a Z-MPS, v = (1, fa, ..., 5,) € R? be a direction
vector and b = (by,...,b,) € ]Rffl. Given a finite measurable partition o of X, for any
infinite subset S' of A(b),

hio (T, a) < H,(a]K).
Moreover, there exists an infinite subset S = {w; = (mgi), . ,mgi)) . of A%(b) such
that {mﬁ”}ggl is strictly monotone and

ho(T, o) = HH(QUCZ).
Remark B.2. Let a be a finite measurable partition of X. We define

(@) = max {(i(T,a)}. (B.1)

By Theorem B.1, hi*(a) = H,(a|K}) and then (B.1) is well defined since it is inde-
pendent of the selection of b.
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Corresponding to the case of Z2-MPS, we have the following definitions.

Definition B.3. Let (X,Bx,u,T) be a ZI-MPS and v = (1,0s,...,5,) € R? be a
direction vector.

(a) We say p has v-discrete spectrum if ICg = By.
(b) We say (X, Bx,u,T) is o-null if for any b = (by,...,b,) € RE" and infinite
subset S = {u; = (m{",...,m{")}2, of A%(b), hS(T) =0.

Now we state main conclusions for the case of Z9-actions corresponding to Z2-actions,
which are proved by exactly the same methods for the case of Z2-MPS as follows.

Theorem B.4. Let (X,Bx,u,T) be a Z9-MPS and ¢ = (1,5a,...,8,) € R? be a

direction vector. Then the following two conditions are equivalent.

(a) p has U-discrete spectrum system.
(b) (X, Bx, u, T) is v-null.

Theorem B.5. Let (X, Bx,u,T) be a Z1-MPS. Fiz a finite measurable partition o of
X. If there exists an infinite subset S of Z2, such that hﬁ(T, a) > 0, then there are at

most ¢ — 1 linearly independent directions {v; = (1,5, ... ,53)};-1:_11 C RY such that
hi*(a)=0,i=1,2,...,q— 1.

Theorem B.6. Let (X,Bx,u,T) be a Z1-MPS. Then the following statements are
equivalent.

(a) There exist q linearly independent directions {v; = (1, 85,...,8.)}_, C RY such
that 1 has vi-discrete spectrum for alli=1,...,q.
(b) w has discrete spectrum.
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