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ABSTRACT. Let G be an infinite countable discrete amenable group. For any G-
action on a compact metric space X, it is proved that for any sequence (G, )n>1
consisting of non-empty finite subsets of G with lim, . |G,| = oo, Pinsker o-
algebra is a characteristic factor for (G,)n>1. As a consequence, for a class of
G-topological dynamical systems, positive topological entropy implies mean Li-
Yorke chaos along a class of sequences consisting of non-empty finite subsets of

G.

1. INTRODUCTION

Throughout this paper, GG is an infinite countable discrete amenable group. A
G-topological dynamical system (G-tds for short) (X, ) is such that X is a compact
metric space endowed with the metric d and G acts on X continuously. Let By
be the Borel o-algbra of X. A G-measure preserving dynamical system (G-mps for
short) (X, BY, i, G) is such that (X, G) is a G-tds, u is an invariant Borel probability
measure of (X, G) and BY is the completion of Bx under pu.

For a non-empty set S, we let F'(S) be the set of all non-empty finite subsets of
S. Given a probability space (X, By, ), let L*(X, BY, i) be the set of real-valued

measurable functions f : X — R with |[f|l = ([ deM)% < oo. For a G-mps
(X, B, 1, G), we use the symbol A(F, f)(x) to denote the average

A(F, f)(z) = % S fga)

geF
for any f: X — R and any F € F(G).

In [6], Furstenberg and Weiss introduced the notion of characteristic factor when
they consider the L2-limit of some polynomial ergodic averages. In 2005, Host
and Kra characterized the characteristic factor of non-conventional ergodic averages
via so-called pro-nilfactor when they studied L2-limit of non-conventional ergodic
averages (see [3], for more details). There is a natural question:
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Question 1.1. Let (X, By, u, G) be an ergodic G-mps. Can we find a common char-
acteristic factor for all (Gp)n>1 C F(G) with lim, . |G,| = 0o, when considering
the L?-convergence of ergodic averages A(G,, f) for any f € L*(X, By, p)?

In this paper, we find such a characteristic factor. Let us begin with the definition
of the characteristic factor.

Definition 1.2. Let (X,B%,u,G) be a G-mps and (G,)n>1 C F(G). A sub-o-
algebra F of BY is called a characteristic factor for (G,)n>1 if for every f €
L2(X, B, ),

lim | A(Go. f) — A(Go E(fIF)], = 0.

where E(f|F) is the conditional expectation of f with respect to F.

The following result shows the Pinsker o-algebra suits Question 1.1.

Theorem 1.3. Let (X, BY, p, G) be an ergodic G-mps, (Gy)n>1 C F(G) and P,(G)
be the Pinsker o-algebra of (X, B, pn, G). If lim, o |G| = oo, then P,(G) is a

characteristic factor for (Gy)n>1-

Remark 1.4. In fact, Theorem 1.3 can be deduced from [3, Theorem 5.4], whose
proof is based on some methods from functional analysis. Here, we provide a pure
dynamical method to prove it. The key points of our method are the definition of
Pinsker o-algebra and Theorem 2.5.

A G-mps is a Kolmogorov system if its Pinsker o-algebra is trivial. The following
is immediately from Theorem 1.3.

Corollary 1.5. Let (X, BY, 1, G) be a Kolmogorov G-mps and (Gy)n>1 C F(G). If
lim,, o |Gn| = 00 then for all f € L*(X, B, i),

Jim HA(Gn,f)—/fdM

n—o0

=0.

2

As an application of Theorem 1.3, we study the mean Li-Yorke chaos. In the
topological dynamical systems, a fundamental question is to find the relationship
between positive topological entropy and other forms of chaos. Using the ergodic
theoretic method, Blanchard, Glasner, Kolyada and Maass [1]| proved that for a Z-
tds, positive topological entropy implies Li-Yorke chaos. Downarowicz [5] observed
that for a Z-tds, mean Li-Yorke chaos is equivalent to so-called DC2 chaos and proved
that positive topological entropy implies mean Li-Yorke chaos. In [9], Huang, Li
and Ye provided a different approach and showed that positive topological entropy
implies a multivariant version of mean Li-Yorke chaos. By using combinatorial
methods, Kerr and Li proved that positive topological entropy implies Li-Yorke
chaos for amenable group actions in [16], and for sofic group actions in [17]. For
more related topics on chaotic behaviours, the reader is referred to [7, 10, 11, 12]

) Y ) Y ]‘

With the deepening of research, scholars began to pay attention to the sequence
version of the Li-Yorke chaos. Huang, Li and Ye [10] showed for any G-tds, positive
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topological entropy implies the Li-Yorke chaos along any sequence with pairwise
distinct elements. Li and Qiao [1&] showed that for a Z-tds, positive topological
entropy implies mean Li-Yorke chaos along a “good sequence”. However, the condi-
tion “good sequence” is not valid for all sequences in N. In this paper, by argument
of weak convergence, we can omit the condition. An advantage of our method is
to avoid using some ergodic theorems when one studies sequence version of mean

Li-Yorke chaos.
To be precise, let (X,G) be a G-tds. For (G,),>1 C F(G) and § > 0, a pair
(x1,22) € X x X is called a ((Gn)n>1, d)-mean scrambled pair if

hﬁg}f |G | Z d(gx1,gz2) =0
geGyp,

and

Z d(gzy, gra) > 0.

gEG

A subset K of X with at least two points is called a ((G,)n>1,0)-mean scrambled
subset of X if every two distinct points z1, z2 € K form a ((G,,)n>1,0)-mean scram-
bled pair. Conventionally, (X, G) is said to be ((G,)n>1,0)-mean Li-Yorke chaotic
if there exists an uncountable ((G},),>1,9)-mean scrambled subset of X.

