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Abstract

The concept of central sets, introduced by Furstenberg through the framework of topological
dynamics, has played a pivotal role in combinatorial number theory. Furstenberg’s Central Sets
Theorem highlighted their rich combinatorial structure. Later in [Fund. Math., 199 (2008),
155175.], De, Hindman, and Strauss strengthen this theorem using the algebraic framework of
the Stone-Cech compactification. In this article, we establish a unified version of the Central
Sets Theorem that simultaneously captures both additive and multiplicative structures.
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1 Introduction

Let X be a compact Hausdorff space and T : X — X a continuous self-map. The pair (X,T) is
what we call a dynamical system. Given an open set U € X and a point x € X, the set

R(z,U)={neN|T "z e U}

is known as the return times set of = to U.

Although this definition is presented in the context of a Z-action, it naturally extends to more
general dynamical systems that arise from actions of arbitrary semigroups.

In his work [8, Proposition 8.21], Furstenberg introduced the concept of central sets via return
times and proved the celebrated Central Sets Theorem, which has since become a cornerstone in
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topological dynamics and combinatorics. Later, following [i, 9], central sets can also be character-
ized as members of minimal idempotent ultrafilters in the Stone-Cech compactification of a discrete
semigroup. More explicitly, if (.S, -) is any discrete semigroup and (39, -) is the Stone-Cech compact-
ification of S, then a set A € S is said to be central if there exists a minimal idempotent ultrafilter
p such that A € p.

Throughout the paper, N denotes the set of positive integers. For a nonempty set X, we write
P¢(X) for the family of all nonempty finite subsets of X, and X" for the set of sequences in X.

We now state the Central Sets Theorem.

Theorem 1.1 (Central Sets Theorem). Let | € N, and let A € N be a central set. For each
1€{1,2,...,1}, let {xim)ia_1 be a sequence in N. Then there exist a sequence {by,)yo_; in N and a
sequence (K, )% _, in Py(N) such that:

1. For all m, max K,,, < min K, ;1.
2. For every i€ {1,2,...,1} and any H € P;(N),
3 (bm Ly x> A
meH teK
Using the Stone-Cech compactification of discrete semigroups, D. De, N. Hindman, and D. Strauss
obtained in [2] a strengthened form of the Central Sets Theorem, now known as the Stronger Cen-

tral Sets Theorem.

Theorem 1.2 (Stronger Central Sets Theorem). Let (S,+) be a commutative semigroup, T =
NS, and let C < S be a central set. Then there exist functions

a:Pr(t)— S and H:Ps(r)— Pr(N)
such that:
1. For oall F,G € Ps(7) with F < G,
max H(F) < min H(G).
2. For any m € N, and any sequence
GicGeC--- S Gy inPp(r),
with f; € G; for each i =1,2,...,m, we have

alG)+ ). filt)|ec

teH(G;)

s



For a noncommutative version of the above theorem, we refer to the article [].

In this article, our primary goal is to prove a version of the Central Sets Theorem, which uni-
fies both the additive and multiplicative Central Sets Theorems, that means it unifies the Central
Sets Theorem on both (N, +) and (N, -). The core idea behind this result arises from the following
observation: for any finite coloring of N, there exists a color class that is both an additive and a
multiplicative central set. Consequently, it satisfies both versions of the Central Sets Theorem. This
naturally leads to the following question.

How do these two Central Sets Theorems interact with each other?

In this paper, we explore the answer to this question, where we prove a mixture of both additive and
multiplicative Central Sets Theorem, with a particular focus on the function H : P;("N) — P;(N)
in Theorem 2. Note that our function H is the same for both semigroups (N, +) and (N, -).

For any semigroup (S, -), let E(8S, -) be the collection of all idempotent ultrafilters. The following
lemma is standard.

Lemma 1.3. The set E(K (BN, +)) n E (K (BN, +)) is nonempty.
The following theorem is our main theorem.

