METRIC MEAN DIMENSION VIA PREIMAGE STRUCTURES

CHUNLIN LIU AND FAGNER B. RODRIGUES

ABSTRACT. The preimage entropy provides a quantitative estimate of how
“invertible” a system is. Once there are several examples where the preimage
entropy is infinite, it cannot provide more information. Thus, we introduce
the concept of preimage metric mean dimension, and study many properties
of it. Meanwhile, we provide many examples to compute their preimage mean
metric dimension.

1. INTRODUCTION

Let X be a compact topological space, and f : X — X be a continuous map.
One of the most important notions in Dynamical Systems is that of topological
entropy, denoted by hop(f) the topological entropy of f on the space X. It is a
topological invariant and, roughly speaking, measures how chaotic a system is, and
may be thought as a quantity that measures the rate disperses points in the future
by the action of f on the space X. In particular, it is an effective tool to decide
whether two systems are conjugated or not.

When the map f under consideration is a homeomorphism, then extending this
procedure into the past instead of the future results is the entropy htop(f~1) of
the inverse mapping, which coincides with hyop(f). However, when the map is not
invertible, different ways of “extending the procedure into the past” lead to sev-
eral new entropy-like invariants for noninvertible maps. In [13], Hurley introduced
several other entropy-like invariants for noninvertible maps, mentioned sometimes
as topological entropy via preimage structures: the preimage branch entropy, de-
noted by hy(f), distinguishing points according to the branches of the inverse map;
and two pointwise preimage entropies hy(f) and hyw(f). In [7], Fiebig, Fiebig and
Nitecki, introduced the notion of preimage relation entropy, denoted by h.(f) and
exploited these four concepts, showing that they behave in ways that are often
unexpected in light of the well understood behavior of topological entropy hgop(f).
As in the case of topological entropy, some authors turn out to the problem of
defining a measure-theoretical version of the preimage entropies. In [6], Cheng and
Newhouse introduced another notion of preimage entropy, denoted by hpre(f), and
associated to such quantity a notion of preimage metric entropy was defined and
a partial variational principle was obtained. More recently, Wu and Zhu [27, 28]
defined the concept of preimage metric entropy related to hy,(f) and proved that
for maps with uniform separation of preimages property it is possible to guarantee
a variational principle relating such quantities.

In the case of topological entropy, there are plenty of systems with infinite topo-
logical entropy (for instance, they form a C%-generic set in the space of homeomor-
phisms of a compact manifold [23] with dimension greater than one) and thus, in
this context, the entropy is not useful anymore. Therefore, to study these types of

Date: April 17, 2024.
2020 Mathematics Subject Classification. Primary: 37A35, 37B40, 37D35; Secondary: 37A05,
37B05,

1



2 CHUNLIN LIU AND FAGNER B. RODRIGUES

systems, new dynamical quantities are required and an example of such a quantity
is the metric mean dimension.

The notion of metric mean dimension was introduced by Lindenstrauss and Weiss
in [16] as metric-dependent analog of the mean dimension, another topological in-
variant of high-complexity maps which was introduced by Gromov [8]. The defini-
tion of metric mean dimension is a fusion of the definitions of topological entropy
and Minkowski dimension and has several applications, like in the study of embed-
ding problems [12], and the metric mean dimension presents an upper bound to it.
But more than that, the metric mean dimension turned out to be useful in several
contexts like in the study of compression [9, 10]. One of the main goals of this
quantity was to bound from above the mean dimension.

Inspired by these works, we extend the notion of metric mean dimension via
preimage structures. Examples of maps with infinite preimage entropy may be
easily constructed and because of this we believe that such a notion represents an
interesting contribution to the study of continuous dynamics. We present several
examples, and prove that, in certain setting, the preimage metric mean dimension
can be computed via a variational principle.

This manuscript is organized as follows. In Section 2, we introduce main def-
initions and present our main results and in the remaining sections we prove our
main results. In the last section, we will provide some examples.

