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Abstract. The preimage entropy provides a quantitative estimate of how
“invertible” a system is. Once there are several examples where the preimage
entropy is infinite, it cannot provide more information. Thus, we introduce
the concept of preimage metric mean dimension, and study many properties
of it. Meanwhile, we provide many examples to compute their preimage mean
metric dimension.

1. Introduction

Let X be a compact topological space, and f : X → X be a continuous map.
One of the most important notions in Dynamical Systems is that of topological
entropy, denoted by htop(f) the topological entropy of f on the space X. It is a
topological invariant and, roughly speaking, measures how chaotic a system is, and
may be thought as a quantity that measures the rate disperses points in the future
by the action of f on the space X. In particular, it is an effective tool to decide
whether two systems are conjugated or not.

When the map f under consideration is a homeomorphism, then extending this
procedure into the past instead of the future results is the entropy htop(f

−1) of
the inverse mapping, which coincides with htop(f). However, when the map is not
invertible, different ways of “extending the procedure into the past” lead to sev-
eral new entropy-like invariants for noninvertible maps. In [13], Hurley introduced
several other entropy-like invariants for noninvertible maps, mentioned sometimes
as topological entropy via preimage structures: the preimage branch entropy, de-
noted by hb(f), distinguishing points according to the branches of the inverse map;
and two pointwise preimage entropies hp(f) and hm(f). In [7], Fiebig, Fiebig and
Nitecki, introduced the notion of preimage relation entropy, denoted by hr(f) and
exploited these four concepts, showing that they behave in ways that are often
unexpected in light of the well understood behavior of topological entropy htop(f).
As in the case of topological entropy, some authors turn out to the problem of
defining a measure-theoretical version of the preimage entropies. In [6], Cheng and
Newhouse introduced another notion of preimage entropy, denoted by hpre(f), and
associated to such quantity a notion of preimage metric entropy was defined and
a partial variational principle was obtained. More recently, Wu and Zhu [27, 28]
defined the concept of preimage metric entropy related to hm(f) and proved that
for maps with uniform separation of preimages property it is possible to guarantee
a variational principle relating such quantities.

In the case of topological entropy, there are plenty of systems with infinite topo-
logical entropy (for instance, they form a C0-generic set in the space of homeomor-
phisms of a compact manifold [23] with dimension greater than one) and thus, in
this context, the entropy is not useful anymore. Therefore, to study these types of
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systems, new dynamical quantities are required and an example of such a quantity
is the metric mean dimension.

The notion of metric mean dimension was introduced by Lindenstrauss andWeiss
in [16] as metric-dependent analog of the mean dimension, another topological in-
variant of high-complexity maps which was introduced by Gromov [8]. The defini-
tion of metric mean dimension is a fusion of the definitions of topological entropy
and Minkowski dimension and has several applications, like in the study of embed-
ding problems [12], and the metric mean dimension presents an upper bound to it.
But more than that, the metric mean dimension turned out to be useful in several
contexts like in the study of compression [9, 10]. One of the main goals of this
quantity was to bound from above the mean dimension.

Inspired by these works, we extend the notion of metric mean dimension via
preimage structures. Examples of maps with infinite preimage entropy may be
easily constructed and because of this we believe that such a notion represents an
interesting contribution to the study of continuous dynamics. We present several
examples, and prove that, in certain setting, the preimage metric mean dimension
can be computed via a variational principle.

This manuscript is organized as follows. In Section 2, we introduce main def-
initions and present our main results and in the remaining sections we prove our
main results. In the last section, we will provide some examples.

2. Definitions and Statements

Let (X, d) be a compact metric space and f : X → X be a continuous map.
Given n ∈ N, we define the dynamical metric dn : X ×X → [0,∞) by

dn(x, z) = max
{
d(x, z), d(f(x), f(z)), . . . , d(fn−1(x), fn−1(z))

}
.

It is easy to see that dn is indeed a metric and, moreover, generates the same
topology as d. Furthermore, given ε > 0, n ∈ N and a point x ∈ X, we define the
open (n, ε)-ball around x by

Bn(x, ε) = {y ∈ X : dn(x, y) < ε}.

We say a set E ⊂ X is (n, ε)-separated by f if dn(x, z) > ε for every x 6= z ∈ E.
Denote by s(f, n, ε) the maximal cardinality of all (n, ε)–separated subsets of X by
f . We say R ⊂ X is a (n, ε)-spanning set if for any x ∈ X, there exists z ∈ R such
that dn(x, z) < ε. Denote by r(f, n, ε) the minimal cardinality of all (n, ε)-spanning
subsets of X by f . Due to the compactness of X, s(f, n, ε) and r(f, n, ε) are finite
for any n ∈ N and ε > 0.

2.1. The metric mean dimension. The upper metric mean dimension of f with
respect to d is given by

mdimM

(
X, f, d

)
= lim sup

ε→ 0

h(f, ε)

| log ε|
,

where
h(f, ε) = lim sup

n→∞

1

n
log s(f, n, ε).

Similarly, the lower metric mean dimension of f with respect to d is given by

mdimM

(
X, f, d

)
= lim inf

ε→ 0

h(f, ε)

| log ε|
.
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In the case when mdimM

(
X, f, d

)
= mdimM

(
X, f, d

)
this common value is called

the metric mean dimension of f with respect to d and is denoted simply by
mdimM

(
X, f, d

)
.

Recall that the topological entropy of the map f is given by
htop(f) = lim

ε→ 0
h(f, ε).

Consequently, mdimM

(
X, f, d

)
= mdimM

(
X, f, d

)
= 0 whenever the topological

entropy of f is finite. In particular, the metric mean dimension is a suitable quantity
to study systems with infinite topological entropy. For more on these quantities see
[15, 16, 20] and references therein.

2.2. Variational principle for metric mean dimension. Let B be the Borel
σ-algebra on X. Denote by Mf (X) the set of all f -invariant Borel probability
measures on X, and by Me

f (X) the set of all ergodic Borel probability measures
on X. Given µ ∈ Mf (X), we say that ξ = {C1, . . . , Ck} is a finite measurable
partition of X if ξ ⊂ B, µ

(
X \ ∪k

i=1Ci

)
= 0 and µ (Ci ∩ Cj) = 0 for every i 6= j.

The set of all finite Borel partitions of X is denoted by P(X). Given ε > 0, let
Pε(X) = {ξ ∈ P(X) : |ξ| < ε}, where |ξ| = max{diam(A) : A ∈ ξ}.

The entropy of ξ ∈ P(X) with respect to µ is given by

Hµ(ξ) = −
∑
C∈ξ

µ(C) log µ(C).

Given ξ, ζ ∈ P(X), denote ξ ∨ ζ = {A ∩ B : A ∈ ξ,B ∈ ζ} ∈ P(X). Let ξn =∨n−1
j=0 f−jξ for any ξ ∈ P(X) and n ∈ N. Then, the metric entropy of ξ with respect

to (f, µ) is given by
hµ(f, ξ) = lim

n→+∞

1

n
Hµ(ξ

n).

The metric entropy with respect to (f, µ) is given by
hµ(f) = sup

ξ∈P(X)

hµ(f, ξ) = lim
ε→0

inf
ξ∈Pε(X)

hµ(f, ξ).

Following this idea, the metric mean dimension in measure-theoretical sense is
defined by

HmdimM (f, d) = lim sup
ε→0

1

| log ε|
sup

µ∈Mf (X)

inf
ξ∈Pε(X)

hµ(f, ξ). (1)

Gutman [11] proved that the metric mean dimension of a continuous endomorphism
on a compact metric space satisfies the following variational principle

mdimM

(
X, f, d

)
= HmdimM

(
X, f, d

)
. (2)

2.3. Topological preimage entropy and preimage metric mean dimension.

2.3.1. Topological preimage entropy. Fix x ∈ X. Given n ∈ N and ε > 0, let us
denote by s(n, ε, f−n(x)) the maximal cardinality of all (n, ε)–separated subsets
of f−n(x) with respect to f , and by r(n, ε, f−n(x)) the minimal cardinality of all
(n, ε)–spanning subsets of f−n(x) with respect to f .