Theorem 1.4 (Unified Central Sets Theorem). Let p € E (K (BN,+)) n E(K (BN,:)) and
A < N be such that A € p, that is A is both an additive and a multiplicative central set.
Then there exist a color class A = N and three functions

a,8:P; ("N) >N and H:P;("N)— P(N)
such that:
(1) If F,G € Py (NN) and F < G, then
max H(F) < min H(G).

(2) ForanymeNand Gy & Go & --- & Gy, in Py (NN), and for eachi =1,2,...,m with f; € G;,
we have:

(a) for any K < {1,...,m}

MlaGy+ D) ft)]eA

ek teH(Gs)

(b) forany L < {1,...,m}
[T(8@G)- T] £ ]eA
jeL teH(G:)

(c) Forall N<m, K< {l,...N}and LS {N +1,...m}

Z a(Gi) + Z fi®) ] H B(Gi) - n fi(t) || € A

€K teH (G1) jeL teH (Gy)



2 Preliminaries on Partial Semigroups

Here we recall some basic facts about partial semigroups. For details, we refer to the article [5].

Definition 2.1. A partial semigroup is a pair (.5, -), where “-” is a partially defined binary operation
on S; that is, it maps a subset of S x .S into S. It satisfies the following associativity condition:
for all a,b,c € S, if either (a-b)-cor a- (b-c) is defined, then so is the other, and they are equal.

Example 1.
(1) Let {xn ¥ ; be a sequence in a semigroup (.S, -), and let
FP ({x,)) = {]‘[ T, Fe Pf(N)} ,
neF

where the product is taken in increasing order of indices. In general, this set is not closed
under the semigroup operation. However, define

H z H e | = [Lerog®n if maxF < minG,
nekr ! neG " undefined otherwise.
Then (7)), where T' = F'P({z,)), is a partial semigroup.

The study of partial semigroups plays an important role in Ramsey theory. In this paper, we focus
on a special class of partial semigroups known as adequate partial semigroups, which are particularly
useful for combinatorial applications.

Definition 2.2 (Adequate Partial Semigroup). Let (S,-) be a partial semigroup.
(1) For s € S, define ¢(s) = {t € S : st is defined}.
(2) For H € Ps(S), define o(H) = (e ¢(5).
(3) The partial semigroup (.5, ) is said to be adequate if o(H) # & for all finite H < S.

In Example [, one can verify that unlike (R, -), the partial semigroup (T, -) is adequate.
In the case of (R, "), observe that for any finite subset H € R, we have o(H) # ¢ if and only if
all matrices in H have the same number of columns. That is, if we define

H ={AeR:Aisamatrix with r columns for some fixed r € N},

then o(H) # & if and ounly if H € H for some fixed r. Therefore, (R,-) is not adequate in general.



2.0.1 Algebra of the Stone-Cech Compactification of Discrete Partial Semigroups

Let (S,) be a partial semigroup, and let 85 denote the set of ultrafilters on S. Then (58S, ) is also
a partial semigroup.

One of the key advantages of working with adequate partial semigroups is that, unlike general
partial semigroups, we can identify a genuine semigroup structure within 5.

Definition 2.3. Given a partial semigroup (5, -), define:

iS=[)ol) = () o).

zesS HePy(S)

Clearly 45 < 5S. Remarkably, this set 45, equipped with a suitably defined operation, forms a
semigroup.
For € S and A < S, define:

r'A={yeqp(x):xz-ye A}

The following lemma describes the algebraic structure of adequate partial semigroups within the
StoneCech compactification.

Lemma 2.4. [6, Lemma 2.4] Let S be an adequate partial semigroup.

(a) Let x€ S, ge ¢(x), and A< S. Then
Aex-q «— z'Aeq.
(b) Letpe BS, q€ S, and A< S. Then
Aep-q = {reS:x'Aeq}ep.

The following theorem guarantees the existence of idempotents in partial semigroups.