2. DEFINITIONS AND STATEMENTS

Let (X,d) be a compact metric space and f: X — X be a continuous map.
Given n € N, we define the dynamical metric d,,: X x X — [0,00) by

(i, ) = max {d(z,2), d(f(2), (), ... d(f" (@), f7 ()}

It is easy to see that d, is indeed a metric and, moreover, generates the same
topology as d. Furthermore, given € > 0, n € N and a point z € X, we define the
open (n,¢)-ball around x by

B,(z,e) ={y e X : dp(z,y) <e}.

We say a set E C X is (n,¢)-separated by f if d,,(z,2) > € for every x # z € E.
Denote by s(f,n,e) the maximal cardinality of all (n, e)-separated subsets of X by
f- Wesay R C X is a (n,e)-spanning set if for any x € X, there exists z € R such
that d,,(z, z) < . Denote by r(f,n,e) the minimal cardinality of all (n, €)-spanning
subsets of X by f. Due to the compactness of X, s(f,n,¢) and r(f,n,e) are finite
for any n € N and € > 0.

2.1. The metric mean dimension. The upper metric mean dimension of f with
respect to d is given by

h
mdimyg (X, f, d) = lim sup (4, 6),
c—o0 |loge]

where

1
h(f,e) =limsup — logs(f,n,¢).
n

n — 00

Similarly, the lower metric mean dimension of f with respect to d is given by

. U h(fe)
mdimy, (X7 1 d) = llgn;r&f Moge|
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In the case when mdim, (X7 1, d) = mdimyy (X, 1, d) this common value is called
the metric mean dimension of f with respect to d and is denoted simply by
mdimyg (X, 1, d).

Recall that the topological entropy of the map f is given by

htop(f) = Eli_r>n0 h(f7 5)'

Consequently, mdimy (X ] d) = mdim,, (X ] d> = 0 whenever the topological
entropy of f is finite. In particular, the metric mean dimension is a suitable quantity
to study systems with infinite topological entropy. For more on these quantities see
[15, 16, 20] and references therein.

2.2. Variational principle for metric mean dimension. Let B be the Borel
o-algebra on X. Denote by M¢(X) the set of all f-invariant Borel probability
measures on X, and by M?(X ) the set of all ergodic Borel probability measures
on X. Given p € M;(X), we say that { = {C1,...,Cy} is a finite measurable
partition of X if ¢ C B, p (X \U_,C;) = 0 and p(C; N C;) = 0 for every i # j.
The set of all finite Borel partitions of X is denoted by P(X). Given € > 0, let
PA(X)={£ e P(X): €] < e}, where |¢] = max{diam(A) : 4 € &}.
The entropy of £ € P(X) with respect to p is given by
Hu(§) = = Y u(C)log p(C).
ceg

Given £,¢ € P(X), denote EV( ={ANB:Ac & B e} eP(X) Let & =
\/;L;O1 f79¢ for any € € P(X) and n € N. Then, the metric entropy of & with respect
to (f, ) is given by

1
h = i —H,(&).
W16 = lm (")
The metric entropy with respect to (f, ) is given by

ho(f)= sup hu(f,€) =1lim inf h,(f,&).
w(f) 5;1)1&) W(f,6) lim _inf u(f,€)

Following this idea, the metric mean dimension in measure-theoretical sense is
defined by

Hmdimy (f,d) = limsup ——  sup inf  h,(f,9). (1)
e—0 ‘IOgEl “er(X)ﬁepg(X) "
Gutman [11] proved that the metric mean dimension of a continuous endomorphism
on a compact metric space satisfies the following variational principle

mdimy (X, 7, d) — Hmdimy (X, 7, d). (2)
2.3. Topological preimage entropy and preimage metric mean dimension.

2.3.1. Topological preimage entropy. Fix x € X. Given n € N and ¢ > 0, let us
denote by s(n,e, f~"(z)) the maximal cardinality of all (n,e)-separated subsets
of f~"(x) with respect to f, and by r(n,e, f~™(z)) the minimal cardinality of all
(n, e)-spanning subsets of f~"(z) with respect to f.
The topological preimage entropy of f, defined by Hurley (see [13, 18] for more
details) is given by
P (f) = lim hm(f75>7 (3>
e—0

where

hm(f,e) = limsup 1 log sup s(n, e, f"(z)).