The topological preimage entropy of f , defined by Hurley (see [13, 18] for more
details) is given by

hm (f) = lim
ε→ 0

hm(f, ε), (3)

where
hm(f, ε) = lim sup

n→∞

1

n
log sup

x∈X
s(n, ε, f−n(x)).
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Another possible definition of preimage entropy, introduced by Cheng and Newhowse
[6], is defined via

hpre(f) = lim
ε→ 0

hpre(f, ε),

where
hpre(f, ε) = lim sup

n→∞

1

n
log sup

x∈X, k≥n
s(n, ε, f−k(x)).

Remark 2.1. It is a direct consequence of the previous definitions that
hm (f) ≤ hpre(f) ≤ htop(f).

2.3.2. Preimage metric mean dimension. Motivated by previous definitions of preim-
age entropy, we introduce two possible notions of upper metric mean dimension via
preimage structures as follows:

mdimM,m

(
X, f, d

)
= lim sup

ε→ 0

hm(f, ε)

| log ε|
and mdimM,pre

(
X, f, d

)
= lim sup

ε→ 0

hpre(f, ε)

| log ε|
.

Similarly, the notions of lower metric mean dimension via preimage structures as
follows:

mdimM,m

(
X, f, d

)
= lim inf

ε→ 0

hm(f, ε)

| log ε|
and mdimM,pre

(
X, f, d

)
= lim inf

ε→ 0

hpre(f, ε)

| log ε|
.

When mdimM,m

(
X, f, d

)
= mdimM,m

(
X, f, d

)
this common value is denoted by

mdimM,m

(
X, f, d

)
. Similarly, we denote bymdimM,pre

(
X, f, d

)
the common value

when mdimM,pre

(
X, f, d

)
= mdimM,pre

(
X, f, d

)
Remark 2.2. The following can be obtained by definitions

mdimM,m

(
X, f, d

)
≤ mdimM,pre

(
X, f, d

)
≤ mdimM

(
X, f, d

)
.

and
mdimM,m

(
X, f, d

)
≤ mdimM,pre

(
X, f, d

)
≤ mdimM

(
X, f, d

)
.

2.4. Measure-theoretic preimage entropy and preimage metric mean di-
mension.

2.4.1. Measure-theoretic preimage entropy. For µ ∈ Mf (X) and ξ ∈ P(X), the
measure-theoretic preimage entropy [6] was defined as

hpre,µ(f) = sup
ξ∈P(X)

hpre,µ(f, ξ),

where hpre,µ(f, ξ) = limn→∞
1
nH(ξn|B−) and B− is the infinite past σ-algebra⋂

n≥0 f
−nB related to the Borel σ-algebra B and H(·|·) is the standard conditional

entropy (see for example [24]). Authors [6] proved that
sup

µ∈Mf (X)

hpre,µ(f) ≤ hpre(f).

Recently, the pointwise metric preimage entropy with respect to ξ [28], was defined
by

hm,µ(f, ξ) = lim sup
n→+∞

1

n
Hµ(ξ

n|f−nB).

The pointwise metric preimage entropy was defined as
hm,µ(f) = sup

ξ∈P(X)

hm,µ(f, ξ).
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Authors [28] proved that

sup
µ∈Mf (X)

hm,µ(f) ≤ hm(f).

More recently, Wu and Zhu [27, Proposition 3.1] proved the two preimage entropy
with respect to invariant probability measures are equal. Namely,

hm,µ(f) = hpre,µ(f), for every µ ∈ Mf (X). (4)

Unlike classical entropy, the variational principle for pre-image entropy is gener-
ally not valid ([19, 25]). Thus, we need to consider the variational principle under
some additional conditions. Wu and Zhu [28, Theorem B], established a variational
principle relating hm(f) and hm,µ(f) for f with uniform separation of preimages,
i.e., there exists ε0 > 0 so that d(x, y) ≤ ε0 and f(x) = f(y) implies x = y. More
precisely, if f : X → X is a continuous map acting on the compact metric space
(X, d) and has the uniform separation of preimages property then

hm(f) = sup
µ∈Mf (X)

hm,µ(f). (5)

However, we cannot consider the variational principle of preimage metric mean
dimension under the uniform separation of preimages property, as we will prove
that each continuous map with the uniform separation of preimages property has
zero preimage metric mean dimension (see Theorem A).

2.4.2. Measure-theoretic preimage metric mean dimension. We define the following
quantities via preimage structure:

HmdimM,m(f, d) = lim sup
ε→0

1

| log ε|
sup

µ∈Mf (X)

inf
ξ∈Pε(X)

hm,µ(f, ξ) (6)

and

HmdimM,pre(f, d) = lim sup
ε→0

1

| log ε|
sup

µ∈Mf (X)

inf
ξ∈Pε(X)

hpre,µ(f, ξ).

2.5. Main result. The first main result may be seen as an extension of [27, The-
orem B and Theorem C] to the infinite entropy setting.

Theorem A. Suppose f : X → X is a continuous transformation on the compact
metric space (X, d). Then

HmdimM,pre(f, d) = HmdimM,m(f, d) ≤ mdimM,m(f, d) ≤ mdimM,pre(f, d).

Moreover, if in addition, f : X → X satisfying the uniform separation of preimages,
then

HmdimM,pre(f, d) = HmdimM,m(f, d) = mdimM,m(f, d) = 0.

Let XZ be the infinite product space of the compact metric space (X, d) endowed
with the metric

d̃(x̃, ỹ) =

∞∑
n=0

d(x−n, y−n)

2n
(7)

for x̃ = (xn)n∈Z and ỹ = (yn)n∈Z. If f is surjective, then we let (Xf , τ) be the
natural extension of (X, f), where

Xf = {(xn)n∈Z ∈ XZ : xn+1 = f(xn) for all n ∈ Z},

and τ is the left shift on Xf , which is a homeomorphism. We have a natural
projection π : Xf → X, (xn)n∈Z 7→ x0, which is continuous and satisfies f◦π = π◦τ .
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Theorem B. Let f : X → X be a continuous map on the compact metric space
(X, d). If f is a surjective map then

mdimM,m(X, f, d) = mdimM(Xf |X, τ−1, d̃),

where mdimM(Xf |X, τ−1, d̃) is the conditional metric mean dimension of Xf with
respect to X (see Section 4.1 for the definition).

Combining (2) and Theorem B, we have the following.

Corollary 2.3. Under the above conditions
mdimM,m(X, f, d) = HmdimM(Xf |X, τ−1, d̃).

The definition HmdimM(Xf |X, τ−1, d̃) can be found in Section 4.

Note that the right-hand side of the equation in Corollary 2.3 is in the measure-
theoretical sense, but the left-hand side of that is in the topological sense. Thus,
this equation gives a different way to obtain a variational principle for the preimage
metric mean dimension.

Furthermore, we introduce the Branch preimage metric mean dimension to pro-
vide an upper bound of mean metric dimension by preimage mean metric dimension.

Theorem C. For any continuous surjective map f : X → X on a compact metric
space,
mdimM,m(X, f, d) ≤ mdimM(X, f, d) ≤ mdimM,m(X, f, d) + mdimM,b(X, f, d),

and
mdimM,m(X, f, d) ≤ mdimM(X, f, d) ≤ mdimM,m(X, f, d) + mdimM,b(X, f, d).

The definition of Branch preimage entropy can be found in Section 7.

In our next result we obtain a C0-dense set of maps on [0, 1] for which we have
positive preimage metric mean dimension and the variational principle holds.

