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Abstract. We introduce the concept of relative sequence entropy for amenable group
actions and explore the interplay between relative sequence entropy and Kronecker
algebras for amenable group actions, and rigid algebras for abelian group actions.
Our investigation extends to the application of relative sequence entropy in various
mixing concepts within both measure-theoretic and topological systems. Additionally,
we refine the notion of relative sequence entropy by introducing the concept of relative
sequence entropy pairs for amenable group actions.

1. Introduction

A G-topological dynamical system (or G-system) is defined as a pair (X,G), where
X represents a compact metric space, and G is a (semi)-group that acts continuously
on X. If there exists a G-invariant Borel probability measure µ on X, it induces a
measure-preserving system (or G-MPS) (X,BX , µ,G), where BX is the Borel σ-algebra
on X. There is a classical case where G = Z, the additive group of integers. The
standard Z action can be induced by a homeomorphism map T : X → X, typically
denoted as (X,T ). In the following, we will always suppose that G is a discrete infinite
countable amenable group and F is a Følner sequence in G (see Section 2 for details),
unless specifically stated otherwise.

For Z-MPS, sequence entropy was introduced by Kušnirenko [15] as an isomorphism
invariant, who used it to distinguish between transformations with same entropy. In the
same paper, Kušnirenko also demonstrated that a Z-MPS has discrete spectrum if and
only if its sequence entropy is zero along any sequence. From the view of Koopman–von
Neumann [14], the opposite of discrete spectrum is weak mixing. Saleski [24] exhibited
this property in the view of sequence entropy, namely, he proved a Z-MPS is weakly
mixing if and only if for any finite measurable partition, there exists an infinite sequence
such that the sequence entropy with respect to this partition is positive. After that,
Hulse [11] improved the Saleski’s result, by finding a common sequence with respect to
all finite measurable partitions. Furthermore, Hulse [12] used relative sequence entropy
to distinguish weakly mixing extensions and compact extensions. Some results related
to mild mixing and mildly mixing extensions can be found in [29, 30] by Zhang.

The relation between mixing, spectral properties and sequence entropy also can be
studied from the following point of view. Let hµ(X,T ) be the measure-theoretical
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entropy of a Z-MPS, and Π(X) be its Pinsker σ-algebra, that corresponds its maximal
zero entropy factor. A classical result in [23] is that given a finite measurable partition
ξ,

lim
n→∞

hµ(T
n, ξ) = Hµ(ξ|Π(X)).

This result can be reformulated using the language of measure-theoretical sequence
entropy as follows:

sup
S=nZ+,n∈N

hSµ(T, ξ) = Hµ(ξ|Π(X)).

When one considers the supremum over all increasing sequences S of positive integers,
Huang, Maass, and Ye [8] proved that

(1) max
S⊂Z+

hSµ(T, ξ) = Hµ(ξ|K(X)),

where K(X) is the Kronecker algebra of (X,T ). Based on the ideas of Huang, Maass,
and Ye [8], Liu and Yan extended this result to amenable group actions [19], employing
it to characterize weak mixing and discrete spectrum. Furthermore, this result was
extended to general countable discrete infinite groups via a combinatorial method by
Kerr and Li [13], and via using filters by Liu, Wang and Xu [18]. Coronel, Shao and Mass
[2] showed that this result also holds for relative sequence entropy, and characterized
compact, rigid, and mixing extensions via relative sequence entropy.

A natural question arises: can we characterize weakly mixing extensions and com-
pact extensions for amenable group actions via some kind of entropy? Lott recently
characterized weakly mixing extensions and compact extensions through relative slow
entropy [20]. In this paper, we will show that sequence entropy can also be used to
characterize those extensions for amenable group actions.

Firstly, we obtain a relative version of (1) under amenable group actions.

Theorem A. Let (X,BX , µ,G) be a G-MPS, (Y,BY , ν, G) its factor, and F a Følner
sequence in G. Then for any sequence D ⊆ G with positive upper density with respect
to F ,

max
S⊆D

hS,Fµ (G, ξ|BY ) = Hµ(ξ|K(X|Y )).

The proof of Theorem A follows the lines of that of Z-actions. However, we must
overcome some difficulties, for example, the Birkhoff ergodic theorem under amenable
group actions only holds along tempered Følner sequence [17].

Based on Theorem A, we employ the relative sequence entropy to characterize com-
pact and weakly mixing extensions.

Corollary A.1. Let (X,BX , µ,G) be a G-MPS and (Y,BY , ν, G) be its factor with
factor mapping π : (X,BX , µ,G) → (Y,BY , ν, G). Then

(1) π is a compact extension if and only if hS,Fµ (G|BY ) = 0 for any sequence S ⊆ G;
(2) π is a weakly mixing extension if and only if for any sequence D with positive

upper density with respect to F , there exists a subsequence S ⊆ D such that
hS,Fµ (G, ξ|BY ) = Hµ(ξ|BY ) for any measurable partition ξ of X with Hµ(ξ|BY ) <
∞.
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Using Theorem A, Rokhlin Theorem and ideas in [2, Theorem 5.1] for Z actions,
we also have the following interesting application. When BY is trivial, this result is
obtained in [10, 19] for amenable groups and in [18] for general countable groups.

Corollary A.2. Suppose that (Y,BY , ν, G) is a factor of an ergodic system (X,BX , µ,G).
Then

max
S⊆G

{hS,Fµ (G|BY )} ∈ {log k : k ∈ N} ∪ {∞}.

Now we consider the rigid algebra, which is another important σ-algebra of a MPS.
However, if G is nonabelian, the σ-algebra of rigid sets with respect to some sequence
{gn}∞n=1 need not be G-invariant, and therefore the analogous reasoning of rigid algebra
for Z-actions breaks down. In this case one cannot infer the existence of a rigid factor.
Nevertheless, we are able to characterize the mild mixing and rigid in the non-relative
setting.

Theorem B. Let (X,BX , µ,G) be a G-MPS. Then
(1) (X,BX , µ,G) is mildly mixing if and only if for any B ∈ BX and any infi-

nite sequence F in G, there exists an infinite subsequence S of F such that
hS,Fµ (G, {B,Bc}) > 0;

(2) (X,BX , µ,G) is rigid if and only if there exists an infinite sequence F in G such
that for any subsequence S of F , hS,Fµ (G) = 0.

When G is an abelian group, we can consider the rigid extension rationally. Thus we
will characterize the rigid extension via relative sequence entropy in this case as follows.

Theorem B’. Let (X,BX , µ,G) be a G-MPS and (Y,BY , ν, G) its factor, where G is
an Abelian group. Then

(1) (X,BX , µ,G) is a rigid extension of (Y,BY , ν, G) if and only if there exists an
IP-system F = {gα}α∈F (N) such that hS,Fµ (G|BY ) = 0 for any F (N)-monotone
subsets S ⊆ F ;

(2) (X,BX , µ,G) is a mild mixing extension of (Y,BY , ν, G) if and only if any IP-
system F = {gα}α∈F (N), there exists an F (N)-monotone subset S ⊆ F such that
hS,Fµ (G, ξ|BY ) = Hµ(ξ|BY ) for any measurable partition ξ of X with Hµ(ξ|BY ) <
∞.

In the setting of topological dynamical systems, the topological sequence entropy also
can be used to characterize various topological mixing. In 1974, Goodman [7] introduced
the notion of topological sequence entropy and studied many properties of it. After
that, Li [16] used it to characterize topologically weak mixing. Huang, Shao and Ye [9]
further systematically investigated several topologically mixing concepts via topological
sequence entropy. Recently, Liu and Yan [19] extended a part of aforementioned results
to amenable group actions.

From a local viewpoint, Blanchard and Huang [1] defined a local version of weak
mixing, so called weakly mixing set, and proved that positive topological entropy implies
the existence of weakly mixing sets, which in particular, implies Li-Yorke chaos. Zhang
and Oprocha showed under Z actions, a weakly mixing set has positive topological
sequence entropy [21], and then they further showed that it has infinite topological
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sequence entropy [22]. In this paper, we will demonstrate that this result also holds for
amenable group actions.

Theorem C. Let (X,G) be a G-system. If A is a weakly mixing set, then the maximal
topological sequence entropy of A is infinite, i.e. for any m ∈ N, there is a sequence S
such that hS,Ftop (G,A) ≥ logm.

Let π : (X,G) → (Y,G) be a factor map between two G-systems. Viewing each
fiber π−1(y) as a subset of X, we define the relative topological sequence entropy. As a
corollary of Theorem C, we have the following result.

Corollary C.1. Let (X,G) be a G-system and (Y,G) be its factor. If there exists a
fiber π−1(y) which is a weakly mixing set in X, then the topological sequence entropy
of (X,G) relative to (Y,G) is infinite.

The central concept in our paper hinges on the utilization of a Følner sequence to
define relative sequence entropy, following a similar approach as presented by Liu and
Yan (see [19]). The Birkhoff ergodic theorem for amenable group actions requires the
use of a Følner sequence (see [17]), and in our paper, we need to utilize it as well. The
reason for selecting a specific Følner sequence as the basis for defining relative sequence
entropy is explained as follows:

(1) The notions of mixing and spectrum are defined by fixing a Følner sequence,
and these definitions are independent of the specific choice of Følner sequence. For Z
actions, Fn = {[0, n] ∩ Z}∞n=1 forms a Følner sequence, and the definition of sequence
entropy uses it.

(2) Our results will indicate to some extent that sequence entropy is independent of
the choice of Følner sequences. Therefore, when studying certain properties, we may
simply fix a simple Følner sequence to investigate them. This approach simplifies the
analysis while still yielding meaningful results.

This paper is organized as follows. In Section 2, we will introduce the basic notions
used in this paper. In Section 3, we will discuss modules and the relative spectrum.
In Section 4, we will demonstrate the relation between relative measure-theoretical
sequence entropy and weakly mixing extensions as well as compact extensions and
prove Theorem A and Corollaries A.1 and A.2. In section 5, we consider the relation
between measure-theoretical sequence entropy and rigid algebra, proving Theorems B
and B’. In Section 6, we discuss relative topological sequence entropy and weakly mixing
sets. Theorem C and Corollary C.1 are also proved there. Lastly, in Section 7, we will
explore entropy pairs within the context of relative sequence entropy.

Acknowledgement. The authors would like to thank the referee for valuable
suggestions. This work is supported by National Key R&D Program of China No.
2022YFA1007800 and NSFC Nos. 12071474, 12090012, 12031019 and 12090010.

2. Preliminaries

Throughout this paper, let X be a compact metric space equipped with a metric d,
and let G be an infinite countable discrete group. A G-system refers to a pair (X,G),
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where Γ : G×X → X, (g, x) 7→ gx, is a continuous mapping that satisfies the following
conditions:

Γ(eG, x) = x for each x ∈ X;
Γ(g1,Γ(g2, x)) = Γ(g1g2, x) for each g1, g2 ∈ G and x ∈ X.