Let (X, G) be a G-tds. For (G,),>1 C F(G) and 6 > 0, put
Z d(gr1, gze) > 6}

geGnp

n—oo

WiG)nsrs = 1(x1,72) € X x X : limsup
- n—00 |G |

By the arguement of the weak convergence, we obtain the following theorem.

Theorem 1.6. Let (X, G) be a G-tds, (Gp)n>1 C F(G) and p be an ergodic measure
of (X,G). Assume that h,(G) > 0 and lim,_,« |G,| = co. Let jp = [ p,du(y) be the
disintegration of p with respect to P,(G). Then for p-a.e. v € X, there is §, > 0
such that i, X pe(Wic,),s1.8.) = 1.

Let (X, G) be a G-tds. For (G,),>1 C F(G) and x € X, put

o
MAG) (€)= {y € X2 lim 1= D dlge,gy) = 0}.

By using Theorem 1.6, we can prove the following result.

Theorem 1.7. Under the assumption in Theorem 1.6, if

supp(pz) N MAG,),», (1) = supp(pic) (1.1)

for p-a.e. v € X, then for p-a.e. x € X, there are §, > 0 and a dense Mycielski'
((Gn)n>1, 65)-mean scrambled subset K, of supp(p).

IFor definition, see section 2.2.
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Clearly, if G = Z, then (1.1) is satisfied. Even if in this case, our result is new.
More generally, we introduce a class of G-tds and a class of sequences consisting of
non-empty finite subsets of GG, which satisfy (1.1). Given a group G, a subset ® of
(G is said to be an algebraic past of G if

(1) DN et =P
(2) PUP U {eq} = G;
(3) & & C @.

The group G is left-orderable if there exists a linear ordering in GG which is invariant
under left translation. The group G is left-orderable if and only if there exists an
algebraic past ® in G [25]. Indeed, one can obtain the desired linear order based on
® as follows: g; < go if go71g1 € ®. A subset S of G is said to be an infinite subset
of G with respect to ® if |[S| =oco and [{g < h:g€ S} < oo forall heG.

Let G be a left-orderable amenable group, ® be an algebraic past of G with
g®g™' C @ for all g € G, (X,G) be a G-tds, p be an ergodic measure of (X,G)
with h,(G) > 0, S be an infinite subset of G with respect to ®. Under the previous
assumptions, Huang and Jin [1 1, Claim 3 in Page 9] proved that condition (1.1) holds
for (Gn)n>1 C F(S) with lim, o |G| = 00. Then the following is an immediate
consequence of Theorem 1.7.

Theorem 1.8. Let G be an infinite countable discrete left-orderable amenable group,
® be an algebraic past of G with g®g~ C ® for all g € G, (X,G) be a G-tds, u
be an ergodic measure of (X, G) with h,(G) > 0, S be an infinite subset of G with
respect to @. Assume (Gp)n>1 C F(S) with lim, o |G| = 0o. Let p = [ pydu(y)
be the disintegration of jn with respect to P,(G). Then for p-a.e. x € X, there is
3z > 0 and a dense Mycielski ((Gy,)n>1,0.)-mean scrambled subset K, of supp(fiz)-

This paper is organized as follows. In Section 2, we review some notions and
required results. In Section 3, we prove Theorem 1.3. In Section 4, we prove
Theorem 1.6 and Theorem 1.7.

2. PRELIMINARIES
In this section we recall some basic notions and results of G-tds.

2.1. Fglner sequence and entropy. Let G be a countable, discrete, infinite,
amenable group. A sequence {F,} -, of non-empty finite subsets of G is called
a Fglner sequence if for every g € G,

. |gF.AF,|
lim ———— =0
oo |Fyl ’
where | - | denotes the cardinality of a set. It is well known that G is amenable if

and only if it admits a Fglner sequence.

Let (X, G) be a G-tds, where G is a countable, discrete, infinite, amenable group.
A cover of X is a finite family of subsets of X whose union is X. A partition of X
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is a cover of X whose elements are pairwise disjoint. Denote by Cx (resp. C%) the
set of all open covers (resp. finite open covers) of X and by Px (resp. 773’() the set
of all partitions of X (resp. finite Borel partitions). Given two covers U,V € Cx, U
is said to be finer than V (denoted by U = V) if each element of U is contained in
some element of V. Let U VYV ={UNV : U € U,V € V}. Denote by N(U) the
number of sets in a subcover of U of minimal cardinality.

The entropy of U € C% with respect to G-action is defined by

hiop(G,U) = lim log N ( \/ g_12/{>

n—-+oo ’F ’
geF,

where {F,}>°, is a Folner sequence of the group amenable G. As is shown in [21,
Theorem 6.1] the limit exists and is independent of the choice of Fglner sequences.
The topological entropy of (X, G) is defined by

htop<G) = htop(G,X) = Sup ht0p<G,Z/{).
UeCs

Denote by Bx the collection of all Borel subsets of X and M(X) the set of all
Borel probability measures on X. For € M(X), denote by supp(u) the support of
i, i.e., the smallest closed subset W C X such that u(W) = 1. p € M(X) is called
G-invariant if gu = p for each g € G, and called ergodic if it is G-invariant and
L (UgeG gA) =0 or 1 for any A € Bx. Denote by M(X,G) (resp. M¢(X,G)) the
set of all G-invariant (resp. ergodic) elements in M(X). Note that the amenability
of G ensures that M¢(X, G) # () and both M(X) and M (X, G) are convex compact
metric spaces when they are endowed with the weak*-topology.