Proposition 2.4. Let C0([0, 1]) be the space of continuous endomorphisms of the
interval ([0, 1], d), where d stands for the Euclidean distance. For every β ∈ [0, 1]
there exists a dense subset Dβ ⊂ C0([0, 1]) under the uniform metric ‖ · ‖ such that

mdimM,m([0, 1], f, d) = HmdimM,m([0, 1], f, d) = β, ∀f ∈ Dβ .

Next, we consider an extension of Bedford-McMullen carpets [2, 17]. Let a ≥ b ≥
2 be two natural numbers and set A = {0, 1, . . . , a − 1} and B = {0, 1, . . . , b − 1}.
Let (A×B)N be the compact metric space with a metric

ρ((xn, yn)n∈N, (x
′
n, y

′
n)n∈N) = 2−min{n∈N:(xn,yn) ̸=(x′

n,y
′
n)}. (8)

Then ((A × B)N, σ) is the one-sided full-shift on the alphabet A × B. Let π :
(A × B)N → BN be the natural projection. We also denote by σ : BN → BN the
shift map on BN. Denote a compatible metric on BN by

ρ′((yn)n∈N, (y
′
n)n∈N) = 2−min{n∈N:yn ̸=y′

n}. (9)
Consider [0, 1]N × [0, 1]N with the metric

d((x, y), (x′, y′)) =

∞∑
n=1

1

2n
max{|xn − x′

n|, |yn − y′n|}, (10)

where x = (xn)n∈N, x′ = (x′
n)n∈N, y = (yn)n∈N and y′ = (y′n)n∈N ∈ [0, 1]N. Again,

as in the previous cases, we denote by σ the shift map on [0, 1]N × [0, 1]N,
σ((xn)n∈N, (yn)n∈N) = ((xn+1)n∈N, (yn+1)n∈N).
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Let Ω ⊂ (A × B)N be a closed non-empty set such that σ(Ω) ⊂ Ω. We define a
carpet system XΩ ⊂ [0, 1]N × [0, 1]N by

XΩ =

{( ∞∑
m=1

xm

am
,

∞∑
m=1

ym
bm

)
∈ [0, 1]N × [0, 1]N : (xm, ym) ∈ Ω for all m ∈ N

}
.

Let ℓ∞ :=
{
(xn)n∈N ∈ RN : supn≥1 |xn| < ∞

}
be the space with the norm ‖x‖∞ :=

supn≥1 |xn| for x = (xn)n∈N. Since xm ∈ AN ⊂ ℓ∞, we consider the summation∑∞
m=1

xm

am in ℓ∞. Then
∑∞

m=1
xm

am ∈ [0, 1]N. The same idea is applied on
∑∞

m=1
ym

bm .
In this way we have obtained a forward σ-invariant subset XΩ. Then (XΩ, σ) is a
subsystem of ([0, 1]N × [0, 1]N, σ). Let Ω′ = π(Ω). Then (Ω′, σ) is a subshift of BN.

In [21], Tsukamoto proved that the metric mean dimension, the topological en-
tropy of (Ω, σ) and the topological entropy of (Ω′, σ) obey the following relation

mdimM(XΩ, σ, d) =
htop(Ω, σ)

log a
+

(
1

log b
− 1

log a

)
htop(Ω

′, σ).

The main goal here is to extend this formula for the preimage setting.

Theorem D. In the above setting, the preimage metric mean dimension of (XΩ, σ)
with respect to the metric d, is given by

mdimM,m(XΩ, σ, d) =
hm(Ω, σ)

log a
+

(
1

log b
− 1

log a

)
hm(Ω

′, σ).

It follows from [7] that the preimage entropy hm of a map f : X → X on compact
metric space, is equal to its topological entropy htop if f is forward expansive. It is
well known that subshifts on finitely many symbols are forward expansive. Thus,

hm(Ω, σ) = htop(Ω, σ) and hm(Ω
′, σ) = htop(Ω

′, σ).

As a corollary of Theorem D, we have that the preimage metric mean dimension of
a carpet system is equal its metric mean dimension.

Corollary 2.5. In the above setting,
mdimM,m(XΩ, σ, d) = mdimM(XΩ, σ, d).

3. Proof of Theorem A

We start by proving that HmdimM,m(f, d) = HmdimM,pre(f, d). In fact it is an
immediate consequence of the [27, Proposition 3.1] which asserts that hpre,µ(f, ξ) =
hm,µ(f, ξ) for any ξ ∈ P(X) and µ ∈ Mf (X). This guarantees the desired equality.

Let us prove that HmdimM,m(f, d) ≤ mdimM,m(f, d). First of all, by [27, Theo-
rem 2.13], given µ ∈ Mf (X), if θ is its unique ergodic decomposition, then for any
ξ ∈ P(X),

hm,µ(f, ξ) =

∫
Me

f (X)

hm,ν(f, ξ) dθ(ν).

It implies that we only need to consider the f -invariant ergodic probability measures
to get the inequality.

Given ε > 0, let µ ∈ Me
f (X) and ξ = {A1, . . . , Ak} ∈ Pε(X) with µ(∂ξ) = 0.

By the proof of [27, Proposition 3.4], given δ > 0 there exists a sequence {zn}n∈N
of X so that

1− δ < (1 + k)nδ · 2n · s(n, ε, f−n(zn)) · exp{−n(hm,µ(f, ξ)− 2δ)},
which gives

hm,µ(f, ξ)− 2δ ≤ δ log(1 + k) + log 2 + lim sup
n→∞

1

n
log sup

x∈X
s(n, ε, f−n(x)).
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Letting δ → 0, we have

hm,µ(f, ξ) ≤ log 2 + lim sup
n→∞

1

n
log sup

x∈X
s(n, ε, f−n(x)).

As µ ∈ Me
f (T ) is arbitrary, it follows that

HmdimM,m(f, d) ≤ mdimM,m(f, d).

Now we suppose that f satisfies the uniform separation of preimages property
with exponent ε0 > 0. By [28, Corollary A.1], for any µ ∈ Mf (X) one has that for
any ξ = {A1, . . . , Ak} ∈ Pε0(X),

hm,µ(f) = hm,µ(f, ξ) ≤ log k < ∞.

This implies that hm(f) ≤ log k < ∞, by (5). Thus,

mdimM,m(f, d) ≤ lim sup
ε→0

1

| log ε|
log k = 0.

Thus,
HmdimM,pre(f, d) = HmdimM,m(f, d) = mdimM,m(f, d) = 0.

4. Proof of Theorem B

4.1. Conditional metric mean dimension. Let f : X → X be a continuous
map on compact metric space X. Given a finite open cover of X and m < n ∈ N,
denote Un

m :=
∨n

i=m f−iU .
Let f : X → X and g : Y → Y be continuous maps acting on the compact

metric spaces (X, dX) and (Y, dY ), respectively. A continuous map π : X → Y is
called a factor map between (X, f) and (Y, g) if it is onto and π ◦ f = g ◦ π. Given
y ∈ Y and a finite open cover U of X, let

N(U|y) := min

{
#(V) : V ⊂ U ,

⋃
V ∈V

V ⊃ π−1(y)

}
,

N(U|Y ) := sup
y∈Y

N(U|y),

H(U|Y ) := lim
n→∞

1

n
logN(Un−1

0 |Y ),

where #(V) is the cardinality of elements in V. The conditional metric mean
dimension of f : X → X with respect to the factor g : Y → Y is defined by

mdimM(X|Y, f, dX) = lim sup
ε→ 0

infdiam(U)<ε H(U|Y )

| log ε|
,

which was presented in [26]. Furthermore, define

HmdimM(X | Y, f, dX) = lim sup
ε→0

supµ∈Mf (X) infξ∈Pε(X) hµ(f, ξ | Y )

| log ε|
,

where hµ(f, ξ | Y ) is the conditional entropy of (f, ξ) with respect to (Y, g).
In what follows, for y ∈ Y , we denote by s(dX , f, n, ε, π−1(y)) the maximum

cardinality of a (n, ε)-separated subset of π−1(y), and by r(dX , f, n, ε, π−1(y)) the
minimum cardinality of a (n, ε)-spanning subset of π−1(y). By [26], we have the
following.