Theorem 2.5. [5, Theorem 2.6] Let S be an adequate partial semigroup. Then, with the operation
described above, 0S is a compact rTight topological semigroup and hence contains idempotents.

3 Proof of Theorem T4

Let S be a semigroup. For m € N, define

each H; € P¢(N) and }

In = {(H1;H27...7Hm) " forall je {1,2,...,m — 1}, max H; < max H;j

Given me N, ae S, He I, and f €S, define

x(m,a, H, f) = n a(j) - nf(t) ~a(m+1).

teH;



Let 7 = U:Z:l T, and define a partial binary operation * on Z by
(Hh...,Hm)*(Kl,...,Kn) = (Hl,...,Hm,Kl,...,Kn),

whenever max H,, < min K7; otherwise, the operation is undefined.
It follows from [G] that (Z, =) is an adequate partial semigroup, and

e}
ST=(\{HeZ:mnH >n} .

n=1
We need the following lemma to prove our main result.

Lemma 3.1. [d, Lemmas 2.10] Let (S,-) be a partial semigroup, A = S a piecewise syndetic set,
and F € Py(NS). Define

B(AF,) ={(Hi,...,Hy) €T :3ae S™" such thatVf e F, z(m,a,H, f) € A}.
Then for every p € E(6Z), we have B(A, F,-) € p.
Now we are in the position to prove our main result.

Proof of Theorem [I.4: Let

and let A € p. Then A is both additively and multiplicatively central.

Define

A*(p)={xe Az 'Aep}.
As p is fixed, we will write A* instead of A*(p). Since p-p = p, it follows that A* € p. Moreover, by
[@, Lemma 4.14], if x € A*, then
1A% e p.
Now, by the choice of p, we have A* € ¢ for some additive minimal idempotent q € E(K (8N, +)).
Define
A™(q)={xe A" : —x + A* € ¢}.
Then A**(q) € q. Now again, as ¢ is fixed, we will write A* = A**(q) € ¢. Furthermore, for any
x € A it follows that
—x+ A eq.

We define a(F), 3(F) € N and H(F) € P;(N) for F € P;("N) by induction on |F|, satisfying the

following inductive hypothesis:

(1) For F,G € P;("N) with & # G < F, we have

max H(G) < min H(F).



(2) Whenever n € N, Gy, Go,...,G, € Py("N) with
GGG, =T,
and for each i € {1,2,...,n}, f; € G;, then the following hold:

(a) for any K < {1,...,m}

YileaGy+ D) filt)|eAr <A

€K teH(G;)

(b) forany L < {1,...,m}
[T{8@H T £ |ea
jeL teH(G;)

(c) Foral N <n, K< {l,...N}and LS {N +1,...n},

Yole@y+ s (TT{sen TT fi@]|ea

€K teH(G;) JjeL teH(G;)

Let F = {f}. Since A** is an additively piecewise syndetic set, it follows from Lemma B that
there exist a € N and Ly € P¢(N) such that

a+ Y f(t)e A
teLg

Define

B—A**m(—(a—i—Zf(t))—l—A**)eq and C-A*m(a—l—Zf(t)) A*ep.

teLg teLg

Using Lemma BT again, and noting that B and C are additively and multiplicatively piecewise
syndetic sets respectively, for every p € E(6Z), we have B(B,{f},+) € p and B(C,{f},-) € p. Hence
for every p € E(0Z), we have

B(B7{f}7+) N B(O’ {f}a ) € p.
In particular, there exist a1,b; € N and Ly € P¢(N) such that

ar+ Y f)eB and b -[] ft)eC.

tel, tely

Consequently, we obtain:



o ag+Dep, f(t), ar+ Xy, f(E) € A7,
b+ [Lier, f(t) € A%,

* (ao + ZtELO f(t)) ’ (bl : HtELl 'f(t)) € A*.
Define « ({f}) = a1 and H ({f}) = L;. Then both inductive hypotheses are satisfied in this base

case.