n—oo N zeX
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Another possible definition of preimage entropy, introduced by Cheng and Newhowse
[6], is defined via
hpre(f) = Ehino hpre(fa E)a

where

1
hpre(f,€) = limsup — log  sup s(n,e,f*k(z)).

n—oo T zeX, k>n
Remark 2.1. It is a direct consequence of the previous definitions that

hm (f) S hprc(f) § htop(f)'

2.3.2. Preimage metric mean dimension. Motivated by previous definitions of preim-
age entropy, we introduce two possible notions of upper metric mean dimension via
preimage structures as follows:

T hll’l K
mdimy,m (X, f, d) = lim sup M
e»o |loge]

. h re b
and mdimy pre (Xv I d) = hlgnj’%p Tlo(gfgg)'

Similarly, the notions of lower metric mean dimension via preimage structures as
follows:

. T hm(f75> . BT hpre(f7‘€)
mdimy; ., (X, 1, d) = hem_}%f W and mdimy; ... (X, f, d) = hem_}%lf ng‘.

When mdimy ,, (X, 1 d) = mdimy (X, 1, d) this common value is denoted by
mdimpg,m (X, 7 d). Similarly, we denote by mdim pre (X7 7 d) the common value
when mdimy; ., (X, f, d) = mdimy, pre (X, 1 d)
Remark 2.2. The following can be obtained by definitions

mdinym (X, £,d) < mdinypre (X, £,d) < mdim (X, f,d).

d
. mdimyy , (X, f,d) < mdimyy e (X, f.d) < mdimy (X, £,d).

2.4. Measure-theoretic preimage entropy and preimage metric mean di-
mension.

2.4.1. Measure-theoretic preimage entropy. For pn € M;(X) and £ € P(X), the
measure-theoretic preimage entropy [6] was defined as

hpre,p(f) = sup hpre,,u(fv 5)7
£eP(X)

where hpre . (f,€) = lim, oo ~H(£"|B7) and B~ is the infinite past o-algebra
.0 f7"B related to the Borel o-algebra B and H(:|-) is the standard conditional
entropy (see for example [24]). Authors [6] proved that

sup  hpre u(f) < hpre(f)-
HEM ¢ (X)

Recently, the pointwise metric preimage entropy with respect to & [28], was defined
by

P (£.€) = limsup 1, (6" ).

n—-+oo

The pointwise metric preimage entropy was defined as

hm,u(f) = Ssup hm.,;t(fa 5)
§EP(X)
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Authors [28] proved that

sup hm,u(f) < hm(f)~
HEMf(X)
More recently, Wu and Zhu [27, Proposition 3.1] proved the two preimage entropy
with respect to invariant probability measures are equal. Namely,

hinu(f) = Ppre,u(f), for every p e My(X). (4)

Unlike classical entropy, the variational principle for pre-image entropy is gener-
ally not valid ([19, 25]). Thus, we need to consider the variational principle under
some additional conditions. Wu and Zhu [28, Theorem B], established a variational
principle relating hw (f) and hm ,(f) for f with uniform separation of preimages,
i.e., there exists g9 > 0 so that d(z,y) < g and f(z) = f(y) implies © = y. More
precisely, if f: X — X is a continuous map acting on the compact metric space
(X, d) and has the uniform separation of preimages property then

ha(f) = sup  fom,pu(f). (5)
neM;(X)
However, we cannot consider the variational principle of preimage metric mean
dimension under the uniform separation of preimages property, as we will prove
that each continuous map with the uniform separation of preimages property has
zero preimage metric mean dimension (see Theorem A).

2.4.2. Measure-theoretic preimage metric mean dimension. We define the following
quantities via preimage structure:

Hmdimy o (f, d) = limsu su inf Ay , 6
M, (f ) 5—>0p |10g5| MeMF(X) £EP-(X) 7I—L(f f) ( )

and

Hmdimu pre(f, d) = limsup sup in
pre(,d) e—0  |1oge| e, (x)€€P-(X)

hpre,u(fa 5)

2.5. Main result. The first main result may be seen as an extension of [27, The-
orem B and Theorem C] to the infinite entropy setting.

