RELATIVE SEQUENCE ENTROPY FOR AMENABLE GROUP
ACTIONS
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ABSTRACT. We introduce the concept of relative sequence entropy for amenable group
actions and explore the interplay between relative sequence entropy and Kronecker
algebras for amenable group actions, and rigid algebras for abelian group actions.
Our investigation extends to the application of relative sequence entropy in various
mixing concepts within both measure-theoretic and topological systems. Additionally,
we refine the notion of relative sequence entropy by introducing the concept of relative
sequence entropy pairs for amenable group actions.

1. INTRODUCTION

A G-topological dynamical system (or G-system) is defined as a pair (X, G), where
X represents a compact metric space, and G is a (semi)-group that acts continuously
on X. If there exists a G-invariant Borel probability measure g on X, it induces a
measure-preserving system (or G-MPS) (X, By, i, G), where By is the Borel o-algebra
on X. There is a classical case where G = Z, the additive group of integers. The
standard Z action can be induced by a homeomorphism map 7" : X — X, typically
denoted as (X, T). In the following, we will always suppose that G is a discrete infinite
countable amenable group and F is a Folner sequence in G (see Section 2 for details),
unless specifically stated otherwise.

For Z-MPS, sequence entropy was introduced by Kusnirenko [15] as an isomorphism
invariant, who used it to distinguish between transformations with same entropy. In the
same paper, Kusnirenko also demonstrated that a Z-MPS has discrete spectrum if and
only if its sequence entropy is zero along any sequence. From the view of Koopman—von
Neumann [14], the opposite of discrete spectrum is weak mixing. Saleski [24] exhibited
this property in the view of sequence entropy, namely, he proved a Z-MPS is weakly
mixing if and only if for any finite measurable partition, there exists an infinite sequence
such that the sequence entropy with respect to this partition is positive. After that,
Hulse [11] improved the Saleski’s result, by finding a common sequence with respect to
all finite measurable partitions. Furthermore, Hulse [12] used relative sequence entropy
to distinguish weakly mixing extensions and compact extensions. Some results related
to mild mixing and mildly mixing extensions can be found in [29] 30] by Zhang.

The relation between mixing, spectral properties and sequence entropy also can be
studied from the following point of view. Let h,(X,T) be the measure-theoretical
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entropy of a Z-MPS, and II(X) be its Pinsker o-algebra, that corresponds its maximal
zero entropy factor. A classical result in [23] is that given a finite measurable partition

3
Tim Ry(T",€) = H(€[T1(X)).

This result can be reformulated using the language of measure-theoretical sequence
entropy as follows:
sup  hi(T,€) = H,(E|T1(X)).

S=nZ,neN
When one considers the supremum over all increasing sequences S of positive integers,
Huang, Maass, and Ye [§] proved that
(1) max i (T,€) = Hy (€K (X)),
where KC(X) is the Kronecker algebra of (X,T"). Based on the ideas of Huang, Maass,
and Ye [§], Liu and Yan extended this result to amenable group actions [19], employing
it to characterize weak mixing and discrete spectrum. Furthermore, this result was
extended to general countable discrete infinite groups via a combinatorial method by
Kerr and Li [13], and via using filters by Liu, Wang and Xu [I§]. Coronel, Shao and Mass
[2] showed that this result also holds for relative sequence entropy, and characterized
compact, rigid, and mixing extensions via relative sequence entropy.

A natural question arises: can we characterize weakly mixing extensions and com-
pact extensions for amenable group actions via some kind of entropy? Lott recently
characterized weakly mixing extensions and compact extensions through relative slow
entropy [20]. In this paper, we will show that sequence entropy can also be used to
characterize those extensions for amenable group actions.

Firstly, we obtain a relative version of under amenable group actions.

Theorem A. Let (X,Bx,pu, G) be a G-MPS, (Y, By,v,G) its factor, and F a Folner
sequence in G. Then for any sequence D C G with positive upper density with respect

to F,
max hy 7 (GL€|By) = Hu(EIK(X]Y)).

The proof of Theorem [A] follows the lines of that of Z-actions. However, we must
overcome some difficulties, for example, the Birkhoff ergodic theorem under amenable
group actions only holds along tempered Folner sequence [17].

Based on Theorem [A] we employ the relative sequence entropy to characterize com-
pact and weakly mixing extensions.

Corollary A.1. Let (X,Bx,u,G) be a G-MPS and (Y, By,v,G) be its factor with
factor mapping 7 : (X, Bx, u, G) — (Y, By,v,G). Then

(1) 7 is a compact extension if and only if A7 (G|By) = 0 for any sequence S C G;

(2) 7 is a weakly mixing extension if and only if for any sequence D with positive

upper density with respect to F, there exists a subsequence S C D such that

h (G, €|By) = H,(£|By) for any measurable partition £ of X with H,(¢|By) <

Q0.
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Using Theorem , Rokhlin Theorem and ideas in [2, Theorem 5.1| for Z actions,
we also have the following interesting application. When By is trivial, this result is
obtained in [10, [19] for amenable groups and in [I§] for general countable groups.

Corollary A.2. Suppose that (Y, By, v, G) is a factor of an ergodic system (X, By, i, G).
Then
rglgéc{hi’f(GlBy)} € {logk : k € N} U {oo}.

Now we consider the rigid algebra, which is another important o-algebra of a MPS.
However, if G is nonabelian, the o-algebra of rigid sets with respect to some sequence
{gn} -, need not be G-invariant, and therefore the analogous reasoning of rigid algebra
for Z-actions breaks down. In this case one cannot infer the existence of a rigid factor.
Nevertheless, we are able to characterize the mild mixing and rigid in the non-relative
setting.

Theorem B. Let (X, Bx, 1, G) be a G-MPS. Then
(1) (X,Bx,p, G) is mildly mizing if and only if for any B € Bx and any infi-
nite sequence F' in G, there exists an infinite subsequence S of F such that
hi’f(G, {B,B°}) > 0;
(2) (X, Bx, p, G) is rigid if and only if there exists an infinite sequence F in G such
that for any subsequence S of I, h;f’]:(G) =0.

When G is an abelian group, we can consider the rigid extension rationally. Thus we
will characterize the rigid extension via relative sequence entropy in this case as follows.

Theorem B’. Let (X, By, 1, G) be a G-MPS and (Y, By, v, G) its factor, where G is
an Abelian group. Then
(1) (X,Bx,u,G) is a rigid extension of (Y, By, v, G) if and only if there exists an
IP-system F = {ga}acravy such that k57 (G|By) = 0 for any F(N)-monotone
subsets S C F;
(2) (X, Bx,u,G) is a mild mixing extension of (Y, By, v, G) if and only if any IP-
system F' = {ga }acr), there exists an F'(N)-monotone subset S C F such that
h (G, €|By) = H,(£|By) for any measurable partition £ of X with H,(¢|By) <
0.

In the setting of topological dynamical systems, the topological sequence entropy also
can be used to characterize various topological mixing. In 1974, Goodman [7] introduced
the notion of topological sequence entropy and studied many properties of it. After
that, Li [16] used it to characterize topologically weak mixing. Huang, Shao and Ye [9]
further systematically investigated several topologically mixing concepts via topological
sequence entropy. Recently, Liu and Yan [19] extended a part of aforementioned results
to amenable group actions.

From a local viewpoint, Blanchard and Huang [I] defined a local version of weak
mixing, so called weakly mixing set, and proved that positive topological entropy implies
the existence of weakly mixing sets, which in particular, implies Li-Yorke chaos. Zhang
and Oprocha showed under Z actions, a weakly mixing set has positive topological
sequence entropy [2I], and then they further showed that it has infinite topological
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sequence entropy [22]. In this paper, we will demonstrate that this result also holds for
amenable group actions.

Theorem C. Let (X, G) be a G-system. If A is a weakly mizing set, then the maximal
topological sequence entropy of A is infinite, i.e. for any m € N, there is a sequence S
such that hyr (G, A) > logm.

top

Let 7 : (X,G) — (Y,G) be a factor map between two G-systems. Viewing each
fiber 771(y) as a subset of X, we define the relative topological sequence entropy. As a
corollary of Theorem [C| we have the following result.

Corollary C.1. Let (X,G) be a G-system and (Y, G) be its factor. If there exists a
fiber 7=!(y) which is a weakly mixing set in X, then the topological sequence entropy
of (X, G) relative to (Y, G) is infinite.

The central concept in our paper hinges on the utilization of a Fglner sequence to
define relative sequence entropy, following a similar approach as presented by Liu and
Yan (see [19]). The Birkhoff ergodic theorem for amenable group actions requires the
use of a Folner sequence (see [I7]), and in our paper, we need to utilize it as well. The
reason for selecting a specific Fglner sequence as the basis for defining relative sequence
entropy is explained as follows:

(1) The notions of mixing and spectrum are defined by fixing a Folner sequence,
and these definitions are independent of the specific choice of Fglner sequence. For Z
actions, F,, = {[0,n]NZ} ~, forms a Fglner sequence, and the definition of sequence
entropy uses it.