Theorem 4.1. Let f : X → X and g : Y → Y be continuous maps acting on the
compact metric spaces (X, dX) and (Y, dY ) and π : X → Y a factor map between
(X, f) and (Y, g). Then

mdimM(X|Y, f, dX) = lim sup
ε→ 0

lim supn→∞
1
n log supy∈Y s(dX , f, n, ε, π−1(y))

| log ε|
.
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Following ideas in [7, Lemma 5.1], we prove the following lemma.
Lemma 4.2. For any ε > 0, there exists m ∈ N such that for any n ≥ m, if
dn+1(π(x̃), π(ỹ)) < ε/4 then d̃(τn(x̃), τn(ỹ)) < ε.
Proof. Since (X, dX) is a compact metric space,M = diam(X, dX) := max{dX(x, y) :
x, y ∈ X} < ∞. For x̃, ỹ ∈ Xf and m ≥ 1, we have

d̃(τm(x̃), τm(ỹ)) =

m∑
i=0

1

2i
d(xm−i, ym−i) +

∞∑
i=m+1

1

2i
d(xm−i, ym−i)

≤ 2 dm+1(π(x̃), π(ỹ)) +
M

2m
.

Hence the result follows by taking m ∈ N large enough so that M
2m < ε

2 . □
For any δ > 0, n ∈ N and x ∈ X define

Vn,δ(x) := {ỹ ∈ Xf : dn(π(ỹ), x) < δ}.
Lemma 4.3. For any ε > 0, there exists m = m(ε) ∈ N so that for all n ≥ m and
any x ∈ X

s(d̃, τ, n, ε, Vn,ε/8(x)) ≤ s(d̃, τ,m, ε,Xf ),

where s(d̃, τ, n, ε, Vn,ε/8(x)) denotes the maximum cardinality of an (n, ε)-separated
set in Vn,ε/4(x) with respect to (d̃, τ) and s(d̃, τ,m, ε,Xf ) denotes the maximum
cardinality of an (m, ε)-separated set in Xf .
Proof. If x̃, ỹ ∈ Vn,ε/8(x), by the triangular inequality we have dn(π(x̃), π(ỹ)) < ε/4.
Let m ∈ N given by Lemma 4.2. So, for any n ≥ m, if ỹ, z̃ ∈ Vn,ε/8(x), then

d̃(τm+j(x̃), τm+j(ỹ)) ≤ ε, ∀j = 0, . . . , n−m− 1.

Thus, if in addition, ỹ, z̃ satisfies that d̃m(ỹ, z̃) ≤ ε, we have d̃m(ỹ, z̃) ≤ ε for any
n ≥ m. It gives s(d̃, τ, n, ε, Vn,ε/8(x)) ≤ s(d̃, τ,m, ε, Vn,ε/8(x)). As

s(d̃, τ,m, ε, Vn,ε/8(x)) ≤ s(d̃, τ,m, ε,Xf ),

the result follows. □
Remark 4.4. The proof of Lemma 4.3 is based on ideas in [27, Lemma 4.3].
However, our results show δ > 0 in [27, Lemma 4.3] can be taken by δ = ε/8.

With the help of two lemmas above-mentioned, we have the following result.
Lemma 4.5. For any ε > 0, there exists m = m(ε) ∈ N so that for all n ≥ m and
any x ∈ X

s(d, f, n, ε, f−n(x)) ≤ s(d̃, τ, n, ε, π−1(f−n(x)))

≤ s(d, f, n, ε/8, f−n(x)) · s(d̃, τ,m, ε,Xf ).

Proof. Note that if d̃(x̃, ỹ) < ε, then d(π(x̃), π(ỹ)) < ε. It implies that, for x ∈ X,
if E is an (n, ε)-separated set in f−n(x) then π−1(E) is an (n, ε)-separated set in
π−1(f−n(x)) with cardinality bigger than that of E. Thus for any x ∈ X and n ∈ N

s(d, f, n, ε, f−n(x)) ≤ s(d̃, τ, n, ε, π−1(f−n(x))). (11)
Let m = m(ε) ∈ N be as in Lemma 4.3. For x ∈ X, consider F ⊂ f−n(x)

a maximal (n, ε/8)-separated set, which is also a (n, ε/8)-spanning set. Thus
π−1(f−n(x)) ⊂ ∪y∈FVn,ε/8(y). By Lemma 4.3, we obtain

s(d̃, τ, n, ε, π−1(f−n(x))) ≤
∑
y∈F

s(d̃, τ, n, ε, Vn,ε/8(x))

≤ s(d, f, n, ε/8, f−n(x)) · s(d̃, τ,m, ε,Xf ).
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The proof is completed. □
Now we proceed to prove Theorem B. By Lemma 4.5, we have

lim sup
n→∞

1

n
log sup

x∈X
s(d, f, n, ε, f−n(x)) ≤ lim sup

n→∞

1

n
log sup

x∈X
s(d̃, τ, n, ε, π−1(f−n(x))).

(12)
On the other hand as π−1(f−n(x)) = τ−n(π−1(x)) for any x ∈ X, A ⊂ (Xf , d̃)

is an (τ, n, ε)-separated subset of τ−n(π−1(x)) if and only if τn(A) is an (τ−1, n, ε)-
separated subset of π−1(x). So

s(d̃, τ, n, ε, τ−n(π−1(x))) = s(d̃, τ−1, n, ε, π−1(x)), (13)
which together with (12), implies

lim sup
n→∞

1

n
log sup

x∈X
s(d, f, n, ε, f−n(x)) ≤ lim sup

n→∞

1

n
log sup

x∈X
s(d̃, τ−1, n, ε, π−1(x)).

By Theorem 4.1, we obtain

mdimM,m(X, f, d) ≤ mdimM(Xf |X, τ−1, d̃).

For the converse inequality we notice that by Lemma 4.5 and (13), we have that

lim sup
n→∞

1

n
log sup

x∈X
s(d̃, τ−1, n, ε, π−1(x)) ≤ lim sup

n→∞

1

n
log sup

x∈X
s(d, f, n, ε/8, f−n(x)).

Using Theorem 4.1 again, we deduce that
mdimM(Xf |X, τ−1, d̃) ≤ mdimM,m(X, f, d).

Now we finish the proof of Theorem B.

Proof of Corollary 2.3. By [26, Theorem 3.4], one has that
HmdimM(X|Y, f, dX) = mdimM(X|Y, f, dX),

which together with Theorem B, implies that
mdimM,m(X, f, d) = HmdimM(Xf |X, τ−1, d̃).