Given a G-system (X,G), let BX be the Borel σ-algebra of X, and M(X) the set
of all Borel probability measures on X. We say that µ ∈ M(X) is G-invariant if
µ = gµ := µ ◦ g−1 for each g ∈ G. Given a G-invariant probability measure µ, we
call (X,BX , µ,G) a measure-preserving system (or G-MPS). A G-invariant measure µ is
called ergodic if µ

(⋃
g∈G gA

)
= 0 or 1 for any A ∈ BX . However, for general G-systems,

it is possible that there might not exist invariant measures. It is well known that the
amenability of groups guarantees the existence of invariant probability measures.

Recall that an infinite countable discrete group G is called amenable if there exists
a sequence F = {Fn}∞n=1 of finite subsets Fn ⊂ G such that for any g ∈ G,

lim
n→∞

|gFn △ Fn|
|Fn|

= 0,

where | · | denotes the cardinality of a set, and △ represents the symmetric difference
of sets. The sequence F above-mentioned is called a Følner sequence. For convenience,
we always assume that F = {Fn}∞n=1 is a Følner sequence of G such that eG ∈ F1 ⊆
F2 ⊆ . . . and ∪∞

n=1Fn = G.

2.1. Measure decomposition. We say that (Y,BY , ν, G) is a factor of (X,BX , µ,G)
if there exists a measurable map π : X → Y such that πµ = ν, and for any g ∈ G,
π ◦ g = g ◦ π. Equivalently, one says that (X,BX , ν, G) is an extension of (Y,BY , ν, G).

Let (Y,BY , ν, G) be a factor of (X,BX , µ,G). There is an identification between
L2(Y,BY , ν) and the subspace L2(X, π−1(BY ), µ) ⊂ L2(X,BX , µ) through h 7→ h ◦ π.
Using this identification, we can define the projection of L2(X,BX , µ) onto L2(Y,BY , ν)
by the conditional expectation f 7→ E(f |BY ). Here the conditional expectation E(f |BY )
is characterized as the unique BY -measurable function in L2(Y,BY , ν) satisfying∫

Y

gE(f |BY )dν =

∫
X

(g ◦ π)fdµ

for all g ∈ L2(Y,BY , ν).
The disintegration of µ over ν is represented by a measurable map y 7→ µy from Y to

the space of probability measures on X such that for any f ∈ L2(X,BX , µ), we have

E(f |BY )(y) =
∫
X

fdµy for ν-a.e. y ∈ Y.

The self-joining of (X,BX , µ,G) relatively independent over the factor (Y,BY , ν, G) is
a G-MPS (X ×X,BX ⊗ BX , µ× Y µ,G), where the measure µ×Y µ is defined by

µ× Y µ(B) =

∫
Y

µy × µy(B)dν(y), ∀B ∈ BX ⊗ BX .
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From the definition, it is easy to see that for all f1, f2 ∈ L2(X,BX , µ),∫
X×X

f1 ⊗ f2 dµ× Y µ =

∫
Y

E(f1|BY )E(f2|BY )dν,

where f1 ⊗ f2(x1, x2) = f1(x1)f2(x2). More details can be found in [3, 6].

2.2. Measure-theoretical relative sequence entropy. Let (X,BX , µ,G) be a G-
MPS. Given a finite measurable partition ξ of X and a sub-σ-algebra A of BX , we
define the conditional entropy of ξ given A as

Hµ(ξ|A) :=
∑
A∈ξ

∫
X

−E(1A|A) logE(1A|A) dµ,

where E(1A|A) denotes the conditional expectation of 1A (i.e., the characteristic func-
tion of A) with respect to A. It is well known that Hµ(ξ|A) increases with respect to
ξ and decreases with respect to A. Set T = {∅, X} and define

Hµ(ξ) := Hµ(ξ|T ) =
∑
A∈ξ

−µ(A) log µ(A).

Definition 2.1. Let S = {sn}n∈N ⊆ G be an infinite sequence, and F = {Fn} be a
Følner sequence. Then sequence entropy of (X,G) relative to a sub-σ-algebra A with
respect to a measurable partition ξ of X with Hµ(ξ|A) <∞, is defined by

hS,Fµ (G, ξ|A) = lim sup
n→∞

1

|Fn ∩ S|
Hµ(

∨
g∈Fn∩S

g−1ξ|A).

Then sequence entropy of (X,G) relative to a sub-σ-algebra A is defined by

hS,Fµ (G|A) = sup
ξ
{hS,Fµ (G, ξ|A) : Hµ(ξ|A) <∞}.

Let (Y,BY , ν, G) be a factor of (X,BX , µ,G) and {µy}y∈Y be the disintegration of µ
over ν. Then the conditional entropy of ξ relative to BY can be represented as

Hµ(ξ|BY ) =
∫
Y

Hy(ξ)dν,

where Hy(·) denotes the entropy with respect to µy, and BY is viewed as a sub-σ-algebra
of BX . The norms on Hilbert spaces L2(X,BX , µ) and L2(X,BX , µy), y ∈ Y are denoted
by || · || and || · ||y, respectively.

Definition 2.2. A function f ∈ L2(X,BX , µ) is called almost periodic over BY if for
every ϵ > 0 there exist h1, . . . , hl ∈ L2(X,BX , µ) such that for all g ∈ G,

min
1≤j≤l

||gf − hj||y < ϵ, for ν-a.e. y ∈ Y .

All almost periodic functions over BY constitute a subspace of L2(X,BX , µ), denoted
by AP (BY ). By a classical result in [31] (or [2, Proposition 2.1]), there exists a sub-σ-
algebra K(X|Y ) of BX such that AP (BY ) = L2(X,K(X|Y ), µ), which is the so called
Kronecker algebra of (X,BX , µ,G) relative to (Y,BY , ν, G).
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Definition 2.3. Let (X,BX , µ,G) and (Y,BY , ν, G) be two G-MPSs with a factor map
π : (X,BX , µ,G) → (Y,BY , ν, G). Then
(1) π is called a compact extension if

L2(X,K(X|Y ), µ) = L2(X,BX , ν), i.e., K(X|Y ) = BX ;
(2) π is called a weakly mixing extension if K(X|Y ) = π−1(BY ).

To end this section, we recall some terminology from topological dynamical systems.
A family is an upward hereditary collection G of subsets of G, i.e., a subset of G
containing an element of G is in G too. If a family G is closed under finite intersections
and satisfies ∅ /∈ G, then it is called a filter. The dual of a family is G∗ = {F ⊆ G :
F ∩ F ′ ̸= ∅ for all F ′ ∈ G}. Let {xn}n∈G be a sequence in a metric space (X, d). One
says that xn G-converge to x, denoted by G − lim xn = x, if for any neighborhood U of
x, {n ∈ G : xn ∈ U} ∈ G.

Let F = {Fn} be a Følner sequence and A be a subset of G, the upper density of A
with respect to F is

dF(A) = lim sup
n→∞

|A ∩ Fn|
|Fn|

,

and the lower density dF is defined via replacing lim sup by lim inf. If dF(A) = dF(A),
we denote by dF(A) the common value, and call the set A has density dF(A) with
respect to F

3. Modules and relative spectrum

In this section, following ideas in [12], we obtain some results on modules, which
will be used later. Let (X,BX , µ,G) be a G-MPS. Given a G-invariant sub-σ-algebra
A of BX , there exist a G-MPS (Y,BY , ν, G) and a factor map π : (X,BX , µ,G) →
(Y,BY , ν, G) such that π−1(BY ) = A. Let

µ =

∫
µydν(y)

be the measure disintegration of µ with respect to BY . Denote by Lp(A) the set of all
functions in Lp(X,µ) that are A-measurable for p ≥ 1. We denote the norm and inner
product on L2(X,µy) as | · |y and ⟨·, ·⟩y, respectively.

Definition 3.1. A subset M of L2(X,µ) is an A-module if
f1, f2 ∈M =⇒ h1f1 + h2f2 ∈M,

for all h1, h2 ∈ L∞(A). A basis of M is a set {fi} ⊆M such that

M ⊆ {
∑
i

hifi : hi ∈ L∞(A) for all i}.

A module M is finite dimensional if it has a finite basis.

Let M(A) denote the set of all functions in L2(X,µ) that are contained in a finite-
dimensional, G-invariant A-module, and let M(A) denote its closure. The set M(A)
is closed under complex conjugation, and bounded functions in M(A) form an alge-
bra. Consequently, there exists a σ-algebra D ⊆ BX such that M(A) = L2(X,D, µ).
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Furthermore, each A-module M can be decomposed into closed linear subspaces of
L2(X,µy), denoted by My for ν-a.e. y ∈ Y (see [12, Page 61] for more details). The
following proposition can be proved by an argument similar to that of [12, Proposition
1]. However, we provide an alternative proof which demonstrates the finite dimension
nature of M(A).

Proposition 3.2. Let f ∈ L2(X,µ). Then f ∈M(A) if and only if, for any ϵ > 0 and
infinite sequence S = {gi}∞i=1 ⊆ G,

lim
n→∞

ν

(
{y : inf

1≤j≤n−1
||f ◦ gn − f ◦ gj||y < ϵ}

)
= 1.

Proof. The “if” part follows from Remark 3.4 below. We prove “only if” part. Firstly,
we have the following claim.

Claim. Given any infinite sequence {gn}∞n=1 of G, for ν-a.e. y ∈ Y , there exist a strictly
increasing subsequence {ni}∞i=1 of N and Ky > 0 such that for any i ∈ N,

∥f ◦ gni
∥y ≤ Ky.

Proof of Claim. By contradiction, there exists A ∈ BY with ν(A) > 0 such that for any
y ∈ A, lim infn→∞ ∥f ◦ gn∥y = ∞. However,

∥f∥22 = lim
n→∞

∥f ◦ gn∥22 = lim
n→∞

∫
Y

∥f ◦ gn∥2ydν(y) ≥
∫
A

lim inf
n→∞

∥f ◦ gn∥2ydν(y) = ∞,

a contradiction against the assumption that f ∈ L2(X,µ). □

Assume the contrary that there exist f ∈ M(A), ϵ0 > 0 and an infinite sequence
S = {gn}∞n=1 ⊆ G such that

lim inf
n→∞

ν({y : inf
1≤j≤n−1

||f ◦ gn − f ◦ gj||y < ϵ0}) = 1− δ < 1.

Thus there exists a subsequence {ni}∞i=1 such that for any i ∈ N,

(2) ν({y : inf
1≤j≤i−1

||f ◦ gni
− f ◦ gnj

||y < ϵ0}) ≤ 1− 2δ.

Denote by D the full set obtained by the above claim with respect to the infinite
sequence {gni

}∞i=1. For convenience, we still denote the subsequence by {gni
}∞i=1, namely,

for any y ∈ D, there exists Ky > 0 such that for any i ∈ N,

(3) ∥f ◦ gni
∥y ≤ Ky.