Given a finite measurable parition o of X and a sub-o-algebra A of BY., define
H,(a]|A)= Z/ (1a | A)logE (14 | A)du
Aca

where E (14 | A) is the expectation of 14 with respect to A. One standard fact is
that H,(a | A) increases with respect to a and decreases with respect to A. If
A= {0, X} then we have

H(a) = Hy(a | A) = 3 —pu(A) log (A).

Aca

Given u € M(X,G) and a € P%, the measure-theoretic entropy of y relative to a

is defined by
hu(Gr0) = lim yF | (\/ 9 0‘)

geFy
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where {F,}22, is a Flglner sequence of the amenable group G. As shown in [21,
Theorem 6.1], the limit exists and is independent of Fglner sequences. The measure-
theoretic entropy of u is defined by

h,(G) = h, (G, X) = sup h,(G,a)

aG'Pé’(

2.2. Mycielski’s theorem. Let X be a compact metric space. A subset K C X
is called a Mycielski set if it is a union of countably many Cantor set. Mycielski
sets were introduced in [I]. For n > 2, let A™ = {(x1,29,...,2,) € X" : 2y =
x; for some 1 <1i < j <n}. The following result is from [22, Theorem 1].

Theorem 2.1. Suppose that X is a perfect compact metric space. If for each n > 2,
R, is a dense Gs subset of X", then there exists a dense Mycielski subset K of X
such that K" C R,, U A™ holds for alln > 2.

2.3. Disintegration of measures. Let X be a compact metric space, Bx the Borel
o-algbra of X and p a Borel probability measure on X. Let B be the completion of
Bx under p. Let F be a sub-o-algebra of BY. Then there exists a measurable map
X — M(X), y — u, such that for every f € L' (X, By, 1), E(f|F)(y) = [ fdp, for
p-ae. y e X.

The following lemma is from [21] (see Lemma 3 in Section 4 No. 2).

Lemma 2.2. Let p be a probability measure on X and F be a sub-o-algebra of
BY. Let p= [ p,du(y) be the disintegration of p with respect to F. Suppose fi, is
non-atomic for p-a.e. y € X. If 0 <r <1 and A € B with u,(A) <r for u-a.e.
y € X, then there exists A" € Bt such that A C A" and p,(A") =r for p-a.e. y € X.

The following result gives a decomposition of positive measurable sets.

Lemma 2.3. Let p be a probability measure on X and F be a sub-o-algebra of
BY. Let p = [ pydu(y) be the disintegration of pu with respect to F. Suppose ju, is
non-atomic for p-a.e. y € X. Then for any A € By with u(A) > 0 and for any
€ > 0, there exist finitely many disjoint measurable sets Ay, Aa, ..., A such that

o W(AANUY A) <.
e Foreach 1 <i <k, we can find B; € F with u(B;) > 0 and ¢; > 0 satisfying
that for p-a.e. y € B;, py(A;) = q; and for p-a.e. y € BY, p,(A;) =0.

)

Proof. For any € > 0, there exists n € N such that 1/n < e. Let r; = i/n and
Bi={ye X :ri<p(A) <ri+1/n}n{y € X : py(aly)) = 1}, where a(y) is an
atom containing y of F,i=0,1,...,n — 1. Note that for py-a.e. y € B;,

i < py(ANB;) <7 +1/n.
By Lemma 2.2, there exists measurable subset A; of X such that AN B; C A; C B;
and for p-a.e. y € B;, py(A4;) =r; +1/n. Then

k n—1
AL A) = /B Hy(ADA)dpa(y)

=1 1=0
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n—1
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Hence, the above Aq, As, ..., Ay can satisfy our requirements. O
2.4. Pinsker o-algebra. Let (X, BY, 1, G) be a G-mps. The Pinsker o-algebra of
(X, B, 1, G) is defined by

Pu(G) ={A € By : hu(G, {4, A%}) = 0}.

Let C be a sub-o-algebra of BY. The relatively independent self-joining of . with
respect to C is the Borel probability measure

fXe p = /uy X iy dp(y)
on X x X in the sense that
e n(Ax B) = [ ) %y (B)dly)

for all A, B € Bx, where u = [ p,du(y) is the disintegration of p with respect to C.
The following result is well-known (for example, see [20, Proposition 3.1]).

Lemma 2.4. Let (X,G) be a G-tds and p € M(X,G) with h,(G) > 0. Let
p= [ puydu(y) be the disintegration of p with respect to P,(G) and X = p Xp, ) p-
Then p, is non-atomic for p-a.e. y € X and A € M*(X x X, G).

The following result plays a key role in the proof of main result. It was proved in
[23, Theorem 2.13], [2, Theorem 0.1} and [14, Theorem 6.10].