Theorem A. Suppose f: X — X is a continuous transformation on the compact
metric space (X,d). Then

Hmdivapre(f, d) = Hmdimpy m (f, d) < mdimy pm (f,d) < mdimM,pre(fv d).
Moreover, if in addition, f : X — X satisfying the uniform separation of preimages,

then
Hmdim pre (f, d) = Hmdimwy m (f, d) = mdimy m (f, d) = 0.

Let X7 be the infinite product space of the compact metric space (X, d) endowed
with the metric
I~ - d(z—nay—n)
d(,g) =y St 7)
n=0

for # = (zn)nez and § = (yn)nez. If f is surjective, then we let (X7, 7) be the
natural extension of (X, f), where

X7 = {(xn)nez € X : @ny1 = f(x,) for all n € Z},

and 7 is the left shift on X/, which is a homeomorphism. We have a natural
projection 7 : X/ — X, (2,,)nez + o, which is continuous and satisfies for = 7o7.
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Theorem B. Let f: X — X be a continuous map on the compact metric space
(X,d). If f is a surjective map then

mdimym (X, f,d) = mdimyv (XX, 771, d),

where mdimy (X7 | X, 771, d) is the conditional metric mean dimension of X7 with
respect to X (see Section J.1 for the definition).

Combining (2) and Theorem B, we have the following.
Corollary 2.3. Under the above conditions
mdimy (X, f,d) = Hmdimy (X7 | X, 771, d).
The definition HmM(Xf\X,T_l,J) can be found in Section /.

Note that the right-hand side of the equation in Corollary 2.3 is in the measure-
theoretical sense, but the left-hand side of that is in the topological sense. Thus,
this equation gives a different way to obtain a variational principle for the preimage
metric mean dimension.

Furthermore, we introduce the Branch preimage metric mean dimension to pro-
vide an upper bound of mean metric dimension by preimage mean metric dimension.

Theorem C. For any continuous surjective map f: X — X on a compact metric
space,

mdimy i (X, f,d) < mdimy (X, f,d) < mdimy (X, f, d) +mdimy p (X, £, d),
and

mdimy, ., (X, f,d) < mdimy (X, f,d) < mdimy; (X, f,d) + mdimy; (X, f,d).
The definition of Branch preimage entropy can be found in Section 7.

In our next result we obtain a C%-dense set of maps on [0, 1] for which we have
positive preimage metric mean dimension and the variational principle holds.

Proposition 2.4. Let C°([0,1]) be the space of continuous endomorphisms of the
interval ([0,1],d), where d stands for the Fuclidean distance. For every B € [0,1]
there exists a dense subset Dg C CY([0,1]) under the uniform metric || - || such that

mdimy 1, ([0, 1], f, d) = Hmdimwm ([0, 1], f,d) = 8, Vf € Dg.

Next, we consider an extension of Bedford-McMullen carpets [2, 17]. Let a > b >
2 be two natural numbers and set A = {0,1,...,a — 1} and B ={0,1,...,b — 1}.
Let (A x B)Y be the compact metric space with a metric

P((@ns Y )nens, (T, Y Jnen) = 27 M IENEEn v @y}, (8)

Then ((A x B)Y,0) is the one-sided full-shift on the alphabet A x B. Let 7 :
(A x B)N — BN be the natural projection. We also denote by o : BY — BY the
shift map on BY. Denote a compatible metric on BY by

P/ (Yn)men: (Y )neny) = 27 min{nelivnzv}, 9)
Consider [0, 1] x [0, 1] with the metric

oo

(), (& 9)) = 3 g macten — g — 1}, (10)

n=1

where = (Zn)nen, ' = (23,)nen, ¥ = (Yn)nen and ¥’ = (y;,)nen € [0, 1]N- Again,
as in the previous cases, we denote by o the shift map on [0, 1]V x [0, 1]V,

o((#n)nen, (Yn)nen) = ((Tn+1)nen; (Ynt1)nen)-
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Let Q C (A x B)N be a closed non-empty set such that o(Q2) C Q. We define a
carpet system Xq C [0,1]N x [0, 1]N by