Since f ∈M(A), there exists a sequence {fm}∞m=1 in M(A) such that

lim
m→∞

∥fm − f∥2 = 0.

Now we prove that for any ϵ > 0 and A ∈ BY with ν(A) > 0, there exist y ∈ A and
J := J(y) > 0 such that for any m ≥ J ,

∥fm ◦ gni
− f ◦ gni

∥y < ϵ for any i ∈ N.(4)
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Indeed, by contradiction, there exist ϵ1 > 0 and A1 ∈ BY with ν(A1) > 0, such that
for any y ∈ A1, there exist a strictly increasing sequence {mj}∞j=1 and a subsequence
{nij}∞j=1 of {ni}∞i=1 such that

∥fmj
◦ gnij

− f ◦ gnij
∥y > ϵ1.

Then by the G-invariance of µ, we have

lim inf
j→∞

∥fmj
− f∥22 = lim inf

j→∞
∥fmj

◦ gnij
− f ◦ gnij

∥22

≥ lim inf
j→∞

∫
A

∥fmj
◦ gnij

− f ◦ gnij
∥2ydν(y) > ν(A)ϵ21 > 0,

which is a contradiction.
Let

(5) E = D ∩ {y : inf
1≤j≤i−1

||f ◦ gni
− f ◦ gnj

||y ≥ ϵ0}.

Then ν(E) > 0 by (2), which implies that there exist y ∈ E and J := J(y) > 0 such
that for any m ≥ J ,

∥fm ◦ gni
− f ◦ gni

∥y < ϵ0/4, for any i ∈ N.

Furthermore, by (3), we have that for any m ≥ J and i ∈ N,

∥fm ◦ gni
∥y ≤ ∥f ◦ gni

∥y + ϵ0/4 ≤ Ky + ϵ0/4.

Recall that for any m ≥ J , fm ∈M(A). Thus {fm ◦gni
}∞i=1 is a bounded infinite subset

of some finite dimensional linear subspace Mm
y . Without loss of generality, by passing

to a subsequence, we may assume that for each m ∈ N, {fm ◦ gni
}∞i=1 is a Cauchy

sequence. However, we have proven that for any m ≥ J ,

∥fm ◦ gni
− f ◦ gni

∥y < ϵ0/4 and ∥fm ◦ gni+1
− f ◦ gni+1

∥y < ϵ0/4, for any i ∈ N.

Combining with (5), for any i ∈ N,

∥fm ◦ gni+1
− fm ◦ gni

∥y > ϵ0/2.

This is a contradiction against that {fm ◦ gni
}∞i=1 is a Cauchy sequence. Thus we finish

the proof of the “only if” part of the proposition. □

The following result is an extension of Hulse [12, Proposition 2] to amenable group
actions. However, note that Birkhoff ergodic theorem is only available for tempered
Følner sequence [17]. We do not provide details on tempered Følner sequence here,
since it will not be used in the later proof. Our proof uses the von Neumann mean
ergodic theorem for general Følner sequence to get L1 convergence.

Proposition 3.3. Let f ∈ L2(X,BX , µ). Then f ∈ M(A)⊥ if and only if for all
h ∈ L2(X,BX , µ),

lim
n→∞

1

|Fn|
∑
g∈Fn

|E(h(f ◦ g)|A)| = 0, in L1(ν).
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If in addition F is tempered, then these are equivalent to

lim
n→∞

1

|Fn|
∑
g∈Fn

|E(h(f ◦ g)|A)| = 0, ν-a.e.

Proof. The “if” part follows from Remark 3.4 below. We prove “only if” part.
First we will show that if f ∈ M(A)⊥, then E(f ⊗ f̄ |I) = 0, (µ ×Y µ)-a.e., where

I is the σ-algebra generated by all G-invariant sets and (f ⊗ f̄)(x1, x2) = f(x1)f̄(x2)
for any (x1, x2) ∈ X ×X. For convenience, we denote E(f ⊗ f̄ |I)(x1, x2) by E(x1, x2).
Note that∫

|E|2dµ×Y µ =

∫
(f ⊗ f̄)Edµ×Y µ

=

∫ (∫
f̄(x)

(∫
E(x,w)f(w)dµy(w)

)
dµy(x)

)
dν(y).

Since f ∈M(A)⊥, we only need to prove that the function x 7→
∫
E(x,w)f(w)dµπ(x)(w)

is in M(A), which is equivalent to that K(L2(X,µ)) ⊆ M(A), where K is the linear
operator defined by

(Kf)(x) =

∫
E(x,w)f(w)dµπ(x)(w).

Consider the compact operators Ky on L2(X,µy) defined by

Kyf =

∫
E(·, w)f(w)dµy(w).

Given any y ∈ Y , since Ky is a Hilbert-Schmidt operator, and E(z, w) = E(w, z), it
follows that Ky is compact and symmetric. Applying the spectra theorem for compact,
symmetric operators on Ky, we deduce that the eigenvalues of Ky form a bounded set
of real numbers with no limit points except possibly 0. Furthermore, the eigenspaces
span L2(X,µy) and those eigenspaces corresponding to non-zero eigenvalues are finite
dimensional. Let {λi(yi)}i≥1 be non-zero eigenvalues of Ky, indexed so that λ1 ≥ λ2 ≥
· · · . Let V (i)

y be the finite-dimensional eigenspace corresponding to λi(y) and let V (0)
y

be the null space of Ky. (If Ky has only j non-zero eigenvalues, then V
(i)
y = {0} for

i > j). Note that if Kyf = λf , µy-a.e. then for any g ∈ G, (Kyf) ◦ g−1 = λf ◦ g−1,
µgy-a.e. However,

(Kyf)(g
−1x) =

∫
E(g−1x,w)f(w)dµy(w) =

∫
E(g−1x, g−1w)f(g−1w)dµgy(w)

=

∫
E(x,w)f(g−1w)dµgy(w) = (Kgy(f ◦ g−1))(x).

Then Kgy(f ◦ g−1) = λ(f ◦ g−1). Therefore, we deduce that Kyf = λf if and only
if Kgy(f ◦ g−1) = λf ◦ g−1 holds for all g ∈ G and ν-a.e. y ∈ Y . Thus, there
exists a one-to-one correspondence between the eigenvalues of Ky and Kgy, and the
corresponding eigenspaces are isomorphic. Specifically, λi(y) = λi(gy) for i ≥ 1, and
g−1V

(i)
y = V

(i)
gy , where g−1V

(i)
y = {f ◦ g−1 : f ∈ V

(i)
y }, for i ≥ 0. Furthermore, for

each i ≥ 0, λi(y) is a measurable function of y, which shows that the set {y ∈ Y :
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Kyf = λi(y)f} is measurable for all f ∈ L2(X,µ). Consequently, if denote V (i) = {f ∈
L2(X,µ) : f ∈ V

(i)
y , ν-a.e.}, then for i ≥ 1, V (i) is K-invariant and is the direct sum

of finite-dimensional, G-invariant A-modules. V (0) represents the null space of K, and
L2(X,µ) =

∑∞
i=0 V

(i). Hence, K(L2(X,µ)) ⊆ M(A), which implies E(f ⊗ f̄ |A) = 0,
(µ×Y µ)-a.e.

By von Neumann mean ergodic theorem (see [6, Theorem 3.33] for example), we have
that if E(f ⊗ f̄ |I) = 0, then

1

|Fn|
∑
g∈Fn

(f ⊗ f̄) ◦ g → 0 in L2(X ×X,µ×Y µ).

Thus, for any h ∈ L2(X,µ), one has that

(6) lim
n→∞

∫
1

|Fn|
∑
g∈Fn

((f ⊗ f̄) ◦ g) · (h⊗ h̄)dµ×Y µ = 0.

Note that ∫
1

|Fn|
∑
g∈Fn

((f ⊗ f̄) ◦ g) · (h⊗ h̄)dµ×Y µ

=
1

|Fn|
∑
g∈Fn

∫ (∫
(f ◦ g)hdµy

)2

dν(y)

≥ 1

|Fn|
∑
g∈Fn

(∫
|
∫
(f ◦ g)hdµy|dν(y)

)2

,

which together with (6), implies that

lim
n→∞

1

|Fn|
∑
g∈Fn

(∫
|
∫
(f ◦ g)hdµy|dν(y)

)2

= 0.

From standard analysis, this is equivalent to that

lim
n→∞

1

|Fn|
∑
g∈Fn

∫
|
∫
(f ◦ g)hdµy|dν(y) = 0.

Thus we obtain that
1

|Fn|
∑
g∈Fn

|E((f ◦ g)h|A)| = 1

|Fn|
∑
g∈Fn

|
∫
(f ◦ g)hdµy| → 0 in L1(Y, ν).

If in addition F is tempered, then we can prove the second statement by a proof
similar to that of [12, Proposition 2]. □

Remark 3.4. Let f = f1 + f2 where f1 ∈M(A) and f2 ∈M(A)⊥.
(1) If f /∈ M(A), then f2 is non-trivial, so there exists δ > 0 such that ||f2||2y ≥ δ

for y in a set E of positive measure ϵ. By the “only if ” part of Proposition 3.3,
we may choose a sequence S = {gk}∞k=1 such that

|
∫
f2 ◦ gn · f2 ◦ gmdµy| ≤

1

4
δ
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for all m,n and y ∈ F , where ν(F ) > 1− 1
2
ϵ. Then

||f2 ◦ gn − f2 ◦ gm||2y ≥ ||f2 ◦ gn||2y + ||f2 ◦ gm||2y − 2|⟨f2gn, f2gm⟩y| ≥
1

2
δ

for y ∈ g−1
n E ∩ F , which is a set of measure greater than 1

2
ϵ. Therefore, for all

n,

ν

(
{y : inf

1≤i≤n−1
||f ◦ gn − f ◦ gi||2y <

δ

2
}
)
< 1− 1

2
ϵ,

which is a contradiction. This proves the “if ” part of Proposition 3.2.
(2) Now we prove the “if ” part of Proposition 3.3. By the assumption, for any

h ∈ L2(X,µ),

0 = lim sup
n→∞

1

|Fn|
∑
g∈Fn

|
∫

(f ◦ g)hdµy| = lim sup
n→∞

1

|Fn|
∑
g∈Fn

|
∫
(f1 ◦ g)hdµy|

in L1(X,µ). By applying the argument in (1) to f1 instead of f2 there, we see
that f1 /∈M(A) which is a contradiction. This proves the “if ” part of Proposition
3.3.

4. Kronecker algebra and relative sequence entropy

In this section, we establish the relation between relative sequence entropy and
relative Kronecker algebra. We always assume that (X,BX , µ,G) is a G-MPS and
(Y,BY , ν, G) is its factor with the factor map π, and A = π−1BY . Recall that the
Kronecker algebra of (X,BX , µ,G) relative to (Y,BY , ν, G) is defined in Definition 2.2
such that AP (BY ) = L2(X,K(X|Y ), µ). To simplify notation, denote K(X|Y ) by K.