Theorem 2.5. Let (X,G) be a G-tds and pp € M®(X,G). Let a be a finite mea-
surable partition of X and € > 0. Then there exists a finite subset K of G such that
for every finite subset Q of G with (QQ~"\{ec}) N K =0, one has

1 _
H,(0[Pu(@) = —H, [ \/ galPu(@) ]| < 2.1)
Q" \ V.
Using the remark that appears after [10, Theorem 2.6], we can rewrite the formula
(2.1) as

1 _ 1 _

/ = H,, (97" 0) = = Hy,, | \/ 97" ||dnly) <« (2.2)
|10 2 Q" \ V.

where p = [ p,du(y) is the disintegration of 1 with respect to P,(G).
The following result is from [2, Theorem 0.4 (iii)].
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Lemma 2.6. Let (X,G) be a G-tds and p € M¢(X,G). Let p = [ p,du(y) be the
disintegration of p with respect to Py(G) and X = p Xp, ) . Let m: X x X — X
be the projection to the first coordinate. Then

P\(G) =71 (Pu(G)),

under ignoring A\-null sets.

3. Proor orF THEOREM 1.3

In this section, we prove Theorem 1.3. Let us begin with the following lemma.

Lemma 3.1. Given I,J € N, we let T = {1,2. [} and J = {1,2,...,J}.

For any € > 0 and agj) €c0,1,ie€Z jeJ wzth Zl 1 l]) = 1,7 € J, there
exists 6 > 0 such that the following holds: Let (X, B, u) be a probability space and

al) = {Agj),Agj), - ,A(lj)}, Jj € J measurable partitions of X with u(AEj)) = agj)
foreachi €T, j€J. If

J J
ZHM(a(j)) - H, (\/ oz(j)> <0,
j=1
then ‘ .
(] AT =T 0] < e

for all (iy,i9,--- ,i5) € T7.

Proof. Define a continuous function
F<<ti17i27"'J'J)il:in'”viJeI) == Z Liviz, iy 108 Lt i, iy

11,82, 07 €T

on a compact set

A= {(tilai%"'7iJ)i17i21"'aiJ€I ligig,is € [07 1]7 Ztihim"',i (]) 1el,je j}
ij=i
One has the following fact.
Fact 1. For any (i, iy, i) )iv s, ijer € A,

JoI
F((tiyig i) )ivingo iyez) = ZZGJ) log a\”

7j=1 =1
implies
J .
i1 yigy iy = L 1a‘7) for each iy,19,--- i € L.
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—xlogx, >0

0, =0 Then by the concavity of ¢(x),

Proof of Fact 1. Let ¢(x) = {
one has for any iy € Z,

til,ig,‘..,i‘] o J—1 (]) til’i2""’i‘]
- Z til,iQ,---,’iJ log H‘J_la(j) - Z Hj:]' aij gb HJ—la(j)

11,82, 4 g—1€L J=1"; 11,82, g—1€L J=1"";

<o( Z tirsiz,.nis) (3.1)

11,82, 87 —1€L

(DY () (J)
=¢(a;))) = —a,; loga;,

iy

This implies that

F((tiy g iy insinemise) = — Y i 108t i,

ig€L \i1,i2,,ij1€Z

= Z - Z tirio,...iy 108 Hj;llag) — ag) log Gz(i)
igEL 01,42, 4 j_1ET
J-1
s J 7
SE 5 DRNED DENEPRREES SATT AN
s=1 is€EL i1, yis—1,bs41,tJEL el
J—1
=—> > a1ogal’ =3 af logal
s=11is€l i€l
Jo1 .
—- 33l sl
7j=1 =1

Combining the assumption that F((¢;, iy i, )iy g, ijer) = — ijl Zle agj) log az(j),
(3.1) and (3.2), one has

J-1 () | bivgizsis \ 0 ()
Z orai; ¢ <HJ—1 (j)> = ¢(a;;’)
11,92, ,i7—1€ZL J=1 ai]’
for each iy € Z. This implies that
() _ birizis
1 _ y
1))
for each i1,--- ,i; € Z. We finish the proof of Fact 1. O

Next we show that the lemma is true. By contradiction, we may assume that

there exist € > 0 and partitions {ag) = {Agj,)l,Agjz, fe ,A?’ZL}}”ZMGJ of X such

that p(AEQ) = al(j) for each i, 7, n,

max (A7) — )| > 2¢,

. 15 7
11,5t g € 7 J
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for each n and

J J
i 2 Hyles?) = (\_/ )

Put tgl)m iy = M(ﬂ}]:y‘lg,n)a then
(txl)w ,'J>z‘1 i igeT € A,
il,ir.r.l%fezﬂfi)m i, — I la(j | > 2,
and .
lim F((t7, .., Vi isez) ZZ a? log a.
j=1

Since A is compact, passing by a subsequence of ((¢;"
sary, we assume that

o () _
nh_)r{.lo Uiy ligye iy = Litsizy iy
for each i1,19,--- ,i5 € Z. It is easy to see that

(t’ilyi27"'7iJ)i17i27"‘»iJeI €A,
Then by the continuity of F', one has

7=1 =1
and 0
J
Zl’“ﬁfez [tir g, iy — Hj:laij | > 2,
which contradicts Fact 1. So Lemma 3.1 is true. ]

Remark 3.2. Actually, one can find the two partition version of Lemma 3.1 in [,
Fact 3.1.3]. Based on this, one may provide a new proof for Lemma 3.1 by induction.

With the help of Lemma 3.1, we obtain the following result.