o0 o0
x Y N N
Xq = {(Z a—z, b:;) € 0,1 x [0,1]" : (T, ym) € Q for all m € N}.
m=1 m=1
Let 1> := {(#n),,cy € RY : sup,,5 |#,] < 00} be the space with the norm ||z |s =
SUp,,>1 |2n| for @ = (zn),cy. Since z,, € AY C (>, we consider the summation
Soo_ Zmin ¢>°. Then Y v | 2= € [0,1]Y. The same idea is applied on Y~ %=
In this way we have obtained a forward o-invariant subset Xq. Then (Xq,0) is a

subsystem of ([0, 1N x [0, 1]Y,0). Let Q' = 7(Q2). Then (£, 0) is a subshift of BY.
In [21], Tsukamoto proved that the metric mean dimension, the topological en-
tropy of (2, 0) and the topological entropy of (€', o) obey the following relation

ra (92, 0) (1 ! )hmpm’,o).

loga log b B loga
The main goal here is to extend this formula for the preimage setting.

mdimy (Xq,0,d) =

Theorem D. In the above setting, the preimage metric mean dimension of (Xq, o)
with respect to the metric d, is given by

hm(Q,0) 11
loga logb loga

mdimp (X, 0,d) =

)hMQJ)

It follows from [7] that the preimage entropy hy, of amap f : X — X on compact
metric space, is equal to its topological entropy htop if f is forward expansive. It is
well known that subshifts on finitely many symbols are forward expansive. Thus,

han (2, 0) = hiop(2,0) and by (', 0) = hiop (', 0).

As a corollary of Theorem D, we have that the preimage metric mean dimension of
a carpet system is equal its metric mean dimension.

Corollary 2.5. In the above setting,

mdimMJn(XQ, a, d) = mdlmM(XQ, a, d)

3. PROOF OF THEOREM A

We start by proving that Hmdimw v, (f, d) = Hmdimu pre(f, d). In fact it is an
immediate consequence of the [27, Proposition 3.1] which asserts that hpee ,(f, &) =
hm,u(f,€) for any £ € P(X) and p € M;(X). This guarantees the desired equality.

Let us prove that Hmdimy m (f, d) < mdimyg py (f, d). First of all, by [27, Theo-
rem 2.13], given p € M;(X), if 6 is its unique ergodic decomposition, then for any
£ € P(X),

hm,u(fa g) = /MC x) hm,l/(f? E) de(l/)
f

It implies that we only need to consider the f-invariant ergodic probability measures
to get the inequality.

Given £ > 0, let p € M$(X) and § = {A1,..., Ay} € Po(X) with p(9§) = 0.
By the proof of [27, Proposition 3.4], given 6 > 0 there exists a sequence {z, }nen
of X so that

1—8 < (L+k)" 2" s(n,e, f"(2n)) - exp{~n(hum,(f, ) — 20)},

which gives

1
han,p(f,€) — 20 < 6log(1 + k) + log2 + limsup — log sup s(n, &, f~"(x)).

n—oo N zeX
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Letting § — 0, we have
1
B, (f,€) < log 2 + limsup — log sup s(n, e, f~"(z)).
n—oo N reX

As pp € MG(T) is arbitrary, it follows that
Hmdimpm pm (f, d) < mdimy m (f, d).

Now we suppose that f satisfies the uniform separation of preimages property
with exponent €9 > 0. By [28, Corollary A.1], for any p € M#(X) one has that for
any § = {A17 cee aAk} € PEO(X)7

hm,u(f) = hm,u(,ﬂﬁ) < Ing < o0.
This implies that h,,(f) <logk < oo, by (5). Thus,
1
mdimpy m (f, d) < limsup —— logk = 0.
e—0 ‘ log €|
Thus,
Hmdimp pre (f, d) = Hmdimwy m (f, d) = mdimy m (f, d) = 0.

4. PROOF OF THEOREM B

4.1. Conditional metric mean dimension. Let f : X — X be a continuous
map on compact metric space X. Given a finite open cover of X and m < n € N,
denote U = \/I_  fU.