Lemma 4.1. Let ξ, η be measurable partitions such that Hµ(ξ|A), Hµ(η|A) <∞. Then

|hS,Fµ (G, ξ|A)− hS,Fµ (G, η|A)| ≤
∫
Hy(ξ|η) +Hy(η|ξ)dν

for any infinite sequence S.

Proof. According to the classical entropy formula, we have for any y ∈ Y

Hy(
∨

g∈Fn∩S

g−1(ξ ∨ η)) = Hy(
∨

g∈Fn∩S

g−1ξ) +Hy(
∨

g∈Fn∩S

g−1η|
∨

g∈Fn∩S

g−1ξ).
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The same equation holds with ξ and η interchanged. Subtracting one from the other
gives

|Hy(
∨

g∈Fn∩S

g−1ξ)−Hy(
∨

g∈Fn∩S

g−1η)|

=|Hy(
∨

g∈Fn∩S

g−1η|
∨

g∈Fn∩S

g−1ξ)−Hy(
∨

g∈Fn∩S

g−1ξ|
∨

g∈Fn∩S

g−1η)|

≤Hy(
∨

g∈Fn∩S

g−1η|
∨

g∈Fn∩S

g−1ξ) +Hy(
∨

g∈Fn∩S

g−1ξ|
∨

g∈Fn∩S

g−1η)

≤
∑

g∈Fn∩S

(Hy(g
−1ξ|g−1η) +Hy(g

−1η|g−1ξ)).

Therefore, by the invariance of ν,

| 1

|Fn ∩ S|
Hµ(

∨
g∈Fn∩S

g−1ξ|A)− 1

|Fn ∩ S|
Hµ(

∨
g∈Fn∩S

g−1η|A)|

≤ 1

|Fn ∩ S|

∫ ∑
g∈Fn∩S

(Hy(g
−1ξ|g−1η) +Hy(g

−1η|g−1ξ))dν

=

∫
(Hy(ξ|η) +Hy(η|ξ))dν.

The proof is completed. □

The following lemma was proved in [12, Lemma 2].

Lemma 4.2. There exists a countable set {ξk}k∈N of finite measurable partitions such
that

inf
k∈N

{∫
(Hy(ξ|ξk) +Hy(ξk|ξ))dν

}
= 0

for all partitions ξ such that Hµ(ξ|A) <∞.

Combining the above two lemmas, one has

hS,Fµ (G|BY ) = sup
ξ
{hS,Fµ (G, ξ|BY ) : ξ is a finite measurable partition}.

Thus hS,Fµ (G|BY ) = 0 if and only if hS,Fµ (G, ξ|BY ) = 0 for all two-set measurable
partitions ξ, since every finite partition is a refinement of two-set partitions. Therefore,
in the following, we can only consider the finite measurable partitions.

Following ideas in [2, Lemma 3.6], we have the following result.

Lemma 4.3. Let F = {Fn}∞n=1 be a Følner sequence and D ⊆ G with dF(D) > 0.
Then there exists a subsequence S ⊆ D such that

hS,Fµ (G, ξ|BY ) ≥ Hµ(ξ|K(X|Y ))

for any finite measurable partition ξ of X.
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Proof. First, we prove the following claim:
Claim: Consider finite measurable partitions ξ and η of X. For any ϵ > 0, there

exist a sequence D ⊆ G with dF(D) = 1 and M ∈ N such that for any m > M and any
g ∈ (D ∩ Fm)\FM , ∫

Y

Hy(g
−1ξ|η)dν ≥ Hµ(ξ|K)− ϵ.

Proof of the claim. Let ξ = {A1, . . . , Ak} and η = {B1, . . . , Bl}. For any A,B ∈ BX ,
since 1A − E(1A|K) ∈ L2(X,K, µ)⊥, we have by Proposition 3.3,

lim
n→∞

1

|Fn|
∑
g∈Fn

∣∣∣∣ ∫
X

((1A − E(1A|K)) ◦ g)1Bdµy
∣∣∣∣ = 0

in L1(Y,BY , ν).
Equivalently for any ϵ > 0 there exist a sequence D′ of G with dF(D

′) = 1 and
M ′ ∈ N such that for any g ∈ (D′ ∩ Fn)\FM , n > M ′, we have∫

Y

∣∣∣∣ ∫
X

((1A − E(1A|K)) ◦ g)1Bdµy
∣∣∣∣dν < ϵ.

Moreover, there exist a sequence D with dF(D) = 1 and M ∈ N such that for any
g ∈ (D ∩ Fn)\FM , n > M ,∫

Y

∣∣∣∣µy(g−1Ai ∩Bj)−
∫
X

(E(1Ai
|K) ◦ g)1Bj

dµy

∣∣∣∣dν < ϵ for any 1 ≤ i ≤ k, 1 ≤ j ≤ l.

Let ϕ(x) = −x log x. For any γ > 0, we choose 0 < δ < γ
4

1
kl

such that

|u− v| < δ → |ϕ(u)− ϕ(v)| < γ

4

1

kl
.(7)

Taking M ∈ N large enough, for any g ∈ (D ∩ Fm)\FM ,m > M , there is Em ⊆ Y
with ν(Em) > 1− γ

2 log k
such that∣∣∣∣µy(g−1Ai ∩Bj)−

∫
X

(E(1Ai
|K) ◦ g)1Bj

dµy

∣∣∣∣ < δ(8)

for all 1 ≤ i ≤ k, 1 ≤ j ≤ l and y ∈ Em.
Now let ai,j = −

(∫
X
(E(1Ai

|K) ◦ g)1Bj
dµy
)
log

∫
X(E(1Ai

|K)◦g)1Bj
dµy

µy(Bj)
. Then

ai,j = µy(Bj)ϕ

(∫
Bj

(E(1Ai
|K) ◦ g)dµBj ,y

)
,

where µBj ,y = µ(· ∩Bj)/µy(Bj). Since ϕ is concave, one deduces

ai,j ≤ µy(Bj)

∫
Bj

−(E(1Ai
|K) ◦ g) log(E(1Ai

|K) ◦ g)dµBj ,y(9)

=

∫
Bj

−(E(1Ai
|K) ◦ g) log(E(1Ai

|K) ◦ g)dµy.
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For any y ∈ Em and g ∈ (D ∩ Fm)\FM ,m > M , using (7) and (8), we have∣∣∣∣∑
i,j

−µy(g−1Ai ∩Bj) log
µy(g

−1Ai ∩Bj)

µy(Bj)
− ai,j

∣∣∣∣(10)

≤
∑
i,j

∣∣∣∣µy(g−1Bi ∩Bj) log µy(g
−1Ai ∩Bj)

−
∫
X

(E(1Ai
|K) ◦ g)1Bj

dµy log

∫
X

(E(1Ai
|K) ◦ g)1Bj

dµy

∣∣∣∣
+
∑
i

∣∣∣∣∑
j

(
µy(g

−1Ai ∩Bj)−
∫
X

(E(1Ai
|K) ◦ g)1Bj

dµy

)
log µy(Bj)

∣∣∣∣
≤ kl

γ

4

1

kl
+ kδ

∣∣∣∣ log(∏
j

µy(Bj)

)∣∣∣∣
≤ γ

4
+ k

γ

4

1

kl log l

∣∣∣∣ log(
∑

j µy(Bj)

l

)l∣∣∣∣ = γ

2
.(11)

Then using (10) and (11), we have

Hy(g
−1ξ|η) =

∑
i,j

−µy(g−1Ai ∩Bj) log
µy(g

−1Ai ∩Bj)

µy(Bj)
≥
∑
i,j

ai,j −
γ

2
.(12)

Thus by (9) and (12),

Hy(g
−1ξ|η) ≥

∑
i,j

ai,j −
γ

2
≥
∑
i

∫
X

−(E(1Ai
|K) ◦ g) log(E(1Ai

|K) ◦ g)dµy −
γ

2
.

Integrating with respect to ν one obtains∫
Y

Hy(g
−1ξ|η)dν ≥

∫
Em

Hy(g
−1ξ|η)dν

≥
∑
i

∫
Em

∫
X

−(E(1Ai
|K) ◦ g) log(E(1Ai

|K) ◦ g)dµydν(y)−
γ

2

≥
∑
i

∫
Y

∫
X

−(E(1Ai
|K) ◦ g) log(E(1Ai

|K) ◦ g)dµydν(y)

−
∑
i

∫
Y \Em

∫
X

−(E(1Ai
|K) ◦ g) log(E(1Ai

|K) ◦ g)dµydν(y)−
γ

2

≥
∑
i

∫
X

−(E(1Ai
|K) ◦ g) log(E(1Ai

|K) ◦ g)dµ− γ

2 log k
log k − γ

2

= Hµ(ξ|K)− γ.

This completes the proof of the claim. □
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Let {ξk}k∈N be as in Lemma 4.2. For any sequence D′ with d(D′) > 0, by induction,
there is an infinite subsequence S = {si}∞i=1 ⊆ D′ such that∫

Y

Hy(s
−1
n ξj|

n−1∨
i=1

s−1
i ξj)dν ≥ Hµ(ξj|K)− 1

2n
,

for any n ≥ 2 and 1 ≤ j ≤ n. Denote Fn ∩ S = {si1 , . . . , sikn} is a subsequence of S.
Fix k ∈ N, one has

hS,Fµ (G, ξk|BY )

= lim sup
n→∞

1

|Fn ∩ S|
Hµ(

∨
g∈Fn∩S

g−1ξk|BY ) = lim sup
n→∞

1

|Fn ∩ S|

∫
Y

Hy(
∨

g∈Fn∩S

g−1ξk)dν(y)

= lim sup
n→∞

1

|Fn ∩ S|

∫
Y

[Hy(
k∨
j=1

s−1
ij
ξk) +

kn∑
j=k+1

Hy(s
−1
ij
ξk|

j−1∨
l=1

s−1
il
ξk)]dν

≥ lim sup
n→∞

1

|Fn ∩ S|

∫
Y

[Hy(
k∨
j=1

s−1
ij
ξk) +

kn∑
j=k+1

Hy(s
−1
ij
ξk|

ij−1∨
l=1

s−1
l ξk)]dν

≥ lim sup
n→∞

1

|Fn ∩ S|
[

∫
Y

Hy(
k∨
j=1

s−1
j ξk)dν + (kn − k)Hµ(ξk|K)−

kn∑
i=k+1

1

2i
] = Hµ(ξk|K).

Therefore hS,Fµ (G, ξk|BY ) ≥ Hµ(ξk|K) for any k ∈ N.
Now let ξ be any finite measurable partition. Given δ > 0, by Lemma4.1, choose ξk

such that
∫
Y
Hy(ξ|ξk) +Hy(ξk|ξ)dν(y) < δ. Then |hS,Fµ (G, ξ|BY )− hS,Fµ (G, ξk|BY )| < δ

and |Hµ(ξ|BY )−Hµ(ξk|BY )| < δ. So

hS,Fµ (G, ξ|BY ) ≥ hS,Fµ (G, ξk|BY )− δ ≥ Hµ(ξ|BY )− 2δ.