Now assume |F| > 1, and suppose that for all proper subsets G < F, the values a(G) € N and
H(G) € P#(N) have already been defined satisfying the inductive conditions.

Let K = |J{H(G) : @ # G < F}, and set m = max K. Define the sets:

neN, G GoG- G, S F,
=13 (aG)+ X £ ] K e mpana [0 DS |

ieK te H(G;)
neN, G G < -G, S F
My = H n i) Le{l,....,n}and ,,.,’ 0 ’
jeL teH(G;) Fidj=1 € XimaGi
and
€K teH(G jJeEL teH (G
n,N e Nwith N<n,Kc|l ,N],LQ [N +1,n]
GGG ... G, G F, {fi)ii; € xiu 1G}
Let
=A% () (—z+A4™).
IEMl
and
=4 () (@74 () (@7'4) () (=7'4Y).
xeM; xeMo reMs3

By hypothesis (2), M; ¢ A** < A* and My < A*, which, together with the fact that the sets M;
for i = 1,2, 3 are finite, implies that

Byeq and Cjep.

Thus, Lemma BT similarly guarantees that there exist a,b € N and L € P¢(N) such that min L > m,
and for all f € F|

a+ > f(t)e By and b-|]f(t)eC.

teL teL



Let a(F) = a, f(F) = b, and H(F) = L. Since min L > m, the first inductive hypothesis is
satisfied. We now verify hypothesis (2). If n = 1, then we have

a+ Y f(t)e Bic A" < A* and b-]]f(t)eCic A,
teL teL

which shows that hypothesis (2) holds in this case.
And if n > 1, and K,L < [1,n] let

.I‘K:Z Z fi(t) ], ZJL:H H f]

€K teH(G;) jeL teH (G

And for any N < n, letting K < [1,N] and L € [N + 1,n] let

e = Y (@) + Y o)) (TT(B8GH- T] £H®

€K teH(G;) jeL teH(G;)
Then xx € My, yr, € M and zx 1, € M3, and hence for every such K, L < [1,n], we have
o a+ Dy f(t)eB © —xp + A © —xp + A%

e b-Tlep f(H) € CL ey A%
e For N<n,b-[[,c, f(t)e Cy zKLA*

foralGic Go S ... G =
Therefore, hypothesis (2) holds for all n € N. This completes the inductive proof of the central
set theorem. O

3.1 Applications of Theorem 4

As we have already mentioned before Lemma [=3 that main significance of our Theorem I is
that the function H : Py("N) — P;(N) is same for both the semigroups (N, +) and (N,-). Here
we give a few applications. The classical van der Waerden’s theorem says that additively piecewise
syndetic sets contain arithmetic progressions of arbitrary length. The same is true if one replaces the
additive piecewise syndetic sets by multiplicative piecewise syndetic sets, and arithmetic progressions
by geometric progressions. The following corollary is the first application of our Theorem [, which
gives a mixture of these two theorems.

Corollary 3.2. If N is finitely coloured, then for every d € N there exist ay,as,bi,ba,n1,n0 € N
such that the set

ay + nid, as + nad, (a1 + ag) + (’I’L1 + ng)d
bydm byd"2 bybydmi+ne
(a1 + nld) . denQ

18 monochromatic.



Proof. The proof of this corollary is immediate if one chooses the constant sequence G; = {f : N —
N: f(n) = d for all n € N}, in Theorem [. O

If we choose the set of the same sequence G; as in the above Theorem, then Theorem [ implies
the following corollary.

Corollary 3.3. IfN is finitely colored, then for any given N € N, there exist two sequences {x,)N_;
and {y,)_, such that the following sets are simultaneously monochromatic.

FS(<xn>7]:]:1) Y FP<<yn>£]:1) U { (Z 1’1) . <1_[ yj> :max H < man} .

i€eH JeEK
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