The proof is completed. □

5. Proof of Proposition 2.4

Our construction is inspired in the one presented in [4].
Consider the sequence (an)n∈N of numbers in [0, 1] so that a0 = 0 and an =∑n
k=1

6
π2k2 . For each n ∈ N consider the interval Jn = [an−1, an] and let δn =

|Jn|/3n+2. Now, define a piecewise affine map f : [0, 1] → [0, 1] as follows: divide
the interval Jn in 3n subintervals of same length and denote such interval as Jn(1) =
[bn(0), bn(1)], . . . , Jn(3

n) = [bn(3
n − 1), bn(3

n)] . Let ηn = |Jn−δn|−δn
|Jn|/3n−δn

and for each
interval J ′

n(k) := [bn(k) +
δn
2 , bn(k + 1)− δn

2 ], k ∈ {0, 1, 2, . . . , 3n − 1}, and define

f(x) :=


ηn (x− (bn(2k)− δn

2 )) + (an − δn
2 ), if x ∈ J ′

n(2k),

−ηn (x− (bn(2k) +
δn
2 )) + (an − δn

2 ), if x ∈ J ′
n(2k + 1),

(14)

and f |[an−1,an−1+
δn
2 ]∪[an− δn

2 ,an]
is the identity map. In the intervals J ′′

n(k) :=

[bn(k)− δn
2 , bn(k)+

δn
2 ], if k is odd, define f as an increasing affine map in [bn(k)−

δn
2 , bn(k)] so that f(bn(k) − δn

2 ) = an − δn
2 and f(bn(k)) = an, and a decreasing

affine map in [ak, bn(k) +
δn
2 ] so that f(bn(k)) = an and f(bn(k) +

δn
2 ) = an − δn

2 ;
if k is even, define f , similarly (see Figure 1).
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Figure 1. Local construction of f |J1
.

Claim: mdimM,m([0, 1], f, d) = 1.
Let us define Gn = [an−1 +

δn
2 , an − δn

2 ] and G∞
n =

⋂∞
j=0 f

−j(Gn). We notice
that, by the definition of f , mdimM,m([0, 1]\

⋃∞
n=1 G

∞
n , f, d) = 0. Moreover, by [7,

Corollary 2.4], as f |G∞
n

has uniform separation of preimage property with separation
constant δn, there exists xn ∈ Jn so that f−N (xn) is (N, δn)-separated set with
#(f−N (xn)) ≥ (3n)N . It gives

sup
x∈[0,1]

s(f,N, δn, f
−N (x)) ≥ s(f,N, δn, f

−N (x)) ≥ (3n)N (15)

and then, as |Jn| = 6
π2n2 , we obtain

mdimM,m([0, 1], f, d) = lim sup
ε→0

lim sup
N→∞

1

N
log sup

x∈[0,1]

s(f,N, ε, f−N (x))

− log ε

≥ lim sup
n→∞

lim sup
N→∞

1

N
log sup

x∈[0,1]

s(f,N, δn, f
−N (x))

− log δn

≥ lim sup
n→∞

n log 3

− log 6 + 2 log n+ 2 log π + (n+ 2) log 3

= 1.

Using the fact that mdimM([0, 1], f, d) = 1 1, we obtain that mdimM,m([0, 1], f, d) =
1.

Based on the previous construction we have f |Gn has the uniform separation
of preimages property with exponent δn. So, by [28, Corollary A.1] for ν ∈
Mf |G∞

n
(G∞

n ) we have

hm,ν(f |G∞
n
, ξ) = hm,ν(f |G∞

n
) ≤ hm,ν̃(f, ξ̄),

where ξ is a Borel partition of G∞
n with diam(ξ) < ε < δn, ξ̄ is a Borel partition

of [0, 1] so that any element of ξ is contained in a element of ξ̄ and ν̃ is the push
forward of ν by the inclusion map i : G∞

n → [0, 1]. Moreover, by [28, page 20], if

1This can be obtained by an argument similar to that of [22, Proposition 8].
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we take ξ as before and satisfying µ(∂ξ) = 0 we obtain µ ∈ Mf |G∞
n
(G∞

n ) so that

hm(f |G∞
n
, ε) ≤ hm,µ̃(f, ξ̄).

By (15) we have that s(f |G∞
n
, N, δn, f

−N (x)) ≥ (3n)N , for some x ∈ G∞
n . Hence

n log 3 ≤ hm(f |G∞
n
, δn) ≤ hm,µ̃(f, ξ̄).

It implies
1 = mdimM([0, 1], f, d) = mdimM,m([0, 1], f, d) = HmdimM,m(f, d).

Now for β ∈ (0, 1) we define Jn = [aβn−1, a
β
n], where the the general term of the

sequence (an)n∈N is determined by

n ∈ N 7→ aβn =

n∑
k=0

C(β)3k(1−1/β),

where C(β) = (
∑∞

k=1 3
k(1−1/β))−1. Divide Jβ

n in 3n subintervals, denoted by
Jβ
n (1) = [bβn(0), b

β
n(1)],…, Jβ

n (3
n) = [bβn(3

n−1), bβn(3
n)], of length C(β)3−n/β . De-

fine
δn = C(β)3−(n+2)/β .

Then we define the intervals (Jβ
n )

′(k) = [bβn(k − 1) + δn/2, b
β
n(k) − δn/2], k =

1, . . . , 3n− 1 and (Jβ
n )

′′(k) = [bβn(k− 1)− δn/2, b
β
n(k− 1)+ δn/2], k = 2, . . . , 3n. Let

Gβ
n = [aβn−1 +

δn
2 , aβn − δn

2 ] and G∞
n =

⋂∞
j=0 f

−j(Gβ
n). By a construction similar to

that of the case β = 1, we can define fβ on [0, 1]. Then

mdimM,m([0, 1], fβ , d) = lim sup
ε→0

lim sup
N→∞

1

N
log sup

x∈[0,1]

s(fβ , N, ε, f−N
β (x))

− log ε

≥ lim sup
n→∞

lim sup
N→∞

1

N
log sup

x∈[0,1]

s(fβ , N, δn, f
−N
β (x))

− log δn

≥ lim sup
n→∞

n log 3

− logC(β) + (n+ 2) 1β log 3

= β.

Finally, to prove that, for each β ∈ [0, 1], there exists a dense subset of C0([0, 1])
with preimage metric mean dimension β and satisfying the variational principle we
notice that for β = 0 the set of C1 maps on [0, 1] is C0-dense in C0([0, 1]). For
0 < β ≤ 1, we take f ∈ C0([0, 1]) and ε > 0 and show that there exists h ∈ C0([0, 1])
with ‖f − h‖ < ε and mdimM([0, 1], h, d) = β.

First of all, we take a C1 map h1 so that ‖h1 − f‖ < ε/3. For a fixed point P
of h1, take h2 ∈ C0([0, 1]) so that ‖h1 − h2‖ < ε/3 and its set of fixed points in a
small neighbourhood of P consists of an interval I centered in P . We notice that
h2 can be taken as C1-map at points except, possibly, in the extremes of I. Let
J ′ ⊊ J ′′ ⊊ I, where J ′, J ′′ are subintervals of diameter small than ε/3, and consider
a C1-map χ on [0, 1] so that χ ≡ 1 on J ′ and χ ≡ 0 on [0, 1]\J ′′.

If Tλ denotes the homothety of parameter λ ∈ (0, 1) and |J ′| stand for the
diameter of the interval J ′, since {χ, 1− χ} is a partition of unity, the map

h3 := h3,β = (1− χ) · h2 + χ · T|J ′| ◦ fβ ◦ T|J ′|−1 (16)
is continuous, coincides with h2 on [0, 1]\J ′′ and is linearly conjugate to fβ on
the interval J ′. Moreover, as h2 is uniform continuous, h3 may be chosen so that
‖h3 − h2‖ < ε/3 provided that J ′, J ′′ are small enough. By triangular inequality
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we have that ‖h3 − f‖ < ε and, since all maps in the combination (16) but fβ are
smooth (except possibly at two points), then

β = mdimM,m([0, 1], fβ , d) = mdimM,m([0, 1], h3, d),

which proves Proposition 2.4.

6. Proof of Theorem D

In order to prove Theorem D we need to introduce some notations. Given a ≥
b ≥ 2, set

ω = loga b =
log b

log a
.

Then 0 < w ≤ 1. For any N ∈ N, we denote by Ω|N and Ω′|N the images of Ω and
Ω′ under the projections

(A×B)N → AN ×BN ,
(
(un)n∈N , (vn)n∈N

)
7→ ((u1, . . . , uN ) , (v1, . . . , vN )) ,

BN → BN , (vn)n∈N 7→ (v1, . . . , vN ) .