Since δ > 0 is arbitrary, the proof is completed. □

Lemma 4.4. Given B ∈ BX , then B ∈ K(X|Y ) if and only if hS,Fµ (G, {B,Bc}|BY ) = 0
for any infinite sequence S ⊆ G.

Proof. The proof follows from similar ideas as in [12, Theorem 1].
(⇒) Given B ∈ K(X|Y ), denote B1 = B and B2 = Bc for convenience. Then

ξ = {B1, B2} is a finite measurable partition.
For any n ∈ N, denote Fn ∩ S = {g1, . . . , gkn}. Then

1

|Fn ∩ S|
H(

∨
g∈Fn∩S

g−1ξ|BY ) =
1

|Fn ∩ S|

∫
Hy(

∨
g∈Fn∩S

g−1ξ)dν

=
1

|Fn ∩ S|

∫ kn∑
r=1

Hy(g
−1
r ξ|

r−1∨
j=1

g−1
j ξ)dν(13)

≤ 1

|Fn ∩ S|

kn∑
r=1

∫
inf

1≤j≤r
Hy(g

−1
r ξ|g−1

j ξ)dν.
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Let ϵ > 0 and δ > 0. By inequality (4) in the proof of Proposition 3.2., for N ∈ N large
enough and r ≥ N ,

inf
1≤j≤r−1

||1Bpgr − 1Bpgj||y <
√
ϵ,

for p = 1, 2 on a subset E of Y with measure greater than 1− δ. Note that

∥1Bp ◦ gr − 1Bp ◦ gj∥2y = µy(g
−1
r Bp △ g−1

j Bp).

Hence for each y ∈ E there exists j with 1 ≤ j ≤ n− 1 such that

|µy(g−1
r Bp ∩ g−1

j Bp)− µy(g
−1
j Bp)| < ϵ,

for p = 1, 2 and

µy(g
−1
r Bp ∩ g−1

j Bq) < ϵ,

for all p, q = 1, 2 and p ̸= q. Now

Hy(g
−1
r ξ|g−1

j ξ) =
∑
q

ϕ(µy(g
−1
r Bq∩g−1

j Bq)−ϕ(µy(g−1
j Bq)))+

∑
p̸=q

ϕ(µy(g
−1
r Bp∩g−1

j Bq)),

where ϕ(w) = −w logw. By the continuity, we may choose ϵ > 0 small enough such
that |w1−w2| < ϵ implies |ϕ(w1)−ϕ(w2)| < ϵ′. Then Hy(g

−1
r ξ|g−1

j ξ) < 4ϵ′ for all y ∈ E.
Note that Hy(g

−1
r ξ|g−1

j ξ) < log 2 for all y ∈ Y , so∫
inf

1≤j≤r
Hy(g

−1
r ξ|g−1

j ξ)dν < (1− δ)4ϵ′ + δ log 2.

Since ϵ′ and δ are arbitrary, by (13), we deduce that

lim
n→∞

1

|Fn ∩ S|
Hµ(

∨
g∈Fn∩S

g−1ξ|BY ) = 0.

(⇐) By contradiction, we assume that there exists B /∈ K(X|Y ) such that

hS,Fµ (G, {B,Bc}|BY ) = 0

for any infinite sequence S ⊆ G. However, by Lemma 4.3, there exists a sequence S
such that

hS,Fµ (G, {B,Bc}|BY ) ≥ Hµ({B,Bc}|K(X|Y )) > 0,

which is a contradiction. Now we finish the proof. □

Lemma 4.5. For any finite measurable partition ξ of X and any infinite sequence
S ⊆ G,

hS,Fµ (G, ξ|BY ) ≤ Hµ(ξ|K(X|Y )).

Proof. Let {ξk}k∈N be a countable set of finite K(X|Y )-measurable partitions such that
{ξk} ↗ K(X|Y ). Since ξk is K(X|Y )-measurable, by Lemma 4.4 one has hS,Fµ (G, ξk|BY ) =
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0. So

hS,Fµ (G, ξ|BY ) = lim sup
n→∞

1

|Fn ∩ S|

∫
Y

Hy(
∨

g∈Fn∩S

g−1ξ)dν − hS,Fµ (G, ξk|BY )

≤ lim sup
n→∞

1

|Fn ∩ S|

∫
Y

Hy(
∨

g∈Fn∩S

g−1(ξ ∨ ξk))−Hy(
∨

g∈Fn∩S

g−1ξk)dν

= lim sup
n→∞

1

|Fn ∩ S|

∫
Y

Hy(
∨

g∈Fn∩S

g−1ξ|
∨

g∈Fn∩S

g−1ξk)dν

≤ lim sup
n→∞

1

|Fn ∩ S|

∫
Y

|Fn ∩ S|Hy(ξ|ξk)dν

=

∫
Y

Hy(ξ|ξk)dν = Hµ(ξ|ξk ∨ BY ) ≤ Hµ(ξ|ξk).

The proof is completed by martingale theorem. □

Combining Lemmas 4.3 and 4.5, we finish the proof of Theorem A, namely, for any
D ⊆ G with d(D) > 0,

max
S⊆D

hS,Fµ (G, ξ|BY ) = Hµ(ξ|K(X|Y )).

As a consequence, we obtain Corollary A.1, namely, the characterization of compact
extensions and weakly mixing extensions (see Definition 2.3) via the relative sequence
entropy:

Corollary 4.6. Let (X,BX , µ,G) be G-MPS and (Y,BY , ν, G) be its factor.

(1) (X,BX , µ,G) is a compact extension of (Y,BY , ν, G) if and only if hS,Fµ (G|BY ) =
0 for any sequence S ⊆ G;

(2) (X,BX , µ,G) is a weakly mixing extension of (Y,BY , ν, G) if and only if for
any sequence D with positive upper density with respect to F , there exists a
subsequence S ⊆ D such that hS,Fµ (G, ξ|BY ) = Hµ(ξ|BY ) for any measurable
partition ξ of X with Hµ(ξ|BY ) <∞.

Following ideas in [2, Theorem 5.1], by Rokhlin Theorem and Theorem A, we obtain
Corollary A.2:

Theorem 4.7. Suppose (Y,BY , ν, G) is a factor of the ergodic system (X,BX , µ,G).
Then

max
S⊆G

{hS,Fµ (G|BY )} ∈ {log k : k ∈ N} ∪ {∞}.

Remark 4.8. If µ is not ergodic, then this result is incorrect even in the non-relative
setting. In particular, there exists a minimal system such that, for any nonnegative real
number t, there exists an invariant measure whose maximal sequence entropy equals to
t (see [18, Proposition 2.10]).
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5. Measure-theoretical rigid and mild mixing

5.1. Rigid and mild mixing for non-relative case. In this section, following ideas
in the work of Huang, Shao and Ye [9], we characterize rigid and mild mixing via
sequence entropy. Let us begin with some definitions.

Definition 5.1 (see[26] or [25]). Let (X,BX , µ,G) be a G-MPS. Then it is called
(1) rigid if there exists an infinite sequence {gn}∞n=1 in G such that for any A ∈ BX ,

lim
n→∞

µ(A∆g−1
n A) = 0;

(2) mild mixing if for any infinite sequence {gi}∞i=1 of G,

lim inf
i→∞

µ(B∆g−1
i B) > 0, for any B ∈ BX with 0 < µ(B) < 1.

If G is an abelian group, for any A ∈ BX being rigid with respect to a sequence
{gn}∞n=1, i.e., limn→∞ µ(A∆g−1

n A) = 0, then so is gA as is seen in the following calcula-
tion

lim
n→∞

µ (gn(gA)∆(gA)) = lim
n→∞

µ (ggnA∆gA) = lim
n→∞

µ (gnA∆A) = 0.

However, if G is nonabelian, this reasoning breaks down, and the σ-algebra of rigid sets
with respect to some sequence {gn}∞n=1 need not be G-invariant. In this case one cannot
infer the existence of a rigid factor. Nevertheless, we can characterize mild mixing and
rigidity via sequence entropy for amenable group actions, without using the notion of
rigid σ-algebra. We do it in the non-relative setting, since the relative case is much
more involved.

Since the Hilbert space L2(X,µ) is separable, for any infinite sequence in G, there
exists an infinite subsequence S = {gn}∞n=1 of G such that limn→∞⟨φ,Ugnψ⟩ exists for
any φ, ψ ∈ L2(X,µ). Now for a fixed ψ ∈ L2(X,µ), we define J : L2(X,µ) → C by

J(φ) = lim
n→∞

⟨φ,Ugnψ⟩.

Obviously, J is a continuous linear functional on L2(X,µ). By the Riesz representation
theorem, there exists S(ψ) ∈ L2(X,µ) such that J(φ) = ⟨φ, S(ψ)⟩ for all φ ∈ L2(X,µ).
Note that if ψ ≥ 0, then S(ψ) ≥ 0. Indeed, suppose for contradiction that µ({x ∈ X :
S(ψ)(x) < 0}) > 0. Then, it follows that

⟨1{x∈X:S(ψ)(x)<0}, S(ψ)⟩ < 0.

However, on the other hand, as ψ ≥ 0, one has

⟨1{x∈X:S(ψ)(x)<0}, S(ψ)⟩ = lim
n→∞

⟨1{x∈X:S(ψ)(x)<0}, Ugnψ⟩ ≥ 0,

which yields a contradiction.

Lemma 5.2. Let (X,BX , µ,G) be a G-MPS, and S = {gn}∞n=1 be an infinite subse-
quence of G as above. Then for any finite measurable partition α of X, there exists an
infinite sequence S̃ = {g̃i}∞i=1 of S such that

hS̃,Fµ (G,α) ≥
∑
B∈α

∫
X

−S(1B) logS(1B)dµ.
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Proof. Enumerate α as {B1, . . . , Bk}, and fix any finite measurable partition η =
{D1, . . . Dl}. Then

lim
i→∞

⟨Ugi1Bs , 1Dt⟩ = ⟨1Dt , S(1Bs)⟩

for any s ∈ {1, 2, . . . , k} and t ∈ {1, 2, . . . , l}. Therefore we deduce

lim inf
i→∞

Hµ(g
−1
i α|η) = lim inf

i→∞

∑
s,t

−µ(g−1
i Bs ∩Dt) log

(
µ(g−1

i Bs ∩Dt)

µ(Dt)

)
= lim

i→∞

∑
s,t

−⟨Ugi1Bs , 1Dt⟩ log
(
⟨Ugi1Bs , 1Dt⟩

µ(Dt)

)
=
∑
s,t

−⟨S(1Bs), 1Dt⟩ log
(
⟨S(1Bs), 1Dt⟩

µ(Dt)

)
=
∑
s,t

−µ(Dt)

(∫
Dt

S(1Bs)

µ(Dt)
dµ

)
log

(∫
Dt

S(1Bs)

µ(Dt)
dµ

)
(14)

≥
∑
s,t

−µ(Dt)

∫
Dt

S(1Bs)

µ(Dt)
log (S(1Bs))dµ

=
∑
B∈α

−
∫
X

S(1B) log (S(1B))dµ,

where in the inequality we use concavity of the function −x log x.
Now we can define inductively an infinite subsequence S̃ = {g̃i}∞i=1 of S by using (14)

repeatedly such that for any i ∈ N,

Hµ

(
g̃−1
i α| ∨i−1

j=1 g̃
−1
j α

)
≥
∑
B∈α

−
∫
X

S(1B) log (S(1B))dµ− 1

2i
.