Let f: X — X and g : Y — Y be continuous maps acting on the compact
metric spaces (X,dx) and (Y, dy), respectively. A continuous map 7 : X — Y is
called a factor map between (X, f) and (Y, g) if it is onto and wo f = go 7. Given
y € Y and a finite open cover U of X, let

NUy) = min{#(V) YV Clu, U Vo W_l(y)},
Vey

NU[Y) := sup N(Uly),
yey

R 1 n—1
HUY) = nl;n;oﬁlogN(uo Y),
where #(V) is the cardinality of elements in V. The conditional metric mean
dimension of f: X — X with respect to the factor g : Y — Y is defined by
- inf giam HUY
mdimy (XY, f,dx) = limsup infaiamn <e HUY)
£ 0 |loge|
which was presented in [26]. Furthermore, define
SUP e M (X) infeep. (x) hu(f, € 1Y)
[loge|

)

Hmdimy (X | Y, f,dx) = limsup ,
e—0
where h,(f,£ |Y) is the conditional entropy of (f,§) with respect to (Y, g).

In what follows, for y € Y, we denote by s(dx, f,n,&, 7 *(y)) the maximum
cardinality of a (n, €)-separated subset of 7~ 1(y), and by r(dx, f,n,e, 7 (y)) the
minimum cardinality of a (n,e)-spanning subset of 7=1(y). By [26], we have the
following.

Theorem 4.1. Let f : X — X and g : Y — Y be continuous maps acting on the
compact metric spaces (X,dx) and (Y,dy) and 7 : X — Y a factor map between
(X, f) and (Y,g). Then

_ lim su Llogsu s(dx, fyn,e,m1
iy (X[Y, £, dx) = limsup LPn oo i 108 SUPyey 5(dx, ] )
e—0 |log g|



METRIC MEAN DIMENSION VIA PREIMAGE STRUCTURES 9

Following ideas in [7, Lemma 5.1], we prove the following lemma.

Lemma 4.2. For any ¢ > 0, there exists m € N such that for any n > m, if
dp1(7m(2), 7(9)) < €/4 then d(v™(Z),7"(9)) < €.

Proof. Since (X, dx) is a compact metric space, M = diam(X, dx) := max{dx(z,y) :
z,y € X} < oo. For ,5 € X/ and m > 1, we have

Sompay m 1 <
d(Tm(LL'), T (ZJ)) = ?d(xmfzaymfﬂ + Z ?d(xmfwymfz)
i=0 i=m+1
- N M
<2 dm-l-l(ﬂ-(x)vﬂ-(y)) + 27m
Hence the result follows by taking m € N large enough so that 2% < 3. O

For any 6§ > 0, n € N and z € X define
Vis(x) :={g € X! : d.(n(9),2) < 6}.
Lemma 4.3. For any e > 0, there exists m = m(e) € N so that for alln > m and
any x € X R R
S(d7 T, E, Vn75/8(x)) < S(da Tm,é&, Xf)7
where s(d, 7,1,€, Vy c/8(x)) denotes the mazimum cardinality of an (n, €)-separated
set in Vi, ca(x) with respect to (a?/, 7) and s(d~, T,m,&, X7T) denotes the mazximum
cardinality of an (m,¢)-separated set in X7.
Proof. If ,7 € V,, /s(x), by the triangular inequality we have d, (7(Z), 7(7)) < £/4.
Let m € N given by Lemma 4.2. So, for any n > m, if §,Z € V,, . /5(7), then
d(T™+(z), 7™ (§)) < e, Vj=0,...,n —m — 1.
Thus, if in addition, g, Z satisfies that Nm(:, Z) < g, we have Jm(gj, Z) < ¢ for any
n > m. It gives s(d,7,n,e,V, c/s(x)) < s(d, 7,m,e,V, o/s(x)). As
S(da T,m,é&, Vn,s/g(‘x)) < S(CZ? T,m,¢&, Xf))
the result follows. O
Remark 4.4. The proof of Lemma 4.3 is based on ideas in [27, Lemma 4.3].
However, our results show ¢ > 0 in [27, Lemma 4.3] can be taken by 6 = /8.
With the help of two lemmas above-mentioned, we have the following result.