(2) Our results will indicate to some extent that sequence entropy is independent of
the choice of Fglner sequences. Therefore, when studying certain properties, we may
simply fix a simple Fglner sequence to investigate them. This approach simplifies the
analysis while still yielding meaningful results.

This paper is organized as follows. In Section 2, we will introduce the basic notions
used in this paper. In Section 3, we will discuss modules and the relative spectrum.
In Section 4, we will demonstrate the relation between relative measure-theoretical
sequence entropy and weakly mixing extensions as well as compact extensions and
prove Theorem [A] and Corollaries A.1 and A.2. In section 5, we consider the relation
between measure-theoretical sequence entropy and rigid algebra, proving Theorems
and B’. In Section 6, we discuss relative topological sequence entropy and weakly mixing
sets. Theorem [C|and Corollary C.1 are also proved there. Lastly, in Section 7, we will
explore entropy pairs within the context of relative sequence entropy.

Acknowledgement. The authors would like to thank the referee for valuable
suggestions. This work is supported by National Key R&D Program of China No.
2022YFA1007800 and NSFC Nos. 12071474, 12090012, 12031019 and 12090010.

2. PRELIMINARIES

Throughout this paper, let X be a compact metric space equipped with a metric d,
and let G be an infinite countable discrete group. A G-system refers to a pair (X, G),
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where I' : G x X — X, (g, ) — gz, is a continuous mapping that satisfies the following
conditions:

[(eq, ) = z for each z € X;
['(g1,T(g2,x)) = I'(g192, x) for each g1,¢92 € G and x € X.

Given a G-system (X, G), let Bx be the Borel o-algebra of X, and M(X) the set
of all Borel probability measures on X. We say that p € M(X) is G-invariant if
= gu = pog!for each g € G. Given a G-invariant probability measure pu, we
call (X, By, i, G) a measure-preserving system (or G-MPS). A G-invariant measure p is

called ergodic if u (UgeG gA) = (0 or 1 for any A € Bx. However, for general G-systems,

it is possible that there might not exist invariant measures. It is well known that the
amenability of groups guarantees the existence of invariant probability measures.

Recall that an infinite countable discrete group G is called amenable if there exists
a sequence F = {F,}22, of finite subsets F,, C G such that for any g € G,

F, A F,
tim 1952 2 Ful
n—00 |F|
where | - | denotes the cardinality of a set, and A represents the symmetric difference

of sets. The sequence F above-mentioned is called a Falner sequence. For convenience,
we always assume that F = {F,}22, is a Folner sequence of G such that eq € F; C
F2 c ... and Uflolen =G.

2.1. Measure decomposition. We say that (Y, By, v, G) is a factor of (X, Bx, u, G)
if there exists a measurable map 7 : X — Y such that 7y = v, and for any g € G,
mog = gom. Equivalently, one says that (X, Bx, v, G) is an eztension of (Y, By, v, G).

Let (Y,By,v,G) be a factor of (X,Bx,u,G). There is an identification between
L*(Y,By,v) and the subspace L*(X,7 ' (By),u) C L*(X,Bx,u) through h — ho .
Using this identification, we can define the projection of L?*(X, By, ) onto L3(Y, By, v)
by the conditional expectation f — E(f|By). Here the conditional expectation E(f|By)
is characterized as the unique By-measurable function in L?(Y, By, v) satisfying

| sBG1Brdy = [ (gom)sdn
Y X
for all g € L*(Y, By, v).

The disintegration of ;1 over v is represented by a measurable map y — j, from Y to
the space of probability measures on X such that for any f € L*(X, Bx, i), we have

E(f|By)(y) = /deuy for v-a.e. y €Y.

The self-joining of (X, Bx, p, G) relatively independent over the factor (Y, By, v, G) is
a G-MPS (X x X, By ® Bx, u X yu, G), where the measure p xy p is defined by

X yu(B) = / oy X iy (B)dv(y), VB € Bx @ Bx.
Y
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From the definition, it is easy to see that for all fi, fo € L*(X, Bx, u),

| hendixyn= [ BB BB
XxX Y
where f1 ® fo(xq,22) = fi(z1) f2(x2). More details can be found in [3] [6].

2.2. Measure-theoretical relative sequence entropy. Let (X, Bx, i, G) be a G-
MPS. Given a finite measurable partition £ of X and a sub-c-algebra A of By, we
define the conditional entropy of £ given A as

A= Y [ ~B(aA)og (LA dn

Aegg

where E(14|.A) denotes the conditional expectation of 1, (i.e., the characteristic func-
tion of A) with respect to A. It is well known that H,(£|.A) increases with respect to
¢ and decreases with respect to A. Set 7 = {0, X} and define

Hu(€) == Hy(€|T) = Y —n(A) log u(A).

A€

Definition 2.1. Let S = {s,}neny € G be an infinite sequence, and F = {F,,} be a
Fglner sequence. Then sequence entropy of (X, G) relative to a sub-c-algebra A with
respect to a measurable partition § of X with H,(§]A) < oo, is defined by

S, F 1 1 —1
7 (G, €JA) = lim sup o \/ g7'¢lA).

geF,NS
Then sequence entropy of (X, G) relative to a sub-o-algebra A is defined by
hy 7 (GlA) = Sgp{hﬁ’f(GaélA) t Hy(€|A) < oo}

Let (Y, By, v, G) be a factor of (X, Bx, 1, G) and {1, },ey be the disintegration of u
over v. Then the conditional entropy of £ relative to By can be represented as

H,(€|By) = / H, (€)dv

where H,(-) denotes the entropy with respect to p,,, and By is viewed as a sub-o-algebra
of Bx. The norms on Hilbert spaces L?(X, Bx, u) and L*(X, Bx, u1,), y € Y are denoted
by || - || and || - ||, respectively.

Definition 2.2. A function f € L*(X, By, u) is called almost periodic over By if for
every € > 0 there exist hy, ..., € L*(X, By, i) such that for all g € G,

11212Z||gf hilly <€, for v-ae. yeY.

All almost periodic functions over By constitute a subspace of L?(X, By, 1), denoted
by AP(By). By a classical result in [31] (or |2, Proposition 2.1]), there exists a sub-o-
algebra K(X|Y) of Bx such that AP(By) = L*(X,K(X|Y), n), which is the so called
Kronecker algebra of (X, Bx, u, G) relative to (Y, By, v, G).
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Definition 2.3. Let (X, By, u, G) and (Y, By, v, G) be two G-MPSs with a factor map
m: (X, Bx,u,G) = (Y, By,v,G). Then

(1) 7 is called a compact extension if
L*(X,K(X|Y),n) = L*(X,Bx,v), ie., K(X]Y) = By;
(2) m is called a weakly mizing extension if K(X|Y) =7~ Y(By).
To end this section, we recall some terminology from topological dynamical systems.

A family is an upward hereditary collection G of subsets of G, i.e., a subset of GG
containing an element of G is in G too. If a family G is closed under finite intersections
and satisfies () ¢ G, then it is called a filter. The dual of a family is G* = {F C G :
FNF #0forall F' € G}. Let {x,}ncq be a sequence in a metric space (X, d). One
says that x, G-converge to x, denoted by G — lim x,, = x, if for any neighborhood U of
r,{neG:x,€U} €q.

Let F = {F,} be a Fglner sequence and A be a subset of G, the upper density of A
with respect to F is

dr(A) = lim sup A0 B

n—00 ’Fn’ ’
and the lower density d is defined via replacing limsup by liminf. If dz(A) = d»(A),
we denote by dz(A) the common value, and call the set A has density dz(A) with
respect to F

3. MODULES AND RELATIVE SPECTRUM

In this section, following ideas in [12], we obtain some results on modules, which
will be used later. Let (X, Bx, i, G) be a G-MPS. Given a G-invariant sub-o-algebra
A of By, there exist a G-MPS (Y, By, v,G) and a factor map 7 : (X,Bx,u,G) —
(Y, By,v,G) such that 771 (By) = A. Let

u:/%@@

be the measure disintegration of x with respect to By . Denote by LP(A) the set of all
functions in LP(X, i) that are A-measurable for p > 1. We denote the norm and inner
product on L*(X, p,) as | - |, and (-, -),, respectively.

Definition 3.1. A subset M of L*(X, u) is an A-module if
fip€ M = hifi+hafs € M,
for all hy, he € L*(A). A basis of M is a set {f;} € M such that

M C{> hif;: hi € L=(A) for all }.

A module M is finite dimensional if it has a finite basis.