For each n ∈ N, there exist 1 ≤ i1 < i2 < . . . < ikn such that

Fn ∩ S̃ = {g̃i1 , . . . , g̃ikn}.
Thus,

Hµ(∨g∈Fn∩S̃g
−1α) = Hµ(∨knj=1g̃

−1
ij
α)

=
kn∑
r=1

Hµ(g̃
−1
ij
α | ∨ir−1

j=1 g̃
−1
ij
α)

≥
kn∑
r=1

(∑
B∈α

−
∫
X

S(1B) log (S(1B))dµ− 1

2ir

)

≥ |Fn ∩ S̃|
∑
B∈α

−
∫
X

S(1B) log (S(1B))dµ− 1,

(15)

which implies that

hS̃,Fµ (G) = lim sup
n→∞

1

|Fn ∩ S̃|
Hµ(∨g∈Fn∩S̃g

−1α) ≥
∑
B∈α

−
∫
X

S(1B) log (S(1B))dµ.
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This finishes the proof of Lemma 5.2. □

For further discussion, we need a classical consequence (see [27, Page 94] for example).

Lemma 5.3. Let (X,BX , µ) be a Borel probability space and r ≥ 1 be a fixed inte-
ger. For each ϵ > 0, there exists δ = δ(ϵ, r) > 0 such that if α = {A1, A2, . . . , Ar}
and η = {B1, B2, . . . , Br} are any two finite measurable partitions of (X,BX , µ) with∑r

j=1 µ(Aj∆Bj) < δ, then Hµ(α|η) +Hµ(η|α) < ϵ.

We need the following result, which is an extension of Lemma 3.3 in [9] from Z-actions
to amenable group actions.

Lemma 5.4. Let (X,BX , µ,G) be a G-MPS, B ∈ BX and F be an infinite subsequence
in G. Then the following conditions are equivalent.

(1) {Ug1B : g ∈ F} is a compact subset of L2(X,BX , µ);
(2) for any infinite subsequence S = {gi}∞i=1 of F ,

hS,Fµ (G, {B,Bc}) = 0.

Proof. (i) ⇒ (ii). Let η = {B,Bc}. If {Ug1B : g ∈ F} is a compact subset of L2(µ),
then for any infinite subsequence S̃ = {g̃i}∞i=1 of F , {Ug̃i1B : i ∈ N} is a compact subset
of L2(µ). So for any δ > 0, there exists N ∈ N such that for any i ≥ N there exists
n(i) < N such that

µ
(
g̃−1
i B∆g̃−1

n(i)B
)
= ∥Ug̃i1B − Ug̃n(i)

1B∥2 < δ.

For any ϵ > 0, it follows from Lemma 5.3 that for any i > N , there exists n(i) < N
such that

Hµ

(
g̃−1
i η|g̃−1

n(i)η
)
+Hµ

(
g̃−1
n(i)η|g̃

−1
i η
)
< ϵ.

Thus for any i > N ,

Hµ

(
g̃−1
i η|

i−1∨
j=1

g̃−1
j η

)
≤ Hµ

(
g̃−1
i η|g̃−1

n(i)η
)
< ϵ.

By an argument similar to that of (15), we have hS̃,Fµ (G, η) ≤ ϵ. Letting ϵ → 0, we
deduce that hS̃,Fµ (G, η) = 0.

(ii) ⇒ (i). If {Ug1B : g ∈ F} is not a compact subset of L2(X,µ), then there exist
ϵ > 0 and an infinite subsequence P of F such that for all g, h ∈ P with g ̸= h,
(16) µ

(
g−1B∆h−1B

)
= ∥Ug1B − Uh1B∥2 ≥ ϵ.

By the argument at beginning of the section, we obtain an infinite subsequence
S = {gi}∞i=1 of P such that

lim
i→∞

⟨φ,Ugiψ⟩ = ⟨φ, S(ψ)⟩ for any φ, ψ ∈ L2(X,µ).

It follows from Lemma 5.2 that there exists an infinite subset S̃ = {g̃i}∞i=1 of S such
that

hS̃,Fµ (G, {B,Bc}) ≥
∫
X

(−S(1B) log (S(1B))− S(1Bc) log (S(1Bc))) dµ.
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Since hS̃,Fµ (G, {B,Bc}) = 0, it follows that −S(1B) logS(1B) = 0 for µ-a.e. x ∈ X. So
S(1B) is an indicator function and ⟨1X , S(1B)⟩ = ∥S(1B)∥2. Since µ is an invariant mea-
sure, we have ⟨1X , 1B⟩ =

∫
1Bdµ = lim

i→∞

∫
Ugi1Bdµ = lim

i→∞
⟨1X , Ugi1B⟩ = ⟨1X , S(1B)⟩, it

follows that ∥S(1B)∥2 = ∥1B∥2. Hence

lim
i→∞

∥Ugi1B − S(1B)∥2 = 0.

This implies that for sufficiently large i and j,

µ
(
g−1
i B∆g−1

j B
)
<
ϵ

2
,

which contradicts (16). Therefore {Ug1B : g ∈ F} is a compact subset of L2(X,µ). Now
we finish the proof of Lemma 5.4. □

Now we characterize the mild mixing via sequence entropy.

Theorem 5.5. Let (X,BX , µ,G) be a G-MPS. Then the following two conditions are
equivalent:

(1) µ is mildly mixing;
(2) for any B ∈ BX with 0 < µ(B) < 1 and any infinite sequence F in G, there

exists an infinite subsequence S of F such that hS,Fµ (G, {B,Bc}) > 0.

Proof. (1) ⇒ (2). Suppose the contrary that there exist B ∈ BX with 0 < µ(B) < 1
and an infinite set F of G such that hS,Fµ (G, {B,Bc}) = 0 for any infinite subsequence
S of F . By Lemma 5.4, we have that {Ug1B : g ∈ F} is compact in L2(X,µ). Thus,
there exists an infinite subsequence {gi}∞i=1 of F such that {Ugi1B}∞i=1 is a Cauchy
sequence in L2(X,µ). Using the G-invariance of µ, we deduce that there exists an
infinite subsequence {g̃i}∞i=1 of G such that

lim
i→∞

µ(B∆g̃−1
i B) = lim

i→∞
∥Ug̃i1B − 1B∥22 = 0,

which contradicts to the assumption that (X,BX , µ,G) is mildly mixing.
(2) ⇒ (1). Fix any B ∈ BX with 0 < µ(B) < 1 and any infinite sequence F of G. If

(X,BX , µ,G) is not mildly mixing, then there exists an infinite subsequence S = {gi}∞i=1

of F such that
lim
i→∞

∥Ugi1B − 1B∥22 = lim
i→∞

µ(B∆g−1
i B) = 0,

which implies that {Ugi1B : i ∈ N} is compact in L2(µ). Using Lemma 5.4 again, for any
infinite subsequence S̃ of S, one has that hS̃,Fµ (G, {B,Bc}) = 0, which is a contradiction
to (2). □

Now let us proceed to characterize the rigidity of G-MPS.

Theorem 5.6. Let (X,BX , µ,G) be a G-MPS. Then the following two conditions are
equivalent.

(1) (X,BX , µ,G) is rigid;
(2) there exists an infinite sequence F in G such that for any subsequence S of F ,

hS,Fµ (G) = 0.
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Proof. (1) ⇒ (2). Since (X,BX , µ,G) is rigid, there exists an infinite sequence F =
{gn}∞n=1 ⊂ G such that for any B ∈ BX ,

(17) lim
n→∞

µ(B∆g−1
n B) = 0.

By Lemma 5.4, we only need to prove that for any B ∈ BX , {Ug1B : g ∈ F} is a compact
subset of L2(X,BX , µ). However, this is obtained by the fact that for any B ∈ BX ,

lim
n→∞

∥1B − gn1B∥22 = lim
n→∞

µ(B∆g−1
n B) = 0.

(2) ⇒ (1). Using Lemma 5.4 again, we have that {Ug1B : g ∈ F} is compact in
L2(X,µ). Thus, there exists an infinite subsequence {gn}∞n=1 of F such that {Ugn1B}∞n=1

is a Cauchy sequence in L2(X,µ). Using the G-invariance of µ, we deduce that there
exists an infinite subsequence {g̃n}∞n=1 of G such that

lim
n→∞

µ(B∆g̃−1
n B) = lim

n→∞
∥Ug̃n1B − 1B∥22 = 0.

The proof is complete. □

Now we have proved Theorem B, which is a combination of Theorems 5.5 and 5.6.

5.2. Rigid σ-algebra for abelian group actions. When G is an abelian group, the
σ-algebra of rigid sets is G-invariant. Thus, in this subsection, we consider the rigid
extension of a G-MPS under the assumption that G is an abelian group. We emphasize
that our notion of sequence entropy is defined using any Følner sequence F . Even in
the case G = Z, this already generalizes the classical sequence entropy using specific
F = {[−n, n] ∩ Z : n ∈ N}.

Denote by F (N) the family of all finite subsets of N. Given α, β ∈ F (N), we will
write α < β if every element in α is less than every element in β. The set

F (1) := {∪i∈β αi : β ∈ F (N)},

where α1 < α2 < . . . ∈ F (N) is called a IP-ring.
We call a sequence in any space Y indexed by F (N) as an F (N)-sequence. Let Y be

a semigroup. Then an F (N)-sequence {yα}α∈F (N) defines an IP-system if yα = yi1 . . . yik
for any α = {i1 < . . . < ik} ∈ F (N). An IP-system can be viewed as a generalized
semigroup, as for any α, β ∈ F (N) with α∩ β = ∅ and α < β, one has yα∪β = yαyβ (see
e.g. [4] using this as the definition of IP-systems).

Let F (1) be an IP-ring. Note that any sequence {yα}α∈ F (1) can be viewed as an
F (N)-sequence by the following map:

Γ : F (N) → F (1), β 7→ ∪i∈βαi.

Then this map is bijective and satisfies Γ(α ∪ β) = Γ(α) ∪ Γ(β). Thus, we can rewrite
{yα}α∈F (1) as {xα}α∈F (N).