Lemma 4.5. For any € > 0, there exists m = m(e) € N so that for alln > m and
any z € X

s(d, fom,e, [T (@) < s(dymm e, m 7 (f7" (@)
< s(d, fome/8, f 7" (@) - s(d, mm, 2, XT).
Proof. Note that if d(z,7) < €, then d(7(Z),7(§)) < e. It implies that, for z € X,
if E is an (n,e)-separated set in f~"(x) then 7~!(E) is an (n, e)-separated set in
7 Y(f~"(x)) with cardinality bigger than that of E. Thus for any x € X and n € N
s(d, fyn.e, f 7 (@) < s(domym, e, (f " (). (11)
Let m = m(e) € N be as in Lemma 4.3. For € X, consider F' C f~"(x)

a maximal (n,e/8)-separated set, which is also a (n,e/8)-spanning set. Thus
7~ f"(x)) C UyerVi,e/8(y). By Lemma 4.3, we obtain

s(d, e, m (7 (@) < D s(d e, Vieys(@)
yeF

< s(d, f,n,e/8, f"(x)) - s(d, 7, m,e, X7).
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The proof is completed. O

Now we proceed to prove Theorem B. By Lemma 4.5, we have

1 1 ~
limsup — log sup s(d, f,n,e, f~"(z)) < limsup — log sup s(d, 7, n,e, 7 (f~"(x))).
reX

n— oo n—oo T zeX

(

On the other hand as 7=(f~"(z)) = 77" (7~ (z)) for any = € X, A C (X7, d)
is an (7, n, £)-separated subset of 7="(7~1(x)) if and only if 7"(A) is an (771, n, ¢)-
separated subset of 77!(z). So

s(d,m,n,e, 7 "(n N (2))) = s(d, 7", e, 7 (@), (13)
which together with (12), implies
1 1 ~
limsup — log sup s(d, f,n, &, f~"(x)) < limsup — log sup s(d, 7~ *,n,e, 7 *(z)).
n—oo TN rzeX n—oo N rxeX

By Theorem 4.1, we obtain

mdimy (X, f,d) < mdimy (XX, 771, d).
For the converse inequality we notice that by Lemma 4.5 and (13), we have that
lim sup 1 log sup s(c;f, 7t n, e, m 1 (x)) < limsup 1 log sup s(d, f,n,e/8, f~"(x)).
n—oo 1 reX n—o0o zeX
Using Theorem 4.1 again, we deduce that
mdimy (X7 X, 771, d) < mdimy (X, £, d).
Now we finish the proof of Theorem B.

Proof of Corollary 2.5. By [26, Theorem 3.4], one has that
Hmdimy (XY, f,dx) = mdimy (XY, f, dx),
which together with Theorem B, implies that
mdimy (X, f,d) = Hmdimy (X7 | X, 771, d).
The proof is completed. O

5. PROOF OF PROPOSITION 2.4

Our construction is inspired in the one presented in [4].

Consider the sequence (a,)nen of numbers in [0,1] so that ag = 0 and a,, =
Sy # For each n € N consider the interval J, = [ap_1,a,] and let §, =
|J,,|/3"+2. Now, define a piecewise affine map f : [0,1] — [0,1] as follows: divide
the interval .J,, in 3" subintervals of same length and denote such interval as .J,, (1) =
(b (0), b ()], -, Ju(8") = [b (3" = 1),b,(3")] . Let ny, = 250" and for each
interval J), (k) := [by (k) + %, b, (k + 1) — %], k € {0,1,2,...,3" — 1}, and define

M (2 = (bn(2k) = %)) + (an — %), ifx € J)(2Kk),
f@) = (14)
M (= (bn(2k) + %)) + (an — %), ifz € J,(2k+1),
and f‘[an,l,an,ﬁ%@]u[anf%,an] is the identity map. In the intervals J(k) :=
[bn (k) — %", b (k) + %”], if k is odd, define f as an increasing affine map in [b,, (k) —
%",bn(k)] so that f(b, (k) — %") = a, — %" and f(b,(k)) = an, and a decreasing
affine map in [ak, by (k) + %] so that f(bn(k)) = a, and f(ba(k) + %) = an — %
if k is even, define f, similarly (see Figure 1).
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FIGURE 1. Local construction of f|,.

Claim: mdimy . ([0,1], f,d) = 1.