Let M(A) denote the set of all functions in L*(X, 1) that are contained in a finite-
dimensional, G-invariant A-module, and let M (A) denote its closure. The set M (A)
is closed under complex conjugation, and bounded functions in M(A) form an alge-
bra. Consequently, there exists a o-algebra D C By such that M(A) = L*(X, D, p).
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Furthermore, each A-module M can be decomposed into closed linear subspaces of
L*(X, ), denoted by M, for v-a.e. y € Y (see [12, Page 61] for more details). The
following proposition can be proved by an argument similar to that of [12], Proposition
1]. However, we provide an alternative proof which demonstrates the finite dimension
nature of M(A).

Proposition 3.2. Let f € L*(X, ). Then f € M(A) if and only if, for any ¢ > 0 and
infinite sequence S = {g;}3°, C G,

v (s, af o0 Touly<a) <1

Proof. The “if” part follows from Remark below. We prove “only if” part. Firstly,
we have the following claim.

Claim. Given any infinite sequence {g, }°°, of G, for v-a.e. y € Y, there exist a strictly
increasing subsequence {n;}°, of N and K, > 0 such that for any i € N,

||fogm||y < Ky‘

Proof of Claim. By contradiction, there exists A € By with v(A) > 0 such that for any
y € A, liminf, . || f o gnll, = co. However,

um%mmem:Mg/mewwz/mmww%@wwzw

a contradiction against the assumption that f € L*(X, p). 0

Assume the contrary that there exist f € M(A), ¢ > 0 and an infinite sequence
S ={g,}>>, C G such that

hygr_l)glfl/({y : 1§J12£71Hfogn —foglly<e})=1-6<1L1

Thus there exists a subsequence {n;}32, such that for any i € N,

(2) v({y: _inf [[fogn — fognlly <e}) <124

1<j<i—

Denote by D the full set obtained by the above claim with respect to the infinite
sequence {g,, }32,. For convenience, we still denote the subsequence by {g,, }3°,, namely,
for any y € D, there exists K, > 0 such that for any i € N,

(3) 1f © gnilly < Ky
Since f € M(A), there exists a sequence {f,,}>_, in M(A) such that
lim || fm — fll2 = 0.
m—0o0

Now we prove that for any € > 0 and A € By with v(A) > 0, there exist y € A and
J = J(y) > 0 such that for any m > J,

(4) Hfmogni _fogni

y < € for any i € N.
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Indeed, by contradiction, there exist ¢; > 0 and A; € By with v(A;) > 0, such that
for any y € A, there exist a strictly increasing sequence {m;}52, and a subsequence
{ni; 352, of {n;}2, such that

“fmj ©9n;; — fognij y > €1

Then by the G-invariance of u, we have

lim inf Hfm] - f”% = hminf ”fmj ©9ni; — f © Ing, %

du(y) > v(A)e >0,

> lim inf / | fin; © i, fo Ini,

J—00

which is a contradiction.
Let

() E=Dn{y: _inf [|lfogn —fognlly >}
Then v(E) > 0 by (2)), which implies that there exist y € F and J := J(y) > 0 such
that for any m > J,
| fm © gn; — f 0 gn;lly < €0/4, for any i € N.
Furthermore, by , we have that for any m > J and 7 € N,
[ frn © Gnilly < 11f 0 gnilly + €0/4 < Ky + €0 /4.

Recall that for any m > J, f,, € M(A). Thus {f, 0gn, }2, is a bounded infinite subset
of some finite dimensional linear subspace M;". Without loss of generality, by passing
to a subsequence, we may assume that for each m € N, {f,, o g,,}2, is a Cauchy
sequence. However, we have proven that for any m > J,

||fm O Gn; — f OgmHy < 60/4 and “fm O0n;11 — f ogni+1||y < 60/47 for any 1€ N.
Combining with , for any ¢ € N,

”fm O Gniy1 — fm ogniHy > E0/2'

This is a contradiction against that {f,, o g,, }2, is a Cauchy sequence. Thus we finish
the proof of the “only if” part of the proposmon. O

The following result is an extension of Hulse [I2] Proposition 2| to amenable group
actions. However, note that Birkhoff ergodic theorem is only available for tempered
Folner sequence [I7]. We do not provide details on tempered Folner sequence here,
since it will not be used in the later proof. Our proof uses the von Neumann mean
ergodic theorem for general Fglner sequence to get L' convergence.

Proposition 3.3. Let f € L*(X,Bx,pn). Then f € M(A)* if and only if for all
h € L2(X7BX7:U“)7

S IB(h(f 0 g)lA)] =0, in L'(w).

n—00 ’F | .
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If in addition F s tempered, then these are equivalent to

lim |F|Z|E fog)lA)| =0, v-a.e.

n—oo

Proof. The “if” part follows from Remark [3.4 below. We prove “only if” part.

First we will show that if f € M(A)*L, then E(f ® f|Z) = 0, (u Xy p)-a.e., where
7 is the o-algebra generated by all G-invariant sets and (f ® f)(ﬂﬂl, T9) = f(x1)f(22)
for any (x1,75) € X x X. For convenience, we denote E(f ® f|T)(z1,22) by E(x1,x).
Note that

/!El2du quz/(f®f)Edu Xy 1

= [ ([ 76 ([ P s o)) o

Since f € M(A)*, we only need to prove that the function z — [ E(z, w) f(w)dpr(z (w)
is in M (A), which is equivalent to that K(L?(X,u)) € M(A), where K is the linear
operator defined by

(KD)@) = [ Bla,w) fw)diag )

Consider the compact operators K, on L*(X, u,) defined by

Ky = [ BCow)f(w)dn w).

Given any y € Y, since K,, is a Hilbert-Schmidt operator, and E(z,w) = E(w, 2), it
follows that K, is compact and symmetric. Applying the spectra theorem for compact,
symmetric operators on K,, we deduce that the eigenvalues of K, form a bounded set
of real numbers with no limit points except possibly 0. Furthermore, the eigenspaces
span L*(X, p1,) and those eigenspaces corresponding to non-zero eigenvalues are finite
dlmensmnal Let {\i(y;)}i>1 be non-zero eigenvalues of K, indexed so that A\; > Ay >

. Let V be the finite-dimensional eigenspace corresponding to \;(y) and let V

be the null space of K,. (If K, has only j non-zero eigenvalues, then V;,l) = {0} for
i > j). Note that if K,f = \f, u,-a.e. then for any g € G, (K,f)og™ ' =Afog™!,
figy-a.e. However,

(Kyf) (g~ ') Z/E(glx,w)f(w)duy(w) = /E(glflf,glw)f(glw)dugy(w)

_ / E(w,w) f (g7 w)dpgy(w) = (Kyy(f o g7))(x).

Then K,y (f og™') = AN(f o g™ '). Therefore, we deduce that K,f = Af if and only
if Kgy(fog™) = Afog ! holds for all ¢ € G and v-ae. y € Y. Thus, there
exists a one-to-one correspondence between the eigenvalues of K, and K,,, and the
Correspondlng eigenspaces are 1somorphlc Spe(nﬁcally, Ai(y) = Ni(gy) for ¢ > 1, and
_1V = Vg(f,, where g_lV ={fogt:fe V } for « > 0. Furthermore, for
each i > 0, A\i(y) is a measurable function of y, which shows that the set {y € Y :
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K,f = \i(y)f} is measurable for all f € L?(X, ). Consequently, if denote V& = {f €
L*(X,u): f € VZV,(Z), v-a.e.}, then for i > 1, V® is K-invariant and is the direct sum
of finite-dimensional, G-invariant A-modules. V(© represents the null space of K, and
LA(X, ) = 3232, V@, Hence, K(L*(X,u)) € M(A), which implies E(f ® f|.A) = 0,

(1 xy p)-ae
By von Neumann mean ergodic theorem (see [6, Theorem 3.33] for example), we have

that if E(f ® f|Z) =0, then

|Z f®@f)og—0in L*(X x X, u Xy p).

|ng€F

Thus, for any h € L?(X u one has that

f®f)og)-(h®ﬁ)du><y,u:0.

) i [ o 2

/I n\geF
N n|g§/</(fog)hdﬂy) dv(y)
Z\FL@; (/ '/ U 09>hduyidv<y>)2,

which together with (6]), implies that

1 ’
i 3 ([1 [roamamjant)) =o.
From standard analysis, this is equivalent to that

lim —— T Z/ / o g)hdp,|dv(y) =

geF,

Note that

® f)og) - (h®h)du xy

Thus we obtain that
|E((f og)h|A)| =
Z 7]

geFn

Z|/ o g)hdu,| — 0in L'(Y,v).

geF,

If in addition F is tempered, then we can prove the second statement by a proof
similar to that of [I2], Proposition 2|. O
Remark 3.4. Let f = fi + fo where fi € M(A) and fo € M(A)*.

