POSITIVE DENSITY SUBSETS IN AMENABLE GROUPS
CHUNLIN LIU

ABSTRACT. For a countable discrete amenable group G, it turns out that for any
subsets H of G and E of Z with positive densities, there exists k € N which depends
only on the densities of H and E such that G* ¢ (H - H~1)F—F.

1. INTRODUCTION

Since Furstenberg began using dynamical systems to study number theory, many
well-known results in number theory were proved by ergodic theory such as Szemeredi’s
theorem, Hindman’s theorem and so on (see for example [1] to learn about relevant
contents). In classical number theory, one of the main themes of combinatorics is sum-
product estimates. It goes back to Erdés and Szemerédi [!] who conjectured that for
any finite subset A of Z (or R), for every € > 0 one has

A+ Al +]A-A] > AP

where A+ A={a+b:a,bc A} and A- A= {ab:a,be A}.
In [2], Fish raised a question:

Question 1.1. For a given infinite set E C Z, how much structure does the set (E —
E)-(E — FE) possess?

Meanwhile, he used ergodic theory to study this question when E has positive density
in Z and showed that given two subsets E, Fy of Z with positive densities, there exists
k € N which depends only on the densities of F; and E, such that kZ C (F; — Ey) -
(Ey — Es), where E;, — E; ={e—¢€ e, € E;},i=1,2.

As the research progressed, we began to wonder if there were similar results in larger
groups. Thus, in this paper, we take advantage of the measure-preserving systems under
amenable group actions to extend the above result of Fish to countable amenable groups
as follows.

Theorem 1.2. Let G be a countable amenable group. For any subsets H of G and E
of Z with positive densities, there exists k € N which depends only on the densities of
H and E such that
Gk’ C (H X H—l)E—E
where G* = {¢* : g€ G}, H-H ' = {h(W)™*: h,) € H} and (H - H )E~F = {h*:
he H-H ' ke F—FE}.
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Remark 1.3. In the proof of Theorem 1.2, we can obtain the exact value of k € N,
which is in the form k = (s+1)!(t®+D'+1)!, where s,t € N depend only on the densities
of ' and H, respectively.

If we take G = Z or Zy, where N € N, then we obtain the results in [2]. However, we
know that finite groups, solvable groups and finitely generated groups of subexponential
growth are all amenable groups. In contrast to the special amenable group Z, a general
amenable group may have very complicated structure, which makes it harder to study.
So we have more results by taking G as other groups rather than Z. For instance a
special case G = Z?, Theorem 1.2 implies that for every subset H of Z¢ with positive
density and every m € N there exists £ > 1 such that

k7 c (mZ) - (E - E).

Moreover, if we let G be the Heisenberg group, that is, the two-step nilpotent countable
matrix group

1 ms My
G = 0 1 my :ml,mg,mgez ,
0 0 1

then we may obtain some results about matrixes.

This paper is organized as follows. In Section 2, we recall some basic notions that we
use in this paper. In Section 3, we prove the key lemma using ergodic theory, which is
used to prove Theorem 1.2. In Section 4, we construct a system to prove Theorem 1.2.

2. PRELIMINARIES

In this section, we recall some notations and concepts which are used later. The
reader may see [0, Chapter 4] for more details.

2.1. Fglner sequences. A countable discrete group G is called amenable if there exists
a sequence of non-empty finite subsets F = {F,}~ | of G such that
_|gF,AF,|
S
holds for every g € G and such F is called a Fglner sequence of G.

Let G be a countable infinite discrete amenable group and F = {F,}>° ;| be a Fglner
sequence of G. If H is a subset of G we write

- HNFE,
dr(H) = limsup|—|
n—00 |Fn|
and
HNF,

n—00 ‘Fn|
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if this limit exists. Then we define

d'(H) = s%p dp(H)

where the supremum is taken for all Fglner sequences F of G such that dg(H) exists.
We remark that supremum is attained. We say H has positive density if d*(H) > 0.

2.2. Generic points. In the following article, let G be a countable discrete group with
the unit 1. By a G-system (X, G) we mean a compact metric space X endowed with
a metric p, together with G acting on X by homeomorphism, that is, there exists a
continuous map ¥V : Gx X — X, U(g,x) = gz satisfying ¥ (1¢,z) = z, ¥ (g1, V(g2, 7)) =
U(g192, ) for all 1,92 € G and = € X. Given a G-system (X, G), denote by Bx the
collection of all Borel subsets of X and M (X) the set of all Borel probability measures
on X. For € M(X), the support of x is defined to be the set

supp(p) = {x € X : u(U) > 0 for every open neighborhood U of z}.

It is clear that supp(p) is a closed subset of X and p(supp(p)) = 1. p € M(X) is called
G-invariant if u(A) = u(g~tA) for any ¢ € G and A € Bx. Denote by M(X,G) be
the set of all G-invariant measures in M (X). It is well known that if, in addition, G
is amenable then M(X,G) # () and M (X, G) is a convex compact metric subspace of
M (X)) under weak*-topology.

Given a countable discrete amenable group, let F = {F,,}°°, be a Fglner sequence
of G and p € M(X,G). We say that zp € X is a generic point for y along F if

1
W Z dgzy — b weakly™ as n — oo,
"l geFy,

where ¢, is the Dirac mass at x. This is equivalent to

o1
Tim |Fn|g§ f (gx0) —>/fdu

for each real-valued continuous function f on X. In this case, p is G-invariant and
supported on the closed orbit orb(zg, G) of xy under G, where orb(zg, G) = {gx¢ : g €
G}. By the definition of the generic points, one has the following result.