We also define XΩ|N as the image of XΩ under the projection
[0, 1]N×[0, 1]N → [0, 1]N×[0, 1]N , ((xn)n∈N, (yn)n∈N) 7→ ((x1, . . . , xN ), (y1, . . . , yN )) .

Then

XΩ|N =

{( ∞∑
m=1

xm

am
,

∞∑
m=1

ym
bm

)
∈ [0, 1]N × [0, 1]N : (xm, ym) ∈ Ω|N for all m ∈ N

}
.

Let (x, y) ∈ (Ω|N )
N, where x = (xm)m∈N and y = (ym)m∈N with xm ∈ AN , ym ∈

BN and (xm, ym) ∈ Ω|N . For N,M ∈ N, we define a subset QN,M (x, y) ⊂ XΩ|N
by

QN,M (x, y) =


( ∞∑

m=1

x′
m

am
,

∞∑
m=1

y′m
bm

)
:

(x′
m, y′m) ∈ Ω|N for all m ∈ N with
x′
m = xm(1 ≤ m ≤ [ωM ]) and

y′m = ym(1 ≤ m ≤ M)

 ,

where [ωM ] is the largest integer not greater than ωM . The set QN,M (x, y) de-
pends only on the coordinates x1, . . . , x[ωM ], y1, . . . , yM . Thus we also denote it by
QN,M

(
x1, . . . , x[ωM ], y1, . . . , yM

)
. From (5.6) in [21], we have

diam (QN,M (x, y), ‖ · ‖∞) < ab−M , (17)
where ‖ · ‖∞ is the ℓ∞-distance on XΩ|N ⊂ R2N . Denote by s(F |N , ‖ · ‖∞, ε) the
maximal cardinality of ε-separated sets in the subset F |N of XΩ|N .
Lemma 6.1. Let ε > 0. For any x ∈ XΩ, and N ∈ N, we have that

s(σ−N (x)|N , ‖ · ‖∞, 2ε) ≤ s(σ−N (x), dN , ε) ≤ s(σ−N (x)|N , ‖ · ‖∞, ε/2),

where d is the metric defined by (10).
Proof. Following ideas in [21, Lemma 5.5], we have that for any y, z ∈ XΩ,

‖y|N − z|N‖∞ ≤ 2dN (y, z), (18)
and

dN (y, z) ≤ ‖y|N+L − z|N+L‖∞ + ε/2, (19)
where L ∈ N satisfies that

∑
n>L 2−n < ε/2. Fix any x ∈ XΩ. By (18), we have

s(σ−N (x)|N , ‖ · ‖∞, 2ε) ≤ s(σ−N (x), dN , ε).

By (19), we have
s(σ−N (x), dN , ε) ≤ s(σ−N (x)|N+L, ‖ · ‖∞, ε/2) = s(σ−N (x)|N , ‖ · ‖∞, ε/2).

The proof is completed. □
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It is well known that (Ω, σ) and (Ω′, σ) satisfy uniform separation of preimages.
Denote by γ, γ′ > 0 the uniform separation exponents with respect to the metrics
defined by (8) and (9), respectively. Then for any η ∈ (0, γ) and η′ ∈ (0, γ′),

#(σ−N (x, y)) = s(ρN , σ−N (x, y), η) and #(σ−N (y)) = s(ρ′N , σ−N (y), η′). (20)

Lemma 6.2. For any N,M ∈ N, we have that for any η ∈ (0, γ) and η′ ∈ (0, γ′),

sup
x∈XΩ

s(σ−N (x)|N , ‖ · ‖∞, ab−M )

≤

(
sup

(x,y)∈Ω

s(ρN , σ−N (x, y), η)

)[ωM ]

·
(
sup
y∈Ω′

s(ρ′N , σ−N (y), η′)

)M−[ωM ]

≤ sup
x∈XΩ

s(σ−N (x)|N , ‖ · ‖∞, b−M ).

(21)

Proof. Given x = (
∑∞

m=1
x∗
m

2m ,
∑∞

m=1
y∗
m

2m ) ∈ XΩ, by an argument similar to that of
[21, Lemma 5.6], one has that σ−N (x) is the union of all

QN,M (x1, . . . , x[ωM ], y1, . . . , yM ),

where (xm, ym) ∈ σ−N (x∗
m, y∗m)|N for 1 ≤ m ≤ [ωM ], and ym ∈ σ−N (y∗m)|N for

[ωM ] + 1 ≤ m ≤ M .
By (17), diam(QN,M (x, y)) < ab−M for any (x, y) ∈ Ω , it follows that for any

η ∈ (0, γ) and η′ ∈ (0, γ′),

s(σ−N (x)|N ,‖ · ‖∞, ab−M ) ≤
[ωM ]∏
m=1

#(σ−N (x∗
m, y∗m)|N ) ·

M∏
m=[ωM ]+1

#(σ−N (y∗m)|N )

=

[ωM ]∏
m=1

#(σ−N (x∗
m, y∗m)) ·

M∏
m=[ωM ]+1

#(σ−N (y∗m))

(20)
=

[ωM ]∏
m=1

s(ρN , σ−N (x∗
m, y∗m), η) ·

M∏
m=[ωM ]+1

s(ρ′N , σ−N (y∗m), η′)

≤

(
sup

(x,y)∈Ω

s(ρN , σ−N (x, y), γ)

)[ωM ]

·
(
sup
y∈Ω′

s(ρ′N , σ−N (y), γ′)

)M−[ωM ]

,

proving the first inequality.
Now we prove the second inequality. For any (x, y) ∈ Ω and y′ ∈ Ω′, fix

(s, t) ∈ σ−N (x, y)|N . For any v ∈ π(σ−N (x, y′))|N , we choose l(v) ∈ AN such
that (l(v), v) ∈ σ−N (x, y′)|N . For (xm, ym) ∈ σ−N (x, y)|N , (1 ≤ m ≤ [ωM ]) and
ym ∈ π(σ−N (x, y′))|N , ([ωM ] + 1 ≤ m ≤ M), we set

p(x1, . . . ,x[ωM ], y1, . . . , yM )

=

[ωM ]∑
m=1

xm

am
+

M∑
m=[ωM ]+1

l (ym)

am
+

∞∑
m=M+1

s

am
,

M∑
m=1

ym
bm

+

∞∑
m=M+1

t

bm

 ,

which is a point in XΩ|N . For

(x1, . . . , x[ωM ], y1, . . . , yM ) 6= (x′
1, . . . , x

′
[ωM ], y

′
1, . . . , y

′
M ),

we have

‖p(x1, . . . , x[ωM ], y1, . . . , yM )− p(x′
1, . . . , x

′
[ωM ], y

′
1, . . . , y

′
M )‖∞ ≥ min{a−[ωM ], b−M}

= b−M .
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Let

x =

 ∞∑
m=1

x

2m
,

[ωM ]∑
m=1

y

2m
+

M∑
m=[ωM ]+1

y′

2M
+

∞∑
m=M+1

y

2m

 ∈ XΩ.

Then each p(x1, . . . , x[ωM ], y1, . . . , yM ) ∈ σ−N (x). Thus,

s(σ−Nx|N , ‖ · ‖∞, b−M ) ≥ #(σ−N (x, y)|N )[ωM ] ·#(σ−N (y′m)|N )M−[ωM ].

For any η ∈ (0, γ) and η′ ∈ (0, γ′), by (20), we have that

s(σ−Nx|N , ‖ · ‖∞, b−M ) ≥ s(ρN , σ−N (x, y), η)[ωM ] · s(ρ′N , σ−N (y′), η′)M−[ωM ].