(1) If f ¢ M(A), then f, is non-trivial, so there exists § > 0 such that [ foll5 >0
fory in a set E of positive measure €. By the “only if” part of Proposition[3.5,
we may choose a sequence S = {gx}72, such that

1
|/f209n'f209mdﬂy‘ Sz_lé
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for allm,n and y € F, where v(F) > 1 — 1e. Then

J

N | —

[ fa© gn — f2 ogm||2 > || f2 ogn||§ + | fo OgmHZ - 2|<f29n7f29m>y| 2

fory € g;'ENF, which is a set of measure greater than %e. Therefore, for all
n?

: J 1
V({y: 1nf_1||fogn—fogi||§<§}) <1—§e7

1<i<n

which is a contradiction. This proves the “if” part of Proposition[3.3.
(2) Now we prove the “if” part of Proposition . By the assumption, for any
he L*(X,p),

= > I/ fi o g)hdy,|

geF,

Z |/ o g)hdu,| = hmsup| il

n—00 |g€F

in Ll(X,,tﬂ. By applying the argument in (1) to fi instead of fy there, we see
that fy ¢ M(A) which is a contradiction. This proves the “if” part of Proposition
5.3

4. KRONECKER ALGEBRA AND RELATIVE SEQUENCE ENTROPY

In this section, we establish the relation between relative sequence entropy and
relative Kronecker algebra. We always assume that (X, By, pu,G) is a G-MPS and
(Y, By, v,G) is its factor with the factor map #, and A = 7 'By. Recall that the
Kronecker algebra of (X, By, i, G) relative to (Y, By, v, G) is defined in Definition
such that AP(By) = L*(X, K(X|Y), u). To simplify notation, denote C(X|Y) by K.

Lemma 4.1. Let £, n be measurable partitions such that H,(§|A), H,(n|A) < co. Then
(G 6A) ~ 1 (Gl A) < [ Hy(€ln) + B, o)

for any infinite sequence S.

Proof. According to the classical entropy formula, we have for any y € Y

H(\ g'Ccvy)=H(\ ¢'9+H(N o' \ g7

geEFNS geEFNS geF,NS geF,NS
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The same equation holds with ¢ and 7 interchanged. Subtracting one from the other

gives
H,(\ ¢7'9-H,(\ g '

geF,NS gEFnﬂS
V oaghl ) g9-H\ g\ gl
geF,NS geFRNS geEF,NS geF,NS
(V gV ¢'9+H(N g\ g
geF,NS geEFRNS geF,NS geEFNS
< Y (Hy(g¢lg™ ) + Hy(g nlg'¢).
geF,NS

Therefore, by the invariance of v,
1

| =——=Hu ) 974 - W\ g lA)
£ 1 5] gEFNS |F ﬂS| gEFLNS
1
< ey -1 -1,1,~1
ST > (Hy(g *€lg™ ) + Hylg " nlg ™)) dv
geF,NS
= [t tem) + Hy(ale)av
The proof is completed. O

The following lemma was proved in |12, Lemma 2|.

Lemma 4.2. There exists a countable set {& }ren of finite measurable partitions such
that

lgellfw {/(Hy(ﬂgk) + Hy(§k|f))dV} =0
for all partitions & such that H,(§|A) < oo.

Combining the above two lemmas, one has

ho” (G|By) = sgp{hﬁ’f(G, €|By) : £ is a finite measurable partition}.

Thus hy”(G|By) = 0 if and only if h7(G,€|By) = 0 for all two-set measurable
partitions &, since every finite partition is a refinement of two-set partitions. Therefore,
in the following, we can only consider the finite measurable partitions.

Following ideas in [2, Lemma 3.6], we have the following result.

Lemma 4.3. Let F = {F,}>, be a Folner sequence and D C G with dx(D) > 0.
Then there exists a subsequence S C D such that

h” (G €| By) > H,,(§]K(X[Y))

for any finite measurable partition & of X.
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Proof. First, we prove the following claim:

Claim: Consider finite measurable partitions ¢ and 1 of X. For any € > 0, there
exist a sequence D C G with dx(D) =1 and M € N such that for any m > M and any
g€ (DN EL)\Fu,

Hy(g~"¢In)dv > H,(E]K) — e

Y

Proof of the claim. Let £ = {A;,..., Ay} and n = {By,...,B;}. For any A, B € By,
since 14 — E(14]K) € L*(X, K, u)*, we have by Proposition

/X (1 — B(14]K)) 0 9)1pdp,

=0

in L1(Y, By, v).
Equivalently for any e > 0 there exist a sequence D’ of G with dz(D’) = 1 and
M’ € N such that for any g € (D' N F,)\Fy, n > M', we have

/Y /X((lA — E(14K)) 0 9)15dp,

Moreover, there exist a sequence D with dx(D) = 1 and M € N such that for any
ge (DNE)\Fy,n>M,

/ uy(g_lAimBj)_/(E(lAi|K)og)1Bjle’y
Y X

Let ¢(x) = —xlogx. For any v > 0, we choose 0 < § < 25 such that

dv < e.

dv <eforany 1 <i<k 1<j5<I.

(7) = 0] < 6 = () — dv)] < L

Taking M € N large enough, for any g € (D N F,,)\Fy,m > M, there is E,,, CY
with v(Ep,) > 1 — 5727 such that

(8) uy(g_lAiﬂBj) —/X(E(lAi\IC)og)lBjduy <0

forall1<i<k, 1<j<landyc€ E,,.
Now let az; = — ([ (F(14,|K) 0 g) 1, dp,) log 2 (123\/2??)13].@@,' Then

a;j = py(B;)¢ (/B

(E(lAzVC) © g)d:UBj,y> )

where pp,, = p(- N Bj)/p,(B;). Since ¢ is concave, one deduces
) 01 < 1y(B) [ ~(B(LAJK) 0 ) log(E(L4 ) ),
B;j

:/B _(E(1A¢|’C)Og) log(E(lAiVC)og)d:uy‘

J
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For any y € E,, and g € (DN F,)\Fa,m > M, using (7)) and (8], we have

_ ,uy(g_lAi N B;)
—p1, (g7 A; N Bj) log —a;;
; ! ’ 1y (B;) ’

<2
~ [ (B © 911 diy Yo [ (B4 1K) o 915,

( 14,0 B;) — /(E(lAi
b's
71
< klZH + ké| log <1;[uy(3j)) ‘

v v o1 Zj 11y (B;) :
11 < =+ k= 1 = -
) =g+ 4kl10gl‘0g( z

Then using and , we have

(10)

11, (97 B N B;) log 1, (97 A; 0 B;)

)og)1s, duy) log 1y (B;)

_7
5

_ “1A;N B))
(12) Hy(g7'¢n) = Z —1,(g7"A; N By) log Hy(g > Za” _7
irj iy (B;) 2
Thus by (9) and (12),
y(97€lm) >Zau——>2/ E(14,K) 0 g)log(E (1Ai|/c)og)dﬂy_%,

Integrating with respect to v one obtains

/ Hy(g~'¢|n)dv > / H, (g7 €|n)dv

230 [ [ PO g on(B(L ) 0 i)
D3 [ [ ~(BL1) 0 9 lox( B14 1K) o 9)dyvty)

_Z/Y\Em/ E(14,|K) 0 g) log(E(14,|K) 0 ¢)dp,dv(y) — 2

=3 / B(14]K)  g) log(E(Ls,IK) o g)dps —
~ H,(€lK)

g
logk — =
og 5

g
2log k

This completes the proof of the claim.
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Let {&k }ren be as in Lemma . For any sequence D’ with d(D’) > 0, by induction,
there is an infinite subsequence S = {s;}2, C D’ such that

n—1 1
[ 161V 56 = Ha(ele) - o
=1

for any n > 2 and 1 < j < n. Denote Fj, NS = {s;,...,5;, } is a subsequence of S.
Fix k € N, one has

hif(Gu §k|BY)

1 1
= lim sup H g |By) = limsup—/ H. g &) dv(y
oo |Fn m Sl M(g€>n/ms ]C| Y) oo |Fn m Sl v y(geyms k) ( )
1 k kn J—1
=limsup —— / [Hy(\/ S;].lfk) + Z Hy<5;j1§k| \/ s;, &) dv
n—o0 |Fn N Sl Y j=1 j=k+1 =1
] k kn -1
thSUPF—ﬂS/[Hy(\/ 8;151@) + Z Hy(3;15k| \/ Sl_lgkz)]dV
n—00 ‘ n | Y j=1 j=k+1 =1
1 ‘ - 1
n—00 ‘Fn N Sl Y j=1 i=k+1 2

Therefore h7 (G, &|By) > H,(&|K) for any k € N.