Lemma 3.3. Let (X, B, u, G) be an ergodic G-mps. For any f € L*(X, B, i)
and € > 0, there exist K € F(G) and N € N such that for every Q € F(G) wzth

(QQ\{ec}) NK =0 and |Q| > N,
|AQ, f) — A(Q,E(f|P.(G))ll, <€

Proof. 1f h,(G) = 0, then P,(G) = BY and hence E(f|P,(G))(x) = f(x) for p-a.e.
r € X for any f € L*(X, B, ). So we have nothing to prove.

Now we assume that h,(G) > 0. Let u = [ u,du(y) be the disintegration of u
with respect to P,(G). First, we show that the lemma is true for special functions
f =14 € L*(X, B, 1), where A satisfies that there exists B € P,(G) with A C B
and ¢ > 0 such that for p-a.e. y € B, pu,(A) = g and for p-a.e. y € B¢, p,(A) = 0.
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Fix € > 0. By Lemma 3.1, there exists d € (0, ¢*/8) such that the following holds:
for any p € M(X), if finite measurable partitions ; = {B;, Bf} of (X, B%,p),
1 =1, 2 satisfy

p(B1) = p(Ba) =
and
Hy(B1) + Hy(B2) — Hy(B1 V B2) < 6,
then

Ip(B1 N By) — ¢°| < €2/4. (3.3)

Applying Theorem 2.5 to (X, B, u, G) and the partition a = {A, A}, we can
find a finite subset K of G such that for any F' € F(G) with (FF~\{eg})N K = 0,

/ %ZH (g7 ) — \/g L)l du(y) < 6% (3.4)

geF geF

Fix N € N such that 1/N < €?/4 and we are going to show that the subset K
of X and N € N are as required. Let @) be a finite subset of G with |Q| > N
and QQ~'\ {eq} N K = (. Note that if f is P,(G)-measurable, we have [ fgdu =
[ fE(G|P.(G))dpu for any § € L*(X, B, 11). Then

||A(Q f) = AQ.E(fIP.G))]3
|Q|2 > (gz) = E(IPL(G)) (g2)3 +

geR
1
= ZZHfgx E(f[Pu(G)(g2)ll5 + (3.5)
QP =
1
o X [ [ #a0)$015) =~ B PG (@B PG )iy ().
Clearly,
2 !Q|
|Q|22Hf gx) — E(f|Pu(G))(g2)ll; < 0P < €?/2. (3.6)

9e@
So, we only need to consider the second item in (3.5), denoted by II. By the
properties of f = 14, one has for p-a.e. y € X, for p-a.e. z € X

e if gx € B® or hx € B¢, then

f(gz) f (ha) = E(f[Pu(G))(g2)E(f[P.(G))(hx) = 0;
e if gr € B and hx € B, then

f(g2) f(hz) — E(f|Pu(G))(92)E(f|Pu(G))(ha) = La(gz)La(hz) — ¢*.
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Rewrite the second item in (3.5)

_lA htA) — ¢%d
|Q|2 2 /w NhA) = dduly).

9:h€Q,g#h
For each pair (g,h) € Q x @ with g # h, we set

Di(g,h) ={y € X : gy ¢ B or hy ¢ B},
and
D(g.h)={y€ X :|H, (¢97'a)+ H, (h'a)— H, (g7 'aVh'a) <}

Then

g~ 'BOKAT'B C (D(g,h)\ Di(g.h)) U (X \ D(g,h)). (3.7)
By (3.4),

u(D(g,h)) >1—24. (3.8)
For p-a.e y € D(g,h) \ Di(g,h), one has
py(97 A) = prgy(A) = g, py (1 A) =y (A) = ¢
and
|H,, (g7 ')+ H,, (h'a)— H, (¢ 'aVh'a)| <o

Combining (3.3) and the above fact, for y-a.e y € D(g,h) \ Di(g, h),

iy (g7 AN BTIA) — ¢ < €2/4. (3.9)
Hence, we can estimate the second item II in (3.5) as follows.
=5 2. / g TANRTYA) — Pdu(y)
|Q‘ ghEngéh 1BNh—
(3 7) 3 y 2
|Q|2 2 / |1y (g7 AN KT A) = ¢*| dp(y)+
9€Q,heQ,g#h ¥ P(9:m\D1(g;h)
1
2 / |//Jy 1A Nh™ 1A ‘ dlu
@] 9€Q,heQ,g#h ¥ X\D(g:h) (3.10)
(39 1 2
= 0F / Zdu(y)Jr
@l 9€Q,heQ,g#h ¥ P(9:R\D1(g;h)
1
B / Ldu(y)
9€Q,heQ,g#h ¥ X\D(g:h)

(?) /4420 < €2)2.
Combining (3.5), (3.6)and (3.10), one has
IA(Q, ) — A(Q,E(f|P.(G))], < e
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Now we are going to show that the lemma is true for all f € L*(X, By, p). Fix
[ € L*X,B%, p) and € > 0. By Lemma 2.3 and Lemma 2.4, there exist finitely
many measurable subsets Ay, ..., A, of X and real constants aq,--- ,a such that

k
||f - Z ailAz‘
=1

and there exist B; € P,(G) with u(B;) > 0, 4; C B; and ¢; > 0 such that for p-a.e.
y € B, py(A;) = ¢; and for p-a.e. y € Bf, pu,(A;) =0 for each 7 € {1,2,...,k}. By

the above proof, for each i = 1,2,..., k, there exists K; € F(G) and N; € N such
that for every Q € F(G) with |Q| > N; and (QQ '\ {ec}) N K; = 0,