As (x, y) ∈ Ω and y′ ∈ Ω′ are arbitrary, the second inequality is proved. □

Now we proceed to prove Theorem D. Applying Lemmas 6.1 and 6.2, we have
that

mdimm,M(XΩ, σ, d)

= lim
M→∞

lim
N→∞

1

NM log b
log

(
sup

(x,y)∈Ω

s(dN , σ−N (x, y), γ/2))[ωM ]

·( sup
y∈Ω′

s(dN , σ−N (y), γ′/2))M−[ωM ]

)
= lim

M→∞
lim

N→∞

1

NM log b

(
[ωM ] log sup

(x,y)∈Ω

s(dN , σ−N (x, y), γ/2)

+(M − [ωM ]) log sup
y∈Ω′

s(dN , σ−N (y), γ′/2)

)
= lim

M→∞

1

M log b
([ωM ]hm(Ω, σ) + (M − [ωM ])hm(Ω

′, σ))

=
ω

log b
hm(Ω, σ) +

1− ω

log b
hm(Ω

′, σ)

=
hm(Ω, σ)

log a
+

(
1

log b
− 1

log a

)
hm(Ω

′, σ).

The proof of Theorem D is completed.

7. Branch preimage metric mean dimension

In this section, we introduce the Branch preimage metric mean dimension, and
prove Theorem C. Recall that for any compact metric space (X, d), there exists an
associated Hausdorff metric Hd, which makes the space K(X) of nonempty closed
subset of X into a compact metric space: for any F1, F2 ∈ K(X),

Hd(F1, F2) = max{ sup
x∈F1

inf
z∈F2

d(x, z), sup
x∈F2

inf
z∈F1

d(x, z)}.

Given f : X → X a continuous surjection, define a sequence of branch metrics on
X via

dbn(x, z) = Hdn(f
−n(x), f−n(z)) for any n ∈ N.

That is, x ∈ X is “branch close” to x′ ∈ X if every branch at x is shadowed by
some branch at x′, and vice-versa.

Given n ∈ N and ε > 0, denote by sb(f, n, ε) the maximal cardinality of all
(n, ε)-separated subsets of X with respect to the metric dbn. The branch preimage
entropy [13] is defined by

hb(f,X) = lim
ε→0

hb(f,X, ε),
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where hb(f,X, ε) = limn→∞
1
n log sb(f, n, ε). Following this idea, the upper branch

preimage metric mean dimension of f with respect to d is given by

mdimM,b(X, f, d) = lim sup
ε→0

hb(f,X, ε)

| log ε|
.

Similarly, the lower branch preimage metric mean dimension of f with respect to
d is given by

mdimM,b(X, f, d) = lim inf
ε→0

hb(f,X, ε)

| log ε|
.

Then we have the following inequality relating preimage metric mean dimension,
branch preimage metric mean dimension, and metric mean dimension.

Theorem 7.1. For any continuous surjective map f : X → X on a compact metric
space,

mdimM,m(X, f, d) ≤ mdimM(X, f, d) ≤ mdimM,m(X, f, d) + mdimM,b(X, f, d),

and

mdimM,m(X, f, d) ≤ mdimM(X, f, d) ≤ mdimM,m(X, f, d) + mdimM,b(X, f, d).

Proof. The inequalities

mdimM,m(X, f, d) ≤ mdimM(X, f, d) and mdimM,m(X, f, d) ≤ mdimM(X, f, d)

are clear from definitions. Now we prove other inequalities. Given ε > 0 and n ∈ N,
by the proof of [13, Theorem 3.1]� we have that

r(f, n, ε) ≤ sup
x∈X

s(n, ε/3, f−n(x)) · sb(f, n, ε/3),

which implies that

mdimM(X, f, d) ≤ mdimM,m(X, f, d) + mdimM,b(X, f, d)

and
mdimM(X, f, d) ≤ mdimM,m(X, f, d) + mdimM,b(X, f, d).

The proof is completed. □

Corollary 7.2. For any continuous surjective map f : X → X on a compact
metric space, if mdimM,b(X, f, d) = 0, then

mdimM,m(X, f, d) = mdimM(X, f, d).

The following result of a shift map can be proved by the same argument in [18,
Section 5.1].

Example 7.3. Let (X, d) be a compact metric space. Then

hb(σ,X
N) = mdimM,b(X

N, σ, d̃) = 0,

where d̃ is defined by (7). Thus,

mdimM,m(X
N, σ, d̃) = mdimM(XN, σ, d̃).



METRIC MEAN DIMENSION VIA PREIMAGE STRUCTURES 17

8. Examples

8.1. Shift maps on compact alphabets. We further study Example 7.3, which
holds the variational principle for the preimage metric mean dimension. Given
ε > 0, define N(ε) as the maximal cardinality of an ε-separated set in (X, d). The
upper Minkowski dimension or upper box dimension of X is defined as

dimB(X, d) = lim sup
ϵ→0

N(ϵ)

| log ϵ|
.

Proposition 8.1. Let (X, d) be a compact metric space. Then

HmdimM,m(X
N, σ, d̃) = mdimM,m(X

N, σ, d̃) = dimB(X, d)

= mdimM(XN, σ, d̃)

= HmdimM(XN, σ, d̃).

Proof. It follows from [22, Theorem 5] that

dimB(X, d) = mdimM(XN, σ, d̃) = HmdimM(XN, σ, d̃).

Since

HmdimM(XN, σ, d̃) = mdimM(XN, σ, d̃) ≥ mdimM,m(X
N, σ, d̃)

≥ HmdimM,m(X
N, σ, d̃),

it suffices to prove that

HmdimM(XN, σ, d̃) = HmdimM,m(X
N, σ, d̃).

Indeed, this is obtained by B− = {∅, X}. To see this, we consider any ∅ 6= A ∈ B−.
For any n ∈ N, since A ∈ σ−nB, there exists a subset C ∈ B such that A = σ−nC =
Xn × C. As n ∈ N is arbitrary, it follows that A = XN. Thus, B− = {∅, X}. □

Remark 8.2. Since for any w ∈ XN we have that s(n, ε, f−n(w)) ≥ b 1
εc

n+k, where
k = k(ε), we have the following

mdimM,m(X
N, σ, d̃) = lim sup

ε→0

supz∈XN lim supn→∞
1
n log s(n, ε, f−n(z))

− log ε

= lim sup
ε→0

lim supn→∞
1
n log s(n, ε, f−n(w))

− log ε
,

for any w ∈ XN.

8.2. Self-similar system. Let ℓ∞ =
{
(xn)n∈N ∈ RN : supn≥1 |xn| < ∞

}
be the

space of bounded sequences with the norm ‖x‖∞ = supn≥1 |xn| for x = (xn)n∈N.
We always assume that ℓ∞ is endowed with the weak* topology as the dual space
of ℓ1. We define the shift map σ : ℓ∞ → ℓ∞ by

σ
(
(xn)n∈N

)
= (xn+1)n∈N ,

which is continuous with respect to the weak* topology. We will consider a certain
self-similar set of ℓ∞ which is σ-invariant.

Let Ω be a compact metric space with a metric ρ, and T : Ω → Ω be a continuous
map. Suppose that for each ω ∈ Ω, there exists a point a(ω) = (a(ω)n)n∈N ∈ ℓ∞

so that the map a : Ω → ℓ∞, ω 7→ a(ω) is continuous with respect to the weak*
topology of ℓ∞, and σ(a(ω)) = a(T (ω)) for any ω ∈ Ω. Since Ω is compact, we
have

sup
ω∈Ω

‖a(ω)‖∞ < ∞.
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Fix c ∈ R with 0 < c < 1. Given ω ∈ Ω, we define a contracting similarity
transformation Sω : ℓ∞ → ℓ∞ by

Sω(x) = cx+ a(ω).