Now let £ be any finite measurable partition. Given § > 0, by Lemma4.T] choose &
such that [, Hy,(£|&) + Hy(&l€)dv(y) < 6. Then b7 (G, €|By) — hi” (G, &|By)| < 6
and |H,(¢By) — H,(&[By)] < 6. So

h” (GL€By) > 1y (G, &lBy) — 6 > H, (€] By) — 20.
Since 0 > 0 is arbitrary, the proof is completed. O

Lemma 4.4. Given B € Bx, then B € K(X|Y) if and only z'fhi’]:(G, {B,B°}|By) =0
for any infinite sequence S C G.

Proof. The proof follows from similar ideas as in [12, Theorem 1].

(=) Given B € K(X|Y), denote B = B and By = B¢ for convenience. Then
¢ = {By, By} is a finite measurable partition.

For any n € N, denote F,, NS ={¢1,..., 9k, }- Then

1 1
sV B = g [0V g

geEFRNS geF,NS

1 kn r—1
_ -1 -1
(13) i PN {1V a7t

k
1 n ) - -
< TEAg / it H, (g7 €lg; €)dv.
r=1 -
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Let € > 0 and 6 > 0. By inequality in the proof of Proposition ., for N € N large
enough and r > N,

lg}g_l 18,9, — 18,95y < Ve,

for p=1,2 on a subset F of Y with measure greater than 1 — §. Note that
||1Bp °ogr—1p, 0 ngz = Ny(gr_pr A gj_pr)'
Hence for each y € F there exists j with 1 < 7 < n — 1 such that

1y (97" By N 95 By) — iy (g5 ' By)| < e,
for p=1,2 and
Ny(gngp N gleq> <€,
for all p,q = 1,2 and p # q. Now
Hy(g,"€¢lg;€) = > d(uy(g;, " BaNg;  By) — by (g5 " By))) + > ¢y (9, BoNg; ' By)),
q p#q

where ¢(w) = —wlogw. By the continuity, we may choose ¢ > 0 small enough such
that [wy —ws| < € implies |¢(w;) —d(ws)| < €. Then Hy(g,'¢|g;'¢) < 4€ forally € E.
Note that Hy(g;1§|gj_1§) < log?2 for all y € Y, so

/ inf H,(g, '¢|g;'€)dv < (1 —6)4€ + dlog2.
1<j<r
Since ¢ and ¢ are arbitrary, by , we deduce that

: 1 .

lim mHM( \/ g7%By) =0

geF,NS
(<) By contradiction, we assume that there exists B ¢ IC(X|Y") such that
ho” (G, {B, B}|By) =0

for any infinite sequence S C G. However, by Lemma [£.3], there exists a sequence S
such that

hy” (G AB, B}|By) > H,({B, B}|K(X]Y)) > 0,
which is a contradiction. Now we finish the proof. O

Lemma 4.5. For any finite measurable partition & of X and any infinite sequence

SCa,
hy” (GL€|By) < Hu(§[K(X[Y).

Proof. Let {&}ren be a countable set of finite (X |Y')-measurable partitions such that
{&} /A K(X]Y). Since & is (X |Y)-measurable, by Lemmaone has 57 (G, &|By) =
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0. So

. 1 _
hf’F(G,ﬂBY) thsupm/yf]y( \/ [Y lf)dV—hi’F(Qfﬂlgﬂ

n—oo

gEanS
1
<timsup e [ B g €ve) - B\ g wa
n—00 |FnﬂS| Y geF,NS geF,NS

. 1 _ _
:hmsupm/yHy( \/ g ¢ \/ 9 &) dv

oo geF,NS geF,NS

) 1
ghmsupm/ |anS|Hy(€|€k)dV
n Y

n—oo

_ /Y H,(€|&)dv = H, (€16 V By) < H(€|&).

The proof is completed by martingale theorem. 0

Combining Lemmas [.3] and [£.5, we finish the proof of Theorem [A] namely, for any
D C G with d(D) > 0,

S, F _
max hE7 (G, €|By) = Hu(EI(XIY)).
As a consequence, we obtain Corollary A.1, namely, the characterization of compact
extensions and weakly mixing extensions (see Definition via the relative sequence
entropy:

Corollary 4.6. Let (X, Bx, 1, G) be G-MPS and (Y, By, v, G) be its factor.

(1) (X,Bx, i, G) is a compact extension of (Y, By,v,G) if and only if h7 (G|By) =
0 for any sequence S C G;

(2) (X,Bx,p,G) is a weakly mizing extension of (Y,By,v,G) if and only if for
any sequence D with positive upper density with respect to F, there exists a
subsequence S C D such that hy”(G,€|By) = H,(¢|By) for any measurable
partition § of X with H,({|By) < oo.

Following ideas in |2, Theorem 5.1|, by Rokhlin Theorem and Theorem , we obtain
Corollary A.2:

Theorem 4.7. Suppose (Y, By,v,G) is a factor of the ergodic system (X, Bx, i, G).
Then

rélgé({hi’f(G!By)} € {logk : k € N} U {oo}.

Remark 4.8. If i is not ergodic, then this result is incorrect even in the non-relative
setting. In particular, there exists a minimal system such that, for any nonnegative real

number t, there exists an invariant measure whose mazximal sequence entropy equals to
t (see [18, Proposition 2.10] ).
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5. MEASURE-THEORETICAL RIGID AND MILD MIXING

5.1. Rigid and mild mixing for non-relative case. In this section, following ideas
in the work of Huang, Shao and Ye [9], we characterize rigid and mild mixing via
sequence entropy. Let us begin with some definitions.

Definition 5.1 (see|26] or [25]). Let (X, Bx, i, G) be a G-MPS. Then it is called
(1) rigid if there exists an infinite sequence {g,}22,; in G such that for any A € By,

lim u(AAg;lA) =0;

(2) mild mixing if for any infinite sequence {g¢;}3°; of G,
llmmf,u(BAg_lB) > 0, for any B € Bx with 0 < u(B) < 1.

If G is an abelian group, for any A € Bx being rigid with respect to a sequence
{gn}oy, e, lim, oo u(AAg, ' A) = 0, then so is gA as is seen in the following calcula-
tion

Tim (g (9A)A(gA)) = lim 1 (ggnAAgA) = lim 1 (9, AAA) = 0.

However, if GG is nonabelian, this reasoning breaks down, and the o-algebra of rigid sets
with respect to some sequence {g,} -, need not be G-invariant. In this case one cannot
infer the existence of a rigid factor. Nevertheless, we can characterize mild mixing and
rigidity via sequence entropy for amenable group actions, without using the notion of
rigid o-algebra. We do it in the non-relative setting, since the relative case is much
more involved.

Since the Hilbert space L?(X, p) is separable, for any infinite sequence in G, there
exists an infinite subsequence S = {g,}22; of G such that lim,_,. (¢, Uy, 1)) exists for
any ¢,v € L*(X,pn). Now for a fixed v € L*(X, u), we define J : L*(X, u) — C by

J(p) = lim (p, Uy, ).

Obviously, J is a continuous linear functional on L?(X, ). By the Riesz representation
theorem, there exists S(v) € L*(X, i) such that J(p) = (p, S(¢¥)) for all p € L*(X, ).
Note that if ¢ > 0, then S(¢/) > 0. Indeed, suppose for contradiction that u({z € X :
S(1)(x) < 0}) > 0. Then, it follows that

(L{zex:s@w)(@)<0y S(¥)) < 0.
However, on the other hand, as ¢ > 0, one has
(Lzex:s@)@)<0y, S(V)) = JLIEO<1{:EEX:S(¢)(90)<O}7 Ug,®) >0
which yields a contradiction.

Lemma 5.2. Let (X,Bx,u,G) be a G-MPS, and S = {g,}>2, be an infinite subse-
quence of G as above. Then for any finite measurable partition « of X, there exists an
infinite sequence S = {G:}32, of S such that

W57 (G a) > Z/ S(1g)log S(1g)dp.

Bea
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Proof. Enumerate « as {Bj,..., By}, and fix any finite measurable partition n =

{Ds,...D;}. Then
iliglonglBN 1p,) = (1p,,S(1B,))

for any s € {1,2,...,k} and ¢t € {1,2,...,1}. Therefore we deduce

N(gfles N Dt))
1(Dy)

liminf H,(g; 'a|n) = lim infz —u(g; ' Bs N Dy) log (
1—00 1—00 ol

. (Ug1p 71D>>
—lim S —(Uy 1., 1, log(;t
i—so0 ~ {Us 5., 1p,) w(Dy)

_ Z —(S(1p,), 1p,) log (%)

(14) =) _ —u(Dy) (/D %dﬂ) log (/D %Cm)

WL / | : 21;5) log (S(15,))d

= - [ St log ((15))d

Bea

where in the inequality we use concavity of the function —zlogz.
Now we can define inductively an infinite subsequence S = {g;}°, of S by using
repeatedly such that for any i € N,

H, (570 ViZ grla) > 3 - /X S(15)log (S(1s))dy — —

2t
Bea
For each n € N, there exist 1 <11 < iy < ... <7, such that

Fnﬂ§: {glﬂ’glkn}

Thus,
Hu(\/ganméqgilQ) = Hu(\/?lﬁz‘;la)
kn
= Hu(; o | VIS )
r=1
(15)

1

>3 (Z— | St tog (S(1))du ~ ; )

> |F,nS) - /X S(1g)log (S(1g))du — 1,

Bea
which implies that

5 : 1 _
hi’}-(G) = lim sup THM(vganmSQ 'a) > Z —/XS(lg)log (S(1g))du.
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This finishes the proof of Lemma [5.2 U
For further discussion, we need a classical consequence (see |27, Page 94| for example).