IA(Q: 14,) = A(Q E(La,[Pu(G)))ly < ¢/ (3ai(k +1)).
Let K = Uf_ | K; € F(G) and N = maxj<;<;{N;}. Then for any Q € F(G) with

Q| > N and QQ7'\ {ec} N K =0, one has |Q| > N; and (QQ '\ {eg}) NK; =0
for each : = 1,2, ..., k. Hence,

IA(Q, f) = A(QE(fIPu(G)))l,

2<E/3

k k
<[IAQ. f) = AQ, Y aila)llz + Y ai|A(Q, 1a,) = A(Q,E(L4, [Pu(G))]2
i=1 i=1
k
+ 1A(Q. E(fIPu(G))) — A(QEQY_ aila[Pu(G))]:
i=1
k k
<[If =Y ailalle+ k- (e/Bhk+ 1))+ [1f =Y ailals
i=1 =1
<€/3+€/3+¢€/3=¢.
This finishes the proof of Lemma 3.3. 0

To prove Theorem 1.3, we need the following observation.
Lemma 3.4. Let G be a group, K,Q € F(G) and N € N. If |Q| > 2|K|N, then
there is Q, C Q such that |Q1] = N and (Q1Q7' \ {e¢}) N K = 0.

Proof. Let Q1 be the largest subset of () such that if g,h € Q1, g # h then h ¢
(KUK™)g. Then Q C (KUK 1)Q; and (Q1Q7 "\ {eg}) N K = 0. This implies

- Q| Q|
> > > N.
@il = KUK~ = 2|K| =
Let Q; be a subset of Q; with |@Q1] = N. Then Q) is as required. O

Now we are able to prove Theorem 1.3.
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Proof of Theorem 1.3. Fix f € L*(X,B%,u) and € > 0. By Lemma 3.3, there is
K € F(G) and N € N such that for every Q € F(G) with (QQ "\{ec}) N K =0
and |Q] > N,

IA(Q, ) = A(QE(fIPu(G))ll, < e

By using Lemma 3.4 several times, each G,, can be decomposed into

Q(()K,n)’ QgK,n)’ QgKm,) . Q(Kn
such that
(1) QM NV =0 it i # j;
(2) Q™| < 2|K|N;
(3) |Q“|—Nifz'7éo
4) Q@) 1\ {ea}) N K =0 if i #0.

Hence,

|A(Ga £) ~ AGw EUIPAE)],
<ot Iitar) ~ EGIPLG)) ) o+

G\ 22,

Zn > flem = > E(IPU(G)(go)le)

gei™ geim™
1 b
<= (X 2+ deN)
QGQO ’

(2NIK]1£]l2 + |Gale)

1
1G]

Let n — oo. Since lim,,_, |G| = 00, one has
limsup [|A (G, f) — A(Gr, E(f|P(G))l, < €

n—o0

Let € = 0. Then
I (G, ) = A(Go E(PL(G)]], = 0
Therefore, P,(G) is a characteristic factor for (G,)n>1- O

4. PROOFS OF THEOREM 1.6 AND THEOREM 1.7

In this section, we introduce some lemmas related to weak convergence and prove
Theorem 1.6 and Theorem 1.7.
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4.1. Weak convergence. A sequence {h,},>1 in L*(X,B%, 1) converges weakly
to h € L*(X, B, u) (write as h, — h), if lim, e [ hufdp = [hfdp for all f €
L*(X, B, ).

Lemma 4.1. Let (X,B%,u,G) be a G-mps and (Gp)n>1 C F(G). Let C be a

G-invariant sub-o-algebra of BY and h € L*(X,BY%,u). Assume that there exists
P(h) € L*(X, B, i) such that

A(G h) % P(h).

If
lim [[A(Gn, h) — A(Gy, E(h|C))]l, = 0,

n—00

then
A(Gy,E(h[C)) = P(h).
Especially, P(h) € L*(X,C, ).

Proof. For any f € L*(X, B, 1), one has

[ AGa 1) - AL BRI fdu’
<t sup A (G 1) — A (G, BRI 171

=0.
This implies for any f € L*(X, By, u),

lim sup
n—oo

lim / A(Go, E(HIC)) fdpi = Tim / N

n—oo n—o0

_ / P(h) fdpu.
Hence A(G,,E(h|C)) = P(h) € L*(X,C, ). We end the proof of Lemma 4.1. [

Lemma 4.2. Let (X, By, 1, G) be a G-mps, (Gp)n>1 C F(G) and h € L*(X, B, i1).
If A(G,,h) = P(h) € L*(X, B, j1), then we have the followings.

(1) If there exists M > 0 such that h(x) < M for u-a.e. x € X, then
limsup,, ., A(G,,h)(z) > P(h)(x) for p-a.e. x € X;
(2) If h(z) > 0 for p-a.e. x € X, then P(h)(x) >0 for p-a.e. z € X.

Proof. (1) Let D = {x € X : limsup,_,., A(Gn,h)(z) < P(h)(x)}. If u(D) > 0,
then

imsup [ A(Go, (&) 1p(e)dn(s) < [ (nmsupA<Gmh><x>) 1p(2)du(z)

n—oo n—oo

< / P(h)(z)1p(z)du(zx).

This is impossible since A(G,,,h) = P(h). Hence u(D) = 0 and then (1) is valid.
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(2) Let B ={z: P(h)(z) <0}. If u(B) > 0, by the assumption that h(z) > 0 for
p-a.e. x € X, there exists € > 0 such that p(C.) < p(B), where C. = {z : h(z) < €}.
For all g € G,

[ baons@ine) = [ hlgo)dute) 2 (B (57C)) = u(B) - (C)

B\(¢g71C¢)
So,

/ A(Go W)1gdp > e(u(B) — u(C.).