Now we recall the convergence for F (N)-sequences. If {xα}α∈F (N) is an F (N)-sequence
in a topological space X and y ∈ X, we say xα converges to y, denoted by

IP − lim
α∈F (N)

xα = y
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if for any open neighborhood V of y, there is a β(V ) ∈ F (N) such that xα ∈ V for
every α > β(V ). If X is a compact metric space, there is an IP-ring F (1) such that
IP − limα∈F (1) xα exists.

Theorem 5.7 ([5]). Let {Uα}α∈F (N) be an IP-system of unitary operators on a separable
Hilbert space H. Then there is an IP-subsystem {Uα}α∈F (1), with F (1) an IP-ring, such
that

IP − lim
α∈F (1)

Uα = P in the weak topology,

where P is the orthogonal projection onto a subspace of H

Let (X,BX , µ,G) be a G-MPS and {gα}α∈F (N) be an IP-system in G. Consider a
factor (Y,BY , ν, G) of (X,BX , µ,G) with the corresponding factor map π : X → Y . By
Theorem 5.7, there exists an IP-ring F (1) ⊂ F (N) such that for all K ∈ L2(X×X,BX⊗
BX , µ×Y µ),

IP − lim
α∈F (1)

gαK = PK

exists in weak topology and P is an orthogonal projection.

Definition 5.8. Let {gα} be an IP-system and F (1) ⊆ F (N) be an IP-ring. A function
f ∈ L2(X,BX , µ) is called almost periodic over BY with respect to gα along F (1) and
one writes f ∈ AP (BY , {gα}, F (1)), if for every ϵ > 0, there exists a set D ∈ BY with
ν(D) < ϵ and functions h1, . . . , hl ∈ L2(X,BX , µ) such that for every δ > 0 there exists
α0 ∈ F (1) with the property that whenever α ∈ F (1) with α > α0 there is a set Eα ∈ BY
with ν(Eα) < δ such that for all y /∈ D ∪ Eα,

min
1≤j≤l

||f ◦ gα − hj||y < ϵ.

AP (BY , {gα}, F (1)) is a G-invariant algebra which is invariant under complex conjugacy.
Using [31] again, there exists a sub-σ-algebra KF (X|Y ) ⊂ BX , where F = {gα}α∈F (1) ,
such that

AP (BY , {gα}, F (1)) = L2(X,KF (X|Y ), µ).

One calls KF (X|Y ) a rigid algebra over BY .

Utilizing similar arguments of Theorem 4.7 and Corollary 4.10 in [2], we have the
following results.

Theorem 5.9. Let {gα}α∈F (N) be an IP -system, F (1) be an IP-ring and KF (X|Y ) be
a rigid algebra over BY . Then f ∈ L2(X,KF (X|Y ), µ)⊥ if and only if

IP − lim
α∈F (1)

∫
Y

|E(hf ◦ gα|BY )|dν = 0

for any h ∈ L2(X,BX , µ).

Let {gα} be an IP-system and F (1) be an IP-ring. Any subset having the form
{gβi}i∈N ⊆ {gα}α∈F (1) with β1 < β2 < . . . is called an F (N)-monotone subset of
{gα}α∈F (1) .
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Theorem 5.10. Let f ∈ L2(X,BX , µ). Then f ∈ L2(X,KF (X|Y ), µ) if and only if for
any ϵ > 0 and any F (N)-monotone subset {gβi}i∈N ⊆ {gα}α∈F (1), there exists M ∈ N
such that for every n ∈ N with n > M there is En ∈ BY with ν(En) < ϵ such that for
any y /∈ En,

inf
1≤i≤n−1

||gβn − gβi ||y < ϵ.

The following result establishes the relation between relative sequence and rigid σ-
algebra.

Theorem 5.11. Let (X,BX , µ,G) be a G-MPS and (Y,BY , ν, G) its factor with the
factor map π. For any IP-system {gα}α∈F (N) there exists an IP-ring F (1) of F (N) such
that for any IP-ring F (2) ⊆ F (1) there exists an F (N)-monotone subset S ⊆ {gα}α∈F (2)

such that
hS,Fµ (G, ξ|BY ) = Hµ(ξ|KF (X|Y ))

for all measurable partitions ξ of X with Hµ(ξ|BY ) <∞ where F = {gα}α∈F (1).
In particular, for any IP-system {gα}α∈F (N) there exists an IP-ring F (1) of F (N) such

that

max{hS,Fµ (G, ξ|BY ) : S ⊆ F is F (N)− monotone} = Hµ(ξ|KF (X|Y )).

Following ideas in [2], the proof of Theorem 5.11 is obtained by the following four
lemmas.

Lemma 5.12. Let {gα}α∈F (N) be an IP-system. Then there exists an IP-ring F (1) of
F (N) such that for any IP-ring F (2) ⊆ F (1) there exists an F (N)-monotone subset
S ⊆ {gα}α∈F (2) such that

hS,Fµ (G, ξ|BY ) ≥ Hµ(ξ|KF (X|Y ))

for all measurable partitions ξ of X with Hµ(ξ|BY ) <∞ where F = {gα}α∈F (1).

Proof. Let F (1) be the IP-ring such that IP-limα∈F (1) gαK = PK holds. Consider KF =
KF (X|Y ) to be the σ-algebra associated to F = {gα}α∈F (1) .

Let GF be the family generated by {{gα}α∈F (2) : F (2) is an IP-ring of F (1)}. By Hind-
man’s theorem G∗

F is a filter.
Claim: For any measurable finite partition ξ and η of X and ϵ > 0, there exists a

sequence S ∈ G∗
F such that for any g ∈ S∫

Y

Hy(g
−1ξ|η)dν ≥ Hµ(ξ|KF )− ϵ.

Proof of Claim: Note that
(18)
G∗
F = {S ⊆ G : there exists α0 ∈ F (1) such that gα ∈ S for any α ∈ F (1) with α > α0}.

For any A,B ∈ BX , since 1A−E(1A|KF ) ∈ L2(X,KF , µ)
⊥, it follows from Theorem 5.9

that
IP − lim

α∈F (1)

∫
Y

|
∫
X

(1A − E(1A|KF )) ◦ gα1Bdµy|dν = 0,
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which together with (18), implies that

G∗
F − lim

∫
Y

|
∫
X

(1A − E(1A|KF )) ◦ gn1Bdµy|dν = 0.

Let ξ = {A1, . . . , Ak} and η = {B1, . . . , Bl}. Since G∗
F is a filter, for any fixed δ1, δ2 > 0,

there exists S ∈ G∗
F such that for any g ∈ S there is a set Eg ∈ BY with ν(Eg) > 1− δ1

satisfying

|µ(g−1Ai ∩Bj)−
∫
X

E(1Ai
|KF ) ◦ g1Bj

dµy| < δ2

for all 1 ≤ i ≤ k, 1 ≤ j ≤ l and y ∈ Eg. The proof of Claim is completed by a similar
argument to that of Lemma 4.3. □

For any IP-ring F (2) ⊆ F (1), S ′ = {gα}α∈F (2) is an IP-ring and S ′ ∈ GF . Thus one
can complete the proof in the same way as the proof of Lemma 4.3. □

The following result is classical (see e.g. [27, Page 94]).

Lemma 5.13. Let r ≥ 1 be a fixed integer. For each ϵ > 0, there exists δ > 0 such
that if ξ = {A1, . . . , Ar} and η = {C1, . . . , Cr} are two measurable partitions of X with∑r

i=1 µ(Ai△Ci) < δ then the Rokhlin metric satisfies

ρµ(ξ, η) = Hµ(ξ|η) +Hµ(η|ξ) < ϵ.

Lemma 5.14. Let {gα}α∈F (N) be an IP-system and B ∈ BX . Then there exists an
IP-ring F (1) of F (N) such that B ∈ KF (X|Y ) if and only if

hS,Fµ (G, {B,Bc}|BY ) = 0

for all F (N)-monotone subsets S ⊆ F where F = {gα}α∈F (1).

Proof. Let F (1) be such that IP−limα∈F (1) gαK = PK holds and assume B ∈ KF (X|Y ).
Let A = {gβi}i∈N be an F (N)-monotone subset of F = {gα}α∈F (1) and ξ = {B,Bc}.

Observe that ||g11B − g21B||2y = µy(g
−1
1 B△g−1

2 B) for any g1, g2 ∈ G. Since 1B ∈
L2(X,KF (X|Y ), µ), there is M ∈ N such that for any n > M , there exists En ∈ BY
with ν(En) < δ satisfying, for any y /∈ En,

inf
1≤j≤n−1

||1B ◦ gβn − 1B ◦ gβj ||y < δ.

Moreover, given any ϵ > 0, the above δ is chosen according to Lemma 5.13.
Hence for any n > M , there is 1 < j(n) < n− 1 such that ρy(g−1

βn
ξ, g−1

βj(n)
ξ) < ϵ. So

Hy(g
−1
βn
ξ|
n−1∨
i=1

g−1
βi
ξ) ≤ Hy(g

−1
βn
ξ|g−1

βj(n)
ξ) ≤ ϵ.

The rest of proof is similar to that of Lemma 4.4. □

Lemma 5.15. Let {gα}α∈F (N) be an IP-system. Then there exists an IP-ring F (1) of
F (N) such that for any finite measurable partition ξ of X and F (N)-monotone subset
S ⊆ F

hS,Fµ (G, ξ|BY ) ≤ Hµ(ξ|KF (X|Y )),

where F = {gα}α∈F (1).



RELATIVE SEQUENCE ENTROPY FOR AMENABLE GROUP ACTIONS 27

Proof. Let F (1) be such that IP − limα∈F (1) gαK = PK holds. The proof is analogous
to that of Lemma 4.5, by replacing K(X|Y ) by KF (X|Y ). □

Now we are able to characterize the rigid and mild mixing extension via relative
sequence entropy. Let us begin with some definitions. Referring to [5, 2], we have the
following definition.

Definition 5.16. Let (X,BX , µ,G) be a G-MPS and (Y,BY , ν, G) be its factor. Then
(1) (X,BX , µ,G) is called a rigid extension of (Y,BY , ν, G) if there is an IP-system

F such that KF (X|Y ) = BX ;
(2) (X,BX , µ,G) is called a mild mixing extension of (Y,BY , ν, G) if there exists an

IP-system F such that KF (X|Y ) = BY .

Finally, Theorem B’, restated in the following, is a corollary of Theorem 5.11.

Theorem 5.17. Let (X,BX , µ,G) be a G-MPS and (Y,BY , ν, G) one of its factor where
G is an abelian group. Then

(1) (X,BX , µ,G) is a rigid extension of (Y,BY , ν, G) if and only if there exists an
IP-system F = {gα}α∈F (N) such that hS,Fµ (G|BY ) = 0 for any F (N)-monotone
subset S ⊆ F ;

(2) (X,BX , µ,G) is a mild mixing extension of (Y,BY , ν, G) if and only if any IP-
system F = {gα}α∈F (N), there exists an F (N)-monotone subset S ⊆ F such that
hS,Fµ (G, ξ|BY ) = Hµ(ξ|BY ) for any measurable partition ξ of X with Hµ(ξ|BY ) <
∞.