Lemma 5.3. Let (X,By,p) be a Borel probability space and r > 1 be a fized inte-
ger. For each ¢ > 0, there exists 6 = §(e,r) > 0 such that if « = {A1, Ay, ..., A}
and n = {By, Bs, ..., B.} are any two finite measurable partitions of (X, Bx, u) with
> iy (A;AB;) <0, then Hy(aln) + Hu(nla) <.

We need the following result, which is an extension of Lemma 3.3 in [9] from Z-actions
to amenable group actions.

Lemma 5.4. Let (X, Bx, i, G) be a G-MPS, B € Bx and F be an infinite subsequence
in G. Then the following conditions are equivalent.
(1) {U,1p : g € F} is a compact subset of L*(X, Bx, j);
(2) for any infinite subsequence S = {g;}°, of F,
S, F c o
h (G, {B,B}) = 0.

Proof. (i) = (ii). Let n = {B,B°}. If {U,15: g € F} is a compact subset of L?(u),
then for any infinite subsequence S = {§;}32, of F, {U;,15 : i € N} is a compact subset
of L*(u). So for any & > 0, there exists N € N such that for any ¢ > N there exists
n(i) < N such that

p <§513A§;(§)3> = [1Us1p = Ug,y 1Bll2 < 0.

For any e > 0, it follows from Lemma [5.3| that for any ¢ > N, there exists n(i) < N
such that

H, (37 ldmtym) + Ha (Gmtynldi'n) < e
Thus for any ¢ > N,

i—1
Hy, (éiln! \V 95177) <H, (éf%\%&m) <e.
j=1

By an argument similar to that of (15), we have hfvf(G,n) < e. Letting e — 0, we
deduce that hi" (G, n) = 0.

(ii) = (i). If {U,1p: g € F} is not a compact subset of L?(X, u), then there exist
e > 0 and an infinite subsequence P of F' such that for all g,h € P with g # h,

(16) (97" BARTIB) = |U,1p — Uplp|: > e

By the argument at beginning of the section, we obtain an infinite subsequence
S ={g;}32, of P such that

iliﬁ(@, Ugb) = (¢, S(¥)) for any o, € L*(X, p).

It follows from Lemma that there exists an infinite subset S = {G:}32, of S such
that

B (GABBY) 2 [ (~5(15)log (S(1a)) — S(1)log (S(Lar)) do

X
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Since hf’f(G, {B, B°}) =0, it follows that —S(15)log S(1g) = 0 for u-a.e. z € X. So
S(1p) is an indicator function and (1x,S(15)) = ||S(15)||2. Since p is an invariant mea-
sure, we have (1x,1p) = [1pdp = lim [U,1pdp = lim (1x,U,1p) = (1x,S(1p)), it
71— 00 71— 00
follows that ||S(1p)|l2 = ||15]|2- Hence
lim [[Ug 15 = S(1p)][2 = 0.
This implies that for sufficiently large 7 and j,

i (97 BAg'B) < o,

2
which contradicts (16). Therefore {U,15 : g € F'} is a compact subset of L*(X, y1). Now
we finish the proof of Lemma [5.4] O

Now we characterize the mild mixing via sequence entropy.

Theorem 5.5. Let (X, Bx,u, G) be a G-MPS. Then the following two conditions are
equivalent:

(1) p is mildly mixing;
(2) for any B € Bx with 0 < u(B) < 1 and any infinite sequence F in G, there
exists an infinite subsequence S of F such that k57 (G, {B, B°}) > 0.

Proof. (1) = (2). Suppose the contrary that there exist B € Bx with 0 < u(B) < 1
and an infinite set F' of G such that b7 (G,{B, B°}) = 0 for any infinite subsequence

S of F. By Lemma , we have that {U,1p: g € F} is compact in L*(X, p). Thus,
there exists an infinite subsequence {g;}°, of F' such that {U,15};°, is a Cauchy
sequence in L?(X,u). Using the G-invariance of u, we deduce that there exists an
infinite subsequence {g;}°, of G such that

lim p(BAG; ' B) = lim [|Us 15 — 15]l3 = 0,
i—00 1—00

which contradicts to the assumption that (X, Bx, i, G) is mildly mixing.

(2) = (1). Fix any B € Bx with 0 < u(B) < 1 and any infinite sequence F' of G. If
(X, Bx, i, @) is not mildly mixing, then there exists an infinite subsequence S = {g;}2,
of F' such that

lim [|Ug, 15 — 1pl; = lim p(BAg;" B) =0,

which implies that {Uy,1p : i € N} is compact in L?(y). Using Lemmaagain, for any

infinite subsequence S of S, one has that hi’f (G,{B, B°}) = 0, which is a contradiction

to (2). O
Now let us proceed to characterize the rigidity of G-MPS.

Theorem 5.6. Let (X, Bx,u,G) be a G-MPS. Then the following two conditions are
equivalent.

(]) (X7 BX7 s G) is ng?’d7

(2) there exists an infinite sequence F' in G such that for any subsequence S of F,
hivf (G) =0.
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Proof. (1) = (2). Since (X, By, i, G) is rigid, there exists an infinite sequence F =
{gn}22, C G such that for any B € By,

(17) lim u(BAg,'B) = 0.

By Lemma , we only need to prove that for any B € Bx, {U,1p : g € F'} is a compact
subset of L?(X, By, p1). However, this is obtained by the fact that for any B € By,

lim |[15 — g.1p|j53 = lim u(BAg,'B) = 0.
n—oo n—oo

(2) = (1). Using Lemma again, we have that {U,1p: g € F'} is compact in
L*(X, ). Thus, there exists an infinite subsequence {g,}°; of F such that {U,,15}>°,
is a Cauchy sequence in L*(X, u). Using the G-invariance of p, we deduce that there
exists an infinite subsequence {g,}>°; of G such that

. ~_1 T 3 . 2 _
lim p(BAg,”B) = lim [|Us, 15 — 1p|[; = 0.
The proof is complete. O
Now we have proved Theorem [B] which is a combination of Theorems [5.5] and [5.6]

5.2. Rigid o-algebra for abelian group actions. When G is an abelian group, the
o-algebra of rigid sets is G-invariant. Thus, in this subsection, we consider the rigid
extension of a G-MPS under the assumption that G is an abelian group. We emphasize
that our notion of sequence entropy is defined using any Fglner sequence F. Even in
the case G = Z, this already generalizes the classical sequence entropy using specific
F=A{[-n,n]NZ:n e N}

Denote by F(N) the family of all finite subsets of N. Given a, 3 € F(N), we will
write a < [ if every element in « is less than every element in 5. The set

FO .= {Uiep i : B € F(N)},

where a; < ag < ... € F(N) is called a IP-ring.

We call a sequence in any space Y indexed by F(N) as an F'(N)-sequence. Let Y be
a semigroup. Then an F'(N)-sequence {yq }acra) defines an IP-system if yo = 5, ... y;,
for any o = {i; < ... < i} € F(N). An IP-system can be viewed as a generalized
semigroup, as for any «, f € F(N) with aNg =0 and a < 3, one has yaus = Yays (see
e.g. [4] using this as the definition of IP-systems).

Let F be an IP-ring. Note that any sequence {y4},c poy can be viewed as an
F(N)-sequence by the following map:

I':F(N) = FY 8 Uegas.

Then this map is bijective and satisfies I'(a U ) = I'(a) UT'(B). Thus, we can rewrite
{ya}aeF(l) as {%}aeF(N)-

Now we recall the convergence for F'(N)-sequences. If {z }acry) is an F'(N)-sequence
in a topological space X and y € X, we say x, converges to y, denoted by

IP - lim z, =
aery Y
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if for any open neighborhood V' of y, there is a S(V) € F(N) such that z, € V for
every a > B(V). If X is a compact metric space, there is an IP-ring F(!) such that
IP — lim ¢ gy 2, exists.