Hence,

/P(h)leu = lim [ A(Gpn,h)1pdu > e(u(B) — u(Ce)) > 0,

n—00

which contradicts the fact that [ P(h)1pdu < 0. So p(B) = 0. That is, P(h) > 0
for p-a.e. x € X. O

4.2. Proof of Theorem 1.6 and Theorem 1.7. With the help of the results in
Section 4.1, we are able to prove Theorem 1.6.

Proof of Theorem 1.6. Let (X, G) be a G-tds, (G)n>1 C F(G) and p € M*(X, Q).
Assume that h,(G) > 0 and lim,_, |G| = 00. Let u = [ p,du(y) be the disinte-
gration of p with respect to P,(G). We are going to show that for p-a.e. z € X,
there is 0, > 0 such that p, x p(Wi,,206.) = 1.

Let A = p Xp, () p and h(zxy,22) = d(x1,72). By Lemma 2.4, A(Ax) = 0, where
Ax = {(z,z) : * € X}, which implies h(z1,z5) > 0 for M-a.e. (x1,22) € X x X.
Since (A(G,,h))n>1 are bounded in L*(X x X, By, x,A), there is a subsequence
(Gn, )k>1 of (Gy)n>1 such that

A(G,,,h) = P(h) € L*(X x X, Byyx, M) (4.1)
By Theorem 1.3, one has
lim [ A(Go h) — A(Go, E(PAG))], = 0. (4:2)

Appling Lemma 4.1 to (4.1) and (4.2), we obtain that
P(h) € L*(X x X, Py(G), \).
Moreover, accroding to Lemma 2.6,
PA(G) = 771 (Pu(@)),
where 7 : X x X — X be the projection to the first coordinate. Hence, one has
P(h) € L*(X x X, 7 Y (P.(G)), \).

By Lemma 4.2 (2), one has P(h)(xy,x2) > 0 for A-a.e. (x1,22) € X x X. Hence, by
Lemma 2.4, for p-a.e. x € X,

1
0y 1= §/P(h)dux X fiy > 0.
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As P(h) € L*(X x X, 7 (P.(G)), \), it follows that for M-a.e. (z1,22) € X x X,
P(h)(x1,22) = B(P(h)|n~ (Pu(G))) (21, 22).
Then we deduce that for p-a.e. x € X, for u, X p-a.e. (r1,22) € X x X,
P (1, 22) — / PR % i, (4.3)

By Lemma 4.2 ( ), for p-a.e. x € X, for p, X pg-a.e. (x1,29) € X x X,

Z d(gz1,gr2) > P(h)(x1, x2) ) /P(h)dux X fly > Oy

geG’

lim su

Hence, for p-a.e. x € X,
Mo X Hx(W(Gn)nzhcsz) =1
We finish the proof of Theorem 1.6. O
Now we prove Theorem 1.7.

Proof of Theorem 1.7. Put

Prox((Gp)n>1) = {(z,y) € X x X : liminf — Z d(gzx, gy) = 0}.

n—00 ]G ’geGn

For each = € X,
MAG) 50 (2) X MA(G,),2, (%) C Proz((Gn)nz1)-
By condition (1.1), for p-a.e. z € X,

Prox((Gp)nz1) N (supp(pz) X supp(p)) = supp(pe) X supp(fiz).
Hence, for p-a.e. x € X, Prox((Gn)n>1) N (supp(pz) X supp(i,)) is a dense Gy
subset of supp(p,) X supp(piz)-

For p-a.e. = € X, let 6, > 0 be as in Theorem 1.6. Then for p-a.e. x € X,
pz X pz(We, 5,) = 1. By Lemma 2.4, we know that for p-a.e. 2 € X, Weg, 5, N

(supp(pz) X supp(,)) is a dense G subset of supp(pi.) X supp(py).
Therefore, for p-a.e. x € X,

Wa, .5, N Prox((Gn)ns1) N (supp(pz) X supp(iiz))
(

is a dense G subset of supp(j,) X supp(u,). By Theorem 2.1 and Lemma 2.4, for
p-a.e. © € X, there is a dense Mycielski ((G},)n>1, 0, )-mean scrambled subset K, of
supp(pi,) X supp(,um). This ends the proof of Theorem 1.7. O



18 CHUNLIN LIU, RONGZHONG XIAO, AND LEIYE XU

ACKNOWLEDGEMENTS

C. Liu is supported in part by NNSF of China (12090012, 12090010). R. Xiao is
supported by NNSF of China (11971455, 12031019, 12090012). L. Xu is supported
in part by NNSF of China (12090012,11871188) and the USTC Research Funds of
the Double First-Class Initiative. And the authors’ thanks go to the referee for
useful remarks and suggestions.

REFERENCES

[1] F. Blanchard, E. Glasner, S. Kolyada and A. Maass, On Li-Yorke pairs. J. Reine Angew.
Math., 547 (2002), 51-68.

[2] A. Danilenko, Entropy theory from the orbital point of view. Monatsh. Math., 134(2) (2001),
121-141.

[3] A. H. Dooley and V. Ya. Golodets, The spectrum of completely positive entropy actions of
countable amenable groups. J. Funct. Anal., 196(1) (2002), 1-18.