Lemma 2.1. Let (X,G) be a G-system, F = {F,}>°, be a Fglner sequence of G and
w € M(X,G), where G is a countable discrete amenable group. If xq € X is a generic
point for u along F, then

dr ({9 € G : gz € U}) = u(U)

if U s clopen, that is, open and closed.
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3. THE KEY LEMMA

In this section, following ideas in [2], we prove our key lemma, which combined with
Furstenberg correspondence principle [3] will allow us to prove Theorem 1.2.

Lemma 3.1. Let (X,G) be a G-system with p € M(X,G). Given A € Bx with
p(A) >0, for any L € N and g € G there exists 1 <m < [—5 ]| such that

u(A)E
{9} € R(A),
where [a] :==min{r € Z:r > a} and R(A) ={g € G: n(ANg—tA) > 0}.

Proof. Given g € G and L € N, we consider the product system Z = HlelX with
the transformation S = HZL:1 ¢!, the product o-algebra By and the product measure
v =TI, u- Then we obtain a Z-system (Z, S) and the measurable subset A =[], A

of Z with v(A) = pu(A)* > 0. By Poincaré’s recurrence theorem (see for example [,
Page 26]) there exists 1 < m < (ﬁ] such that v(A N S™™A) > 0, that is, for any
l€{1,2,...,L}, we have
W(ANgTmA) >0,
which implies that ¢'™ € R(A) for each [ € {1,2,...,L}. O
With the help of Lemma 3.1, we obtain the following amenable analogue of Theorem
1.1n [2].

Theorem 3.2. Let (X,G) be a G-system and (Y,T) be a Z-system, where G is a
countable discrete amenable group. Fixz pn € M(X,G) and v € M(Y,T). For any
A € Bx with u(A) > 0 and B € By with v(B) > 0, there exists k € N depending only
on u(A) and v(B) such that

G* C R(A)RB),
where R(A)RB) = {g": g € R(A),n € R(B)}.

Proof. Let M = [ﬁ} Then by Poincaré’s recurrence theorem (see for example [%,
Page 26]), for every ¢ € Z\{0} there exist 1 <1i < j < M such that

V(aw”BmuﬂﬁB>>o

As v is T-invariant, it follows that there exists 1 <r =1r(c) < M (r = j — i) such that
rc € R(B).
Let L=M! N = [ml and k = L - N!. Then for any g € GG, by Lemma 3.1, there
exists 1 < my < N such that
{9}y C R(A). (3.1)

By the above choice of M and Lng € Z\ {0}, there exists 1 <t =1 (%ﬂg) < M such
that ¢ - Lng € R(B). As L/t € N, one has g@ € R(A) by (3.1). Thus

m Lk
g = (g ) T e R(A)RD,
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Therefore, G* ¢ R(A)™5) which completes the proof of Theorem 3.2. O

Remark 3.3. According to the proof of Theorem 3.2, for any s,t € N, we may choose
A € By with u(A) = 1/t and B € By with v(B) = 1/s such that G* C R(A)R5B),
where k = (s+1)!1(t*+D' 4 1)1 Indeed, welet M = s+1, L = (s+1)! and N = ¢+ 1.

4. PROOF OF THEOREM 1.2

In this section, Let G' be a countable discrete amenable group and H a subset of GG
with d*(H) > 0. Following ideas of [3] we construct a G-system to prove Theorem 1.2
by Theorem 3.2.

4.1. Construction of the system. Given a countable discrete amenable group G
with the unit 1, we construct a product space {0,1}¢. By definition, the product
topology on {0,1}€ is generated by the cylinder sets [] ., As where each A, is open
and Ay = {0,1} for all s € G outside of a finite subset of G. Every open set in
{0,1}% is a countable union of such cylinder sets, which consequently generate the
Borel g-algebra. We define the action G on {0,1}“ by (sx); = w4, for all s,t € G
and z € {0,1}“. Given a subset H of G, we consider the indicator function 1z as an
element of {0,1}¢ that we write as xy, that is, (zg); = 15(t) for each t € G. Then we
define

(1) X ={gzp : g € G} is the closed orbit of 2y under G-action.
Let A= {z € X : (2);, = 1} be the cylinder set. We have
(2) Ais a clopen subset of X and H ={g € G : gry € A}.

Let F be a Fglner sequence of G with dg(H) > 0. Replacing F by a subsequence we
can assume that

(3) zy is a generic point along F for some p € M (X, Q).
Applying Lemma 2.1 on the clopen subset A of X, we have
(4) j(A) = di(H).
For any g € R(A), one has u(AnNgtA) > 0. By (3), there exists go € G such

that gozg € AN g A, that is, ggorm, gory € A and hence ggo,g0 € H. Thus
g=(990)g95" € H- H~'. This implies that

(5) R(A) C H-H.

4.2. Proof of Theorem 1.2. By the above construction, we are able to prove our
main result.

Proof of Theorem 1.2. Let G be a countable discrete amenable group. According to
(5) in the above construction, for any subset H of G with positive density, there exists
a G-system (X,G), p € M(X,G) and A € Bx with u(A) = dg (H) > 0 along some
Fglner sequence F of GG such that

R(A)Cc H-H.
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Similarly, by Furstenberg correspondence principle [3], for any subset E of Z with
positive density, there exists a Z-system (Y,7T), v € M(Y,T) and B € By with v(B) =
dp (E) > 0 along some Fglner sequence F’ of Z such that

R(B)C E—E.

By Theorem 3.2, there exists £ € N which depends only on the densities of H and F,
such that G* C R(A)f®). Hence

GFc (H-HYHFE
This completes the proof of Theorem 1.2. O
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