Theorem 5.7 ([5]). Let {Ua}acray be an IP-system of unitary operators on a separable
Hilbert space H. Then there is an IP-subsystem {U,}ocp), with F® an IP-ring, such
that

IP— lim U, = P in the weak topology,
acF®)

where P s the orthogonal projection onto a subspace of H

Let (X,Bx,p,G) be a G-MPS and {gs}acravy be an IP-system in G. Consider a
factor (Y, By, v, G) of (X, Bx, i, G) with the corresponding factor map = : X — Y. By
Theorem 5.7, there exists an IP-ring F) € F(N) such that for all K € L*(X x X, Bx ®
Bx, Xy p),

IP — lim)gaK = PK

acF(
exists in weak topology and P is an orthogonal projection.

Definition 5.8. Let {g,} be an IP-system and F(!) C F(N) be an IP-ring. A function
f € L*(X,Bx, ) is called almost periodic over By with respect to g, along F™) and
one writes f € AP(By,{ga}, FY), if for every € > 0, there exists a set D € By with
v(D) < € and functions hy, ...,y € L*(X, Bx, u) such that for every § > 0 there exists
ap € FN with the property that whenever o € F() with o > o there is a set E, € By
with v(E,) < ¢ such that for all y ¢ DU E,,,

min [If o go — hylly <e

AP(By,{9a}, FM) is a G-invariant algebra which is invariant under complex conjugacy.
Using [31] again, there exists a sub-c-algebra Kr(X|Y) C Bx , where F' = {ga}acrm,
such that

AP(BYa {ga}a F(1)> = LQ(Xa ICF<X‘Y)7 ,U,)
One calls £r(X]Y) a rigid algebra over By-.

Utilizing similar arguments of Theorem 4.7 and Corollary 4.10 in [2], we have the
following results.

Theorem 5.9. Let {gaacrm) be an IP-system, FV be an IP-ring and Kr(X|Y) be
a rigid algebra over By. Then f € L*(X,Kp(X|Y), u)* if and only if

[P~ lim / \E(hf o ga|By)|dv = 0
acFM) Jy
for any h € L*(X, Bx, ).

Let {go} be an IP-system and F) be an IP-ring. Any subset having the form
{98, }ien € {9atacpm with B < [y < ... is called an F(N)-monotone subset of

{9a}acrm-
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Theorem 5.10. Let f € L*(X,Bx,pn). Then f € L*(X,Kp(X|Y), 1) if and only if for
any € > 0 and any F(N)-monotone subset {gs, }ien C {ga}acro, there exists M € N
such that for every n € N with n > M there is E, € By with v(FE,) < € such that for
any y & En,

1912;1_1 198, — 98:lly <€

The following result establishes the relation between relative sequence and rigid o-
algebra.

Theorem 5.11. Let (X,Bx,pu, G) be a G-MPS and (Y, By,v,G) its factor with the
factor map . For any IP-system {ga}acrm) there exists an IP-ring FO of F(N) such
that for any IP-ring F®) C FW) there exists an F(N)-monotone subset S C {ga }ocr@
such that

W57 (G.€1By) = H,(ElKr(X|Y))
for all measurable partitions & of X with H,,(§|By) < oo where F' = {ga }acr-

In particular, for any IP-system {ga Yacrn there exists an IP-ring F) of F(N) such
that

maX{hE’I(G,ﬂBy) : S C F is F(N) — monotone} = H,(¢|Kp(X]Y)).

Following ideas in [2], the proof of Theorem is obtained by the following four
lemmas.

Lemma 5.12. Let {g,}acray be an IP-system. Then there exists an IP-ring F of
F(N) such that for any IP-ring F® C FU) there exists an F(N)-monotone subset
S C {Gatacre such that

hy7(GL€By) > Hy(€E|Kr(X[Y))
for all measurable partitions & of X with H,(§|By) < oo where F' = {ga}acr)-

Proof. Let FY) be the IP-ring such that IP-lim, . za) g K = PK holds. Consider Ky =
Kr(X]Y) to be the o-algebra associated to F' = {gq }acrm)-

Let G be the family generated by {{ga }acr@ : F? is an IP-ring of F(V}. By Hind-
man’s theorem G, is a filter.

Claim: For any measurable finite partition £ and 1 of X and € > 0, there exists a
sequence S € Gy such that for any g € S

/Y H, (g™ €ln)dv > H,(€1Kr) — c.

Proof of Claim: Note that
(18)
Gi = {S C G : there exists ag € FU such that g, € S for any o € FY with a > ag}.

For any A, B € By, since 14 — E(14|Kr) € L*(X, Kp, u)*, it follows from Theorem [5.9]
that

acF1)

IP — lim / | / (14 — E(14]Kp)) 0 galpdps,|dv =0,
Y X
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which together with , implies that

g}—hm/ ’/(1A—E(lAVCF))Ognlgd,uy‘dV:O
Yy JX

Let £ = {Ay,..., Ay} and n = {By,..., B;}. Since G}. is a filter, for any fixed d;,d5 > 0,
there exists S € Gy, such that for any g € S there is a set £, € By with v(E,) > 1— 6,
satisfying

g™ A0 B) = [ B lKe) o gl duy| <
X
forall 1 <¢<k,1<j<landye€ E,; The proof of Claim is completed by a similar

argument to that of Lemma [£.3] O
For any IP-ring F® C FM S = {g,},cpe» is an IP-ring and S’ € G. Thus one
can complete the proof in the same way as the proof of Lemma O

The following result is classical (see e.g. |27, Page 94]).

Lemma 5.13. Let r > 1 be a fixed integer. For each € > 0, there exists 6 > 0 such
that if ¢ = {Aq,..., A} andn={C,...,C,} are two measurable partitions of X with
S  W(AAC) < 6 then the Rokhlin metric satisfies

pu(&n) = Hyu(€n) + Hu(nl§) < e
Lemma 5.14. Let {ga}acrm) be an IP-system and B € Bx. Then there exists an
IP-ring FV of F(N) such that B € Kr(X|Y) if and only if
ha” (G, {B,B}|By) =0
for all F(N)-monotone subsets S C F where F' = {ga}acpm -
Proof. Let FW be such that IP —lim, . r0) go K = PK holds and assume B € Kr(X|Y).
Let A = {gs, }ien be an F(N)-monotone subset of F' = {g,},cp0) and £ = {B, B°}.
Observe that |[g115 — g215|2 = py(g; 'BAg, ' B) for any g1, € G. Since 1p €

L*(X,Kp(X|Y), 1), there is M € N such that for any n > M, there exists E,, € By
with v(E,) < § satisfying, for any y ¢ E,,,

of s ogs, —1p0gslly <0

Moreover, given any € > 0, the above ¢ is chosen according to Lemma [5.13]
Hence for any n > M, there is 1 < j(n) < n — 1 such that py(gﬂ_:f,gﬂ_jtn)f) < €. So

n—1
Hy(95,'¢1 ] 95'€) < Hylg5¢lg5, &) < e
=1

The rest of proof is similar to that of Lemma [.4] O

Lemma 5.15. Let {ga}tacray be an IP-system. Then there exists an IP-ring F of
F(N) such that for any finite measurable partition £ of X and F(N)-monotone subset
SCF

hi’]:(Gv £|BY) < Hﬂ(£|’CF(X|Y))7

where F'={ga}pcr -



RELATIVE SEQUENCE ENTROPY FOR AMENABLE GROUP ACTIONS 27

Proof. Let FW be such that IP — lim,ra) go K = PK holds. The proof is analogous
to that of Lemma [4.5] by replacing K(X|Y) by Kr(X|Y). O

Now we are able to characterize the rigid and mild mixing extension via relative
sequence entropy. Let us begin with some definitions. Referring to [5], 2], we have the
following definition.

Definition 5.16. Let (X, By, i, G) be a G-MPS and (Y, By, v, G) be its factor. Then
(1) (X,Bx,u, G) is called a rigid extension of (Y, By, v, G) if there is an IP-system
F such that Kp(X|Y) = Bx;
(2) (X, Bx, p, G) is called a mild mizing extension of (Y, By, v, G) if there exists an
[P-system F such that Kp(X|Y) = By.

Finally, Theorem B’, restated in the following, is a corollary of Theorem [5.11]

Theorem 5.17. Let (X, By, i, G) be a G-MPS and (Y, By, v,G) one of its factor where
G is an abelian group. Then
(1) (X,Bx,u, Q) is a rigid extension of (Y, By,v,G) if and only if there exists an
[P-system F = {ga}aerm) such that hy” (G|By) = 0 for any F(N)-monotone
subset S C F;
(2) (X, Bx,p, G) is a mild mizing extension of (Y, By,v, Q) if and only if any IP-
system F' = {ga}acr ), there exists an F(N)-monotone subset S C F such that
h (G €|By) = H,(E|By) for any measurable partition & of X with H,(¢|By) <

0.