[4] T. Downarowicz, Entropy in dynamical systems. New Mathematical Monographs 18. Cam-
bridge: Cambridge University Press. xii, 391 p. (2011).

[5] T. Downarowicz, Positive topological entropy implies chaos DC2. Proc. Amer. Math. Soc.,
142 (2014), 137-149.

[6] H. Furstenberg and B. Weiss, A mean ergodic theorem for (1/N) Z,ﬁ[:l f(T”x)g(T”Qx), Con-
vergence in ergodic theory and probability (Columbus, OH, 1993), 193-227, Ohio State Univ.
Math. Res. Inst. Publ., 5, de Gruyter, Berlin, 1996.

[7] F. Garcia-Ramos and L. Jin, Mean prozimality and mean Li-Yorke chaos, Proc. Amer. Math.
Soc., 145(7) (2017), 2959-2969.

[8] B. Host and B. Kra, Nilpotent structures in ergodic theory. Mathematical Surveys and Mono-
graphs, 236. American Mathematical Society, Providence, RI, 2018. X+4427 pp.

[9] W. Huang, J. Li and X. Ye, Stable sets and mean Li-Yorke chaos in positive entropy systems.
J. Funct. Anal., 266 (2014), 3377-3394.

[10] W. Huang, J. Li and X. Ye, Positive entropy implies chaos along any infinite sequence.
arXiv:2006.09601, 2020.

[11] W. Huang and L. Jin, Stable sets and mean Li-Yorke chaos in positive entropy actions of
bi-orderable amenable groups. Ergodic Theory Dynam. Systems, 36(8) (2016), 2482-2497.

[12) W. Huang, L. Xu and Y. Yi, Asymptotic pairs, stable sets and chaos in positive entropy
systems. J. Funct. Anal., 268(4) (2015), 824-846.

[13] W. Huang and X. Ye, Devaney’s chaos or 2-scattering implies Li-Yorke’s chaos. Topolgy
Appl., 117(3) (2002), 259-272.

[14] W. Huang, X. Ye and G. Zhang, Local entropy theory for a countable discrete amenable group
action. J. Funct. Anal., 261(4) (2011), 1028-1082.

[15] A.Iwanik, Independence and scrambled sets for chaotic mappings. The mathematical heritage
of C. F. Gauss, 372-378, World Sci. Publ., River Edge, NJ, 1991.

[16] D. Kerr and H. Li, Independence in topological and C*-dynamics, Math. Ann., 338(4) (2007),
869-926.

[17] D. Kerr and H. Li, Combinatorial independence and sofic entropy, Commun. Math. Stat., 1
(2013) 213-257.

[18] J. Li and Y. Qiao, Mean Li-Yorke chaos along some good sequences. Monatsh Math, 186
(2018), 153-173.

[19] H. Li and Z. Rong, Combinatorial independence and naive entropy, to appear in Ergodic
Theory Dynam. Systems, arXiv: 1901.02657.

[20] J. Li and X. Ye, Recent development of chaos theory in topological dynamics. Acta Math. Sin.,
32(1) (2016), 83-114.



PINSKER o-ALGEBRA CHARACTER AND MEAN LI-YORKE CHAOS 19

[21] E. Lindenstrauss and B. Weiss, Mean topological dimension.Israel J. Math., 115 (2000) 1-24.

[22] J. Mycielski, Independent sets in topological algebras. Fund. Math., 55 (1964), 139-147.

[23] D. Rudolph and B. Weiss, Entropy and mizing for amenable group actions. Ann. of Math.,
(2) 151(3) (2000), 1119-1150.

[24] V. A. Rokhlin, On the fundamental ideas of measure theory. Amer. Math. Soc., Translation
(1952). no. 71, 55 pp.

[25] A.V. Safonov, Information pasts in groups. Izv. Akad. Nauk SSSR Ser. Mat., 47(2) (1983),
421-426.

[26] Z. Wang and G. Zhang, Chaotic behavior of group actions. Dynamics and numbers, 299-315,
Contemp. Math., 669, Amer. Math. Soc., Providence, RI, 2016.

(Chunlin Liu 1) SCHOOL OF MATHEMATICAL SCIENCES, DALIAN UNIVERSITY OF TECHNOL-
0GY, DALIAN, 116024, P.R. CHINA

(Chunlin Liu 2) CAS Wu WEN-TSUN KEY LABORATORY OF MATHEMATICS, SCHOOL OF
MATHEMATICAL SCIENCES, UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA, HEFEI,
AnNHuI, 230026, P.R. CHINA

Email address: 1c1666@mail .ustc.edu.cn

(Rongzhong Xiao) SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF SCIENCE AND
TECHNOLOGY OF CHINA, HEFEI, ANHUI, 230026, P.R. CHINA

Email address: xiaorz@mail.ustc.edu.cn

(Leiye Xu) SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF SCIENCE AND TECHNOL-
oGy OF CHINA, HEFEI, ANHUI, 230026, P.R. CHINA

Email address: 1leoasa@mail.ustc.edu.cn



	1. Introduction
	2. Preliminaries
	2.1. Følner sequence and entropy
	2.2. Mycielski's theorem
	2.3. Disintegration of measures
	2.4. Pinsker -algebra

	3.  Proof of Theorem 1.3
	4. Proofs of Theorem 1.6 and Theorem 1.7
	4.1. Weak convergence
	4.2. Proof of Theorem 1.6 and Theorem 1.7

	Acknowledgements
	References