6. relative topological sequence entropy and weakly mixing set

In this section, we aim to establish the characterization of weakly mixing sets via
relative topological sequence entropy for amenable group actions. To be specific, we
extend the results by Oprocha and Zhang that the existence of weakly mixing set implies
infinite sequence entropy [22] from Z-actions to amenable group actions.

Let us begin with some notations. Given two covers C = {C1, . . . , Ck} and D =
{D1, . . . , Dl}, denote

C ∨ D := {Ci ∩Dj : i = 1, . . . , k, and j = 1, . . . , l, where Ci ∩Dj ̸= ∅}.
Now consider a finite cover U of X, a non-empty set K ⊆ X, and a sequence S ⊆ G.
DefineN(U|K) as the smallest number of sets from U needed to coverK. The topological
sequence entropy of K with respect to the sequence S and the Følner sequence F is given
by:

hS,Ftop (G,K) = sup
U
hS,Ftop (G,U , K),

where the supremum is taken over all finite open covers U of K and

hS,Ftop (G,U , K) := lim sup
n→∞

1

|Fn ∩ S|
logN(

∨
g∈Fn∩S

g−1U|K).

Let (Y,G) be a factor of (X,G) with the factor map π and U be a finite open cover
of X. For any y ∈ Y , π−1(y) is a subset of X, and denote

N(U|y) := N(U|π−1y).
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Then we can define the relative topological sequence entropy of S along Følner sequence
F by

hS,Ftop (G,U|π) = sup
y∈Y

hS,Ftop (G,U|y),

where
hS,Ftop (G,U|y) = lim sup

n→∞

1

|Fn ∩ S|
logN(

∨
g∈Fn∩S

g−1U|y).

Then the relative topological sequence entropy of (X,G) is defined as

hS,Ftop (G,X|π) = sup
U
hS,Ftop (G,U|π),

where the supremum is taken over all finite open covers U of X. In the case of π
being trivial, i.e. Y is a singleton, then the relative topological sequence entropy is the
topological sequence entropy.

Definition 6.1. Let (X,G) be a G-system and ∅ ̸= A ⊆ X, n > 1. We say A is
(1) transitive if for each pair of open subsets (U, V ) of X intersecting A, there exists

g ∈ G with g−1(V ∩ A) ∩ U ̸= ∅;
(2) weakly mixing of order n if An is transitive set of (Xn, G). Here, Xn denotes the

n-fold product space of X, and g ∈ G acts naturally on Xn by: (x1, . . . , xn) 7→
(gx1, . . . , gxn) ;

(3) weakly mixing if A is weakly mixing of each order n > 1.

Here we denote the recurrence time set of A,B ⊆ X by

τ(A,B) := {g ∈ G : A ∩ g−1B ̸= ∅}.
We restate and prove Theorem C as follows.

Theorem 6.2. Let (X,G) be a G-system. If A is a weakly mixing set, then the sequence
entropy of A is infinite, i.e., for any m ∈ N, there is a sequence S of G such that
hS,Ftop (G,A) ≥ logm.

Proof. Let m ≥ 2. Choose open sets V1, U1, . . . , Vm, Um intersecting with A such that
Vi ⊆ Ui and Ui ∩ Uj = ∅ whenever 1 ≤ i < j ≤ m.

Claim: There exist a sequence S = {gn}∞n=1 of distinct elements of G and an increas-
ing sequence {mn}∞n=1 of positive integers such that for each n ≥ 1, gn ∈ Fmn+1\Fmn

and for any s ∈ {1, 2, . . . ,m}n

n⋂
i=1

g−1
i Vs(i) ∩ A ̸= ∅.

Proof of the claim. It is obvious that the claim holds for n = 1 by choosing g1 = eG.
Assume that there exist g1, . . . , gk ∈ G and m1 < m2 < . . . < mk such that for each
i ∈ {1, 2, . . . , k}, gi ∈ Fmi+1\Fmi

and

k⋂
i=1

g−1
i Vs(i) ∩ A ̸= ∅ for all s ∈ {1, 2, . . . ,m}k.
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Take mk+1 ∈ N large enough, so that g1, . . . , gk ∈ Fmk+1. Since A is weakly mixing of
any order n, the set ⋂

s∈{1,2,...,m}k

m⋂
j=1

τ(
k⋂
i=1

g−1
i Vs(i) ∩ A, Vj),

is an infinite set (see [28]), and hence there exists gk+1 /∈ Fmk+1
with gk+1 ̸= gi for each

i = 1, 2, . . . , k such that

gk+1 ∈
⋂

s∈{1,2,...,m}k

m⋂
j=1

τ(
k⋂
i=1

g−1
i Vs(i) ∩ A, Vj).

Through this iterative process, we obtain the sequence S = {gn}∞n=1 and an increasing
sequence {mn}∞n=1 of positive integers satisfying the claim. □

Define W = X \ (V1 ∪ · · · ∪ Vm). Now, consider the collection U defined as U =
{W ∪ U1, . . . ,W ∪ Um}, which is an open cover of X. Take the infinite subset S as
in the claim, and for any n ∈ N and s ∈ {1, . . . ,m}n, choose xs ∈

⋂n
i=1 g

−1
i Vs(i) ∩ A.

Denote An = {xs : s ∈ {1, . . . ,m}n} ⊆ A. Then |An| = mn and each element of∨n
i=1 g

−1
i U contains exactly one point from An. It implies that N(

∨n
i=1 g

−1
i U|A) = mn.

Therefore,

hS,Ftop (G,A) ≥ hS,Ftop (G,A,U) = lim sup
n→∞

1

|Fn ∩ S|
logN(

∨
g∈Fn∩S

g−1U|A)

≥ lim sup
n→∞

1

|Fmn+1 ∩ S|
logN(

∨
g∈Fmn+1∩S

g−1U|A)

≥ logm.

The proof is completed. □

Using this theorem, it is easy to obtain the following, which implies Corollary C.1.

Corollary 6.3. Let (X,G) be a G-system and (Y,G) be its factor with factor map π.
Then for any y ∈ Y , if π−1(y) is weakly mixing, then for any m ∈ N, there is a sequence
S of G such that hF ,Stop (G, y) > logm.

7. Relative sequence entropy pair

At the end, we consider relative sequence entropy from the local viewpoint. Let
(X,BX , µ,G) be a G-MPS and (Y,BY , ν, G) be its factor with factor map π.

For any subset A of X, denote by Ao the interior of the set A. A pair (x, y) ∈ X×X
with x ̸= y is called a relative sequence entropy pair if for any Borel partition ξ =
{A,Ac} of X with x ∈ Ao and y ∈ (Ac)o, there exists an infinite sequence S such that
hS,Fµ (G, ξ|BY ) > 0, i.e. Hµ(ξ|K(X|Y )) > 0 by Theorem A. We denote the set of relative
sequence entropy pairs by SE(Y,µ).
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Denote (X,K(X|Y ), µ) by (Z,m) for convenience. Let µ =
∫
Z
µzdm(z) be the disin-

tegration of µ over (Z,m). Set

λµ =

∫
Z

(µz × µz)dm(z),

the relatively independent joining of µ over m. Let Λµ be the topological support of
λµ.

Theorem 7.1. For a measure µ ∈M(X,G), SE(Y,µ) = Λµ\∆ where ∆ is the diagonal
of X ×X.

Proof. For convenience, we write K(X|Y ) as K in the following proof. Suppose (x, y) /∈
SE(Y,µ) ∪ ∆. Then there exists a Borel partition ξ = {A,Ac} of X such that x ∈ Ao,
y ∈ (Ac)o and Hµ(ξ|K) = 0. This implies that A is K-measurable. Hence

λµ(A× Ac) =

∫
µz(A)µz(A

c)dm(z) = 0.

Thus (x, y) /∈ Λµ.
Conversely, suppose (x, y) /∈ Λµ ∪∆. Then there exist disjoint open neighborhoods

A and B of x and y respectively with

(19) 0 = λµ(A×B) =

∫
µz(A)µz(B)dm(z) =

∫
E(1A|K)E(1B|K)dµ(x).

Let D = {x ∈ X : E(1A|K)(x) = 0} ∈ K. Then by (19), E(1B|K)(x) = 0, for µ-
a.e. x ∈ Dc. Thus, µ(B ∩ Dc) = E(E(1B|K)1Dc) = 0, which implies that B ⊂ D.
Similarly, A ⊂ Dc. Then we have that D is in K such that Hµ({Do, (Dc)o}|K) = 0.
Thus (x, y) /∈ SE(Y,µ). Hence the proof is complete. □

A pair (x1, x2) is referred to as a topological sequence entropy pair relative to Y if for
any closed, disjoint neighborhoods A and B of x1 and x2, respectively, there exists an
infinite subset S ⊂ G such that hS,Ftop (G, {Ac, Bc}|π) > 0. Denote the set of all sequence
entropy pairs by SEY (X,G). We can use topological relative sequence entropy pairs to
describe null G-system relative to Y .

Theorem 7.2. Let (X,G) be a G-system and (Y,G) be its factor. Then (X,G) is null
relative to Y if and only if SEY (X,G) = ∅.

Proof. It is clear that if (X,G) is null relative to Y then SEY (X,G) = ∅.
Conversely, we have the following claim.

Claim: If there is an open cover U = {U, V } of X such that hS,Ftop (G,U|π) > 0 for some
infinite sequence S ⊂ G, then there are points x ∈ U c and y ∈ V c such that (x, y) is a
sequence entropy pair relative to Y .

Proof of the claim. Let U = {U, V } be such that hS,Ftop (G,U|π) > 0. By an argument
similar to that of [19, Lemma 5.3], there is a sequence of open covers Un = {Un, Vn}
such that for each n ∈ N

(a) Un ⪰ Un+1;
(b) the diameters of U c

n and V c
n converge to 0;
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(c) hS,Ftop (G,Un|π) > 0.
By the compactness of X and items (a) (b), there exist x, y ∈ X such that

∩∞
n=1U

c
n = {x} and ∩∞

n=1 U
c
n = {y}.

For any disjoint closed neighborhoods x ∈ A and y ∈ B, there is an n ∈ N such that
U c
n ⊆ A and V c

n ⊆ B, which together with (c) implies that and hS,Ftop (G,A
c, Bc|π) ≥

hS,Ftop (G,Un|π) > 0. Therefore, (x, y) is a sequence entropy pair relative to Y . The proof
of claim is completed. □

Thus, if (X,G) is not null, that is, there is an open cover U of X such that

hS,Ftop (G,U|π) > 0,

then by the claim we have SEY (X,G) ̸= ∅. The proof is completed. □
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