6. RELATIVE TOPOLOGICAL SEQUENCE ENTROPY AND WEAKLY MIXING SET

In this section, we aim to establish the characterization of weakly mixing sets via
relative topological sequence entropy for amenable group actions. To be specific, we
extend the results by Oprocha and Zhang that the existence of weakly mixing set implies
infinite sequence entropy [22] from Z-actions to amenable group actions.

Let us begin with some notations. Given two covers C = {C,...,Cy} and D =
{Dy, ..., D}, denote

CvD:={CinD;:i=1,....k, and j =1,...,1, where C; N D; # (}}.
Now consider a finite cover U of X, a non-empty set K C X, and a sequence S C G.
Define N (U|K) as the smallest number of sets from ¢ needed to cover K. The topological

sequence entropy of K with respect to the sequence S and the Falner sequence F is given
by:

top top

hogy (G, K) = sup hyy (G, U, K),
u

where the supremum is taken over all finite open covers U of K and

logN( \/ ¢ 'U|K).

geF,NS

1

Let (Y, G) be a factor of (X, G) with the factor map 7 and U be a finite open cover
of X. For any y € Y, 77 1(y) is a subset of X, and denote

NUly) == NUl|x'y).
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Then we can define the relative topological sequence entropy of S along Folner sequence

F by

top top

hi? (G U|m) = sup hyy? (G, Uly),
yey

where
h (G, Uy) = lim sup

1
———log N -1 .
top F N S‘ 0g ( \/ g u’y)

n—00 | n gEFANS

Then the relative topological sequence entropy of (X, G) is defined as
h (G, X ) = sup bl (G U,
u

top top
where the supremum is taken over all finite open covers U of X. In the case of 7
being trivial, i.e. Y is a singleton, then the relative topological sequence entropy is the
topological sequence entropy.

Definition 6.1. Let (X, G) be a G-system and ) # A C X, n > 1. We say A is

(1) transitive if for each pair of open subsets (U, V') of X intersecting A, there exists
g € G with g7* (VN A NU # 0

(2) weakly mizing of order n if A™ is transitive set of (X", G). Here, X" denotes the
n-fold product space of X, and g € G acts naturally on X" by: (z1,...,x,) —
(gmla s agxn) )

(3) weakly mizing if A is weakly mixing of each order n > 1.

Here we denote the recurrence time set of A, B C X by
7(A,B):={g€G:ANg 'B #0}.
We restate and prove Theorem [C] as follows.

Theorem 6.2. Let (X, G) be a G-system. If A is a weakly mizing set, then the sequence
entropy of A is infinite, i.e., for any m € N, there is a sequence S of G such that
hyF (G, A) > logm.

top

Proof. Let m > 2. Choose open sets Vy,Uy, ..., V,,, U, intersecting with A such that
V. C U; and UiﬂUj:@Whenever1§i<j§m.

Claim: There exist a sequence S = {g,}>°, of distinct elements of G’ and an increas-
ing sequence {m,}>2; of positive integers such that for each n > 1, g, € F,,, 11\Fn,
and for any s € {1,2,...,m}"

mg;l‘/;(i) NnNA 7& 0.
=1

Proof of the claim. 1t is obvious that the claim holds for n = 1 by choosing ¢g; = eg.
Assume that there exist g1,...,g9x € G and m; < my < ... < my such that for each
i€{1,2,...,k}, gi € Fp,41\Fm, and

k
ﬂgglvs(i) NA#Qforall se{l,2,... m*
i=1
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Take my41 € N large enough, so that g1,...,gx € F,, 1. Since A is weakly mixing of
any order n, the set

m k
N (e Ve n AV,
se{1,2,...m}k j=1 =1

is an infinite set (see [28]), and hence there exists gx11 ¢ F,, ., with g1 # g; for each

1=1,2,...,k such that

m k
g [ (7)o Vi NAV).

s€{1,2,...m}k j=1 =1

k+1

Through this iterative process, we obtain the sequence S = {g,}?>, and an increasing
sequence {m,, }>° , of positive integers satisfying the claim. O

Define W = X \ (V; U---UV,). Now, consider the collection U defined as U =
{WuU,...,WUU,}, which is an open cover of X. Take the infinite subset S as
in the claim, and for any n € N and s € {1,...,m}", choose zs € (), g[lvs(i) N A.
Denote A, = {z; : s € {1,...,m}"} C A. Then |A,| = m" and each element of
V', g; 'U contains exactly one point from A,. It implies that N(\/]_, g; 'U|A) = m™.
Therefore,

ht (G A) > b7 (G, A U) = limsup logN(\/ g7 'U|A)

top top nsne' |Fn OS] er s
> lim sup log N ( \/ g 'U|A)
nooe [Fingin NS 9EFm, NS
> logm.
The proof is completed. O

Using this theorem, it is easy to obtain the following, which implies Corollary CI]

Corollary 6.3. Let (X,G) be a G-system and (Y, Q) be its factor with factor map .
Then for anyy € Y, if 7= (y) is weakly mizing, then for any m € N, there is a sequence
S of G such that )7 (G,y) > logm.

top

7. RELATIVE SEQUENCE ENTROPY PAIR

At the end, we consider relative sequence entropy from the local viewpoint. Let
(X, Bx, i, G) be a G-MPS and (Y, By, v, G) be its factor with factor map .

For any subset A of X, denote by A° the interior of the set A. A pair (z,y) € X x X
with x # y is called a relative sequence entropy pair if for any Borel partition £ =
{A, A°} of X with z € A° and y € (A®)°, there exists an infinite sequence S such that
hoF(GLE|By) > 0, ie. Hy(¢|K(X[Y)) > 0 by Theorem . We denote the set of relative
sequence entropy pairs by SE(y,,).
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Denote (X, K(XY),n) by (Z,m) for convenience. Let 1 = [, p.dm(z) be the disin-
tegration of p over (Z,m). Set

ho= | (e )dmz),

the relatively independent joining of 1 over m. Let A, be the topological support of
A

Theorem 7.1. For a measure p € M(X,G), SExy,) = A\A where A is the diagonal
of X x X.

Proof. For convenience, we write IC(X|Y') as IC in the following proof. Suppose (z,y) ¢
SE(y) UA. Then there exists a Borel partition { = {A, A°} of X such that z € A,
y € (A°)° and H,(¢|K) = 0. This implies that A is K-measurable. Hence

M(Ax 2) = [ (A (4)dm(z) =0,

Thus (z,y) ¢ A,.
Conversely, suppose (z,y) ¢ A, UA. Then there exist disjoint open neighborhoods
A and B of z and y respectively with

19 0=AMAxB) = [ n(AplBam(z) = [ B BRI du(z).

Let D = {z € X : E(14|K)(z) = 0} € K. Then by (19), E(15|K)(z) = 0, for u-
a.e. x € D° Thus, w(BN D) = E(E(1g|K)1pe) = 0, which implies that B C D.
Similarly, A C D¢. Then we have that D is in K such that H,({D°, (D°)°}IK) = 0.
Thus (z,y) ¢ SE(y,). Hence the proof is complete. O

A pair (1, x9) is referred to as a topological sequence entropy pair relative to Y if for
any closed, disjoint neighborhoods A and B of x; and x,, respectively, there exists an
infinite subset S C G such that hf;’pf (G,{A°, B}|m) > 0. Denote the set of all sequence
entropy pairs by SEy (X, G). We can use topological relative sequence entropy pairs to

describe null G-system relative to Y .

Theorem 7.2. Let (X, G) be a G-system and (Y, G) be its factor. Then (X, G) is null
relative to Y if and only if SEy (X, G) = 0.

Proof. Tt is clear that if (X, G) is null relative to Y then SEy (X, G) = 0.

Conversely, we have the following claim.
Claim: If there is an open cover U = {U, V'} of X such that hfc;f(G,L{hr) > 0 for some
infinite sequence S C G, then there are points x € U¢ and y € V° such that (z,y) is a

sequence entropy pair relative to Y.

Proof of the claim. Let U = {U,V} be such that hfc;z:(G,Z/{hr) > 0. By an argument
similar to that of [I9, Lemma 5.3|, there is a sequence of open covers U, = {U,,V,}

such that for each n € N

(a> un t un—i—l;
(b) the diameters of US and V¢ converge to 0;
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(¢) K2 (G, U,|7) > 0.

top
By the compactness of X and items (a) (b), there exist x,y € X such that

Moy Uy = {x} and M2, Uy = {y}-

For any disjoint closed neighborhoods x € A and y € B, there is an n € N such that
Uc C A and V¢ C B, which together with (c) implies that and k7’ (G, A¢, B¢|r) >

top
hfo’pf (G,U,|m) > 0. Therefore, (z,y) is a sequence entropy pair relative to Y. The proof
of claim is completed. O

Thus, if (X, G) is not null, that is, there is an open cover U of X such that
hoZ (G U|T) > 0,

top

then by the claim we have SEy (X, G) # (). The proof is completed. O
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