Then σ (Sω(x)) = STω(σ(x)). Tsukamoto [21, Proposition 4.1] proved that

X =

{ ∞∑
k=0

cka (ωk) | ωk ∈ Ω, k ∈ Z+

}
(22)

is the unique non-empty compact σ-invariant, i.e. σ(X) ⊂ X, subset of ℓ∞ satisfy-
ing

X =
⋃
ω∈Ω

Sω(X).

Define a metric d on X by

d((xn)n∈N, (yn)n∈N) =

∞∑
n=1

1

2n
|xn − yn|.

The dynamical system (X,σ) is called a self-similar system defined by the family of
contracting similarity transformations {Sω}ω∈Ω. Moreover, Tsukamoto [21, The-
orem 4.3] provided an upper bound of mean metric dimension of this system by
topological entropy of (Ω, T ). Now we prove the corresponding result also holds for
preimage mean metric dimension.

Theorem 8.3. Under the above setting, the self-similar system X satisfies that

mdimM,m(X,σ, d) ≤ hm(T,Ω)

log(1/c)
.

Proof. Given x ∈ X, by (22), it can be denoted as x =
∑∞

k=0 c
ka(ωk). Note that

for any k ∈ Z+,
σ−1(a(ωk)) = {a(ω′

k) : ω
′
k ∈ T−1(ωk)},

and hence

σ−1(x) =

{ ∞∑
k=0

cka(ω′
k) : ω

′
k ∈ T−1(ωk), k ∈ Z+

}
.

Similarly, for any N ∈ Z+,

σ−N (x) =

{ ∞∑
k=0

cka(ω′
k) : ω

′
k ∈ T−N (ωk), k ∈ Z+

}
.

By the continuity of a(·) and the compactness of X, for any ε ∈ (0, 1), there exists
δ > 0 such that ρ(ω, ω′) < δ implies that d(a(ω), a(ω′)) < ε/6, and hence for any
N ∈ Z+, ρN (ω, ω′) < δ implies that

dN (a(ω), a(ω′)) < ε/6. (23)
Let M = diam(X, d). Then M = diam(X, dN ) for each N ∈ N. Given any

k,N ∈ Z+, let EN
k be a (N, δ)-spanning set of T−N (ωk) with respect to ρ with

the minimal cardinality r(N, δ, T−N (ωk)). Choose K ∈ Z+ such that McK < ε
6 ≤

McK−1. Then
∑∞

k=K ckM ≤ ε
6(1−c) . Fix ω∗

K , ω∗
K+1, . . . ∈ Ω, and let

FN
k =

{
K−1∑
k=0

cka(ω′′
k ) +

∞∑
k=K

cka(ω∗
k) : ω

′′
k ∈ EN

k , k = 0, 1, 2, . . . ,K − 1

}
.

Then

#(FN
k ) ≤

K−1∏
k=0

#(EN
k ). (24)
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Now we prove FN
k is a ( ε

3(1−c) , N)-spanning subset in σ−N (x). Indeed, for any
x′ =

∑∞
k=0 c

ka(ω′
k) ∈ σ−N (x), one has that ω′

k ∈ T−N (ωk) for any k ∈ Z+. Thus,
for any k = 0, 1, . . . ,K − 1, there exists ω′′

k ∈ EN
k such that ρN (ω′

k, ω
′′
k ) < δ, which

together with (23), implies that dN (a(ω′
k), a(ω

′′
k )) < ε/6. Therefore,

dN

( ∞∑
k=0

cka(ω′
k),

K−1∑
k=0

cka(ω′′
k ) +

∞∑
k=K

cka(ω∗
k)

)

= max
0≤l<N

∞∑
n=1

1

2n

∣∣∣∣∣
K−1∑
k=0

ck
(
a(T l(ω′

k))− a(T l(ω′′
k ))
)
+

∞∑
k=K

ck
(
a(T l(ω′

k))− a(T lω∗
k)
)∣∣∣∣∣

≤
K−1∑
k=0

ck max
0≤l<N

∞∑
n=1

1

2n
|a(T l(ω′

k)), a(T
l(ω′′

k ))|+M ·
∞∑

k=K

ck

≤
K−1∑
k=0

ckdN (a(ω′
k), a(ω

′′
k )) +

ε

6(1− c)

≤

( ∞∑
k=0

ck

)
· ε
6
+

ε

6(1− c)
=

ε

3(1− c)
,

which shows that the set FN
k is a (N, ε

3(1−c) )-spanning subset of σ−N (x). Since
ε/6 ≤ McK−1, we have

log
6M

cε
≥ K log

1

c
,

which together with (24), implies that for each N ∈ Z+,
log supx∈X r(N, ε

3(1−c) , σ
−N (x))

N log( 6Mcε )
≤

log supω∈Ω r(N, δ, T−N (ω))

N log(1/c)
.

Letting N → ∞, and then letting δ → 0, we have that

lim sup
N→∞

log supx∈X r(N, ε
3(1−c) , σ

−N (x))

N log( 6Mcε )
≤ hm(T,Ω)

log(1/c)
.

Let ε → 0. Then we deduce that

mdimM,m(X,σ, d) ≤ hm(T,Ω)

log(1/c)
.

The proof is completed. □
8.3. Zipper map. In this subsection, we consider the preimage metric mean di-
mension of zipper maps. Firstly, we introduce the family of maps, which is used to
define the zipper map. Their graph will be a zipper curve. As functions, they were
introduced by Bruneau [3] as extremal points in certain functional spaces.

Denote by C the Banach space of continuous functions defined on [0, 1] with
values in R endowed with its usual norm ‖f‖ = supx∈[0,1] |f(x)|, and by C0 the
convex, closed subset of the functions f with range [0, 1] and such that f(0) = 0
and f(1) = 1.

Let p = ((x1, y1) , (x2, y2)) ∈ (0, 1)2 be a pair of points in the unit square such
that x2 > x1 and y2 < y1, and let Φp : C0 → C0 be the map defined by

Φpf(x) =


y1f(

x
x1
) if x ∈ [0, x1]

y1 − (y1 − y2) f(
x−x1

x2−x1
) if x ∈ [x1, x2]

y2 + (1− y2) f(
x−x2

1−x2
) if x ∈ [x2, 1] .

Then Φp is a contraction in the uniform norm, and thus has a unique fixed point
Zp ∈ C0. This map Zp is said to be the zipper map of parameter p. In [14], authors
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proved a class of zipper maps have positive metric mean dimension relative to the
Euclidean metric d. However, we prove that the preimage mean metric dimension
of each zipper map is zero.

Theorem 8.4. Let Zp be a zipper map. Then

mdimM,m

(
[0, 1], Zp, d

)
= 0.

Proof. We define intervals
I0 = [0, x1], I1 = [x1, x2], I2 = [x2, 1]

and
J0 = [0, y1], J1 = [y2, y1], J2 = [y2, 1].

Since Zp is the fixed point of Φp, it follows that
Zp(Ii) = Ji, for any i = 0, 1, 2. (25)

Note that for any x ∈ J0, #(Z−1
p (x)) = 1; for any x ∈ J1, #(Z−1

p (x)) = 3; for any
x ∈ J2, #(Z−1

p (x)) = 1. Thus, given any x ∈ [0, 1], for any ε > 0,

s(n, ε, f−n(x)) ≤ 3n for any n ∈ N.

This shows that mdimM,m

(
[0, 1], Zp, d

)
= 0. □

9. Final comments

In [1] the author proved, among many interesting results, that in a Riemannian
manifold of dimension n ≥ 2, the set of continuous self-maps with upper metric
mean dimension equal to n is a C0-residual in the space of continuous self-maps.
We believe the arguments presented there can pave the way for us to prove the
following conjecture:

Conjecture. In a Riemannian manifold of dimension n ≥ 2, the set of con-
tinuous self-maps with upper preimage metric mean dimension equal to n is a
C0-residual in the space of continuous self-maps.
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