Let us define G,, = [an—1 + %",an - 57"] and G° = ﬂ;io f79(Gy). We notice
that, by the definition of f, mdimw ([0, 1]\ U~ G, f,d) = 0. Moreover, by [7,
Corollary 2.4], as f|ge has uniform separation of preimage property with separation
constant §,, there exists z,, € J, so that f~N(x,) is (N, d,)-separated set with

#(fN(xn)) > (3M)N. Tt gives
sup s(f.Nyon N @) 25U NG f N @) 2NN (19

6

TZnZ> we obtain

and then, as |J,| =

1
limsupﬁlog sup s(f, N,e, fN(x))

MM,m([o, 1], f,d) =limsup N7oe elo1]
e—0 —loge

1
limsup — log sup s(f, N, 6,, f~N(x))
N—oo z€[0,1]

> limsu
= nﬁoop —logd,

> limsu nlog3
=y —log6 + 2logn + 2log ™ + (n + 2)log 3

=1

Using the fact that mdim ([0, 1], f,d) = 1 ', we obtain that mdimy ([0, 1], f,d) =
1.

Based on the previous construction we have f|g, has the uniform separation
of preimages property with exponent §,. So, by [28, Corollary A.1] for v €
Moo (GY) we have

hm,l/(f|G;L'°,§) = hm,u(ﬂG;’f) < hm,ﬁ(fa 5)7

where £ is a Borel partition of G2° with diam(§) < € < dy, gls a Borel partition
of [0,1] so that any element of ¢ is contained in a element of £ and ¥ is the push
forward of v by the inclusion map i : G2° — [0,1]. Moreover, by [28, page 20], if

IThis can be obtained by an argument similar to that of [22, Proposition 8.
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we take £ as before and satisfying 1(9¢) = 0 we obtain u € My .. (G°) so that

hm(f‘G?f’vs) hm ~(fag)
By (15) we have that s(f|gee, N, 6, f~N(2)) > (3™)V, for some z € G5°. Hence

n10g3 < hm(f|G$,°7 n) < hm,ﬂ(fa g)
It implies
1 = mdimy ([0, 1], f, d) = mdimm ([0, 1], f, d) = Hmdimp m (f, d).

Now for 3 € (0,1) we define J,, = [a°_,,af], where the the general term of the
sequence (ay,)nen is determined by

neNwmal =Y C(p)3H =19,
k=0

where C(8) = (3o, 3*1-1/#)=1 Divide JZ in 3" subintervals, denoted by
T (1) = [b7(0),b5(1 )]7 L IR = (3", 07(3™)]; of length C(8)37"/%. De-
fine

60 = C(8)3~ (n+2)/8

Then we define the intervals (J2) (k) = [b2(k — 1) + 6,/2,b ( ) — /2], k =

. 3”—1and (JBY"(k) = [D2(k —1) —6,/2, bﬁ( —1)+6,/2], k=2,...,3" Let
GP =l |+ " ,al — —"] and G° = ﬂj:() f77(G5). By a construction similar to

n—1

that of the case B =1, we can define fg on [0,1]. Then

hmsup—log sup s(fg, N,e, fs N(x))
Nooo N 7 ze,

mdimy 1, ([0, 1], f5,d) =limsu
Mm([0,1], f5,d) nsup T oge

hmsup—log sup s(fg, N, on, [ N(x))

> limsup N—o0 z€0,1]
n—o00 - log (Sn
. nlog3

> lim sup T

= /B_

Finally, to prove that, for each 3 € [0, 1], there exists a dense subset of C°(]0, 1])
with preimage metric mean dimension 8 and satisfying the variational principle we
notice that for 3 = 0 the set of C! maps on [0,1] is C°-dense in C°([0,1]). For
0 < B <1, wetake f € C°([0,1]) and & > 0 and show that there exists h € C°([0, 1])
with || f — k|| < € and mdimy ([0, 1], k, d) = 5.

First of all, we take a C'! map h; so that ||h; — f|| < €/3. For a fixed point P
of hy, take he € C°([0,1]) so that ||[h; — ha|| < €/3 and its set of fixed points in a
small neighbourhood of P consists of an interval I centered in P. We notice that
ho can be taken as C'-map at points except, possibly, in the extremes of I. Let
J' ¢ J" C I, where J',J"” are subintervals of diameter small than /3, and consider
a C'-map x on [0,1] so that x =1 on J' and x =0 on [0, 1]\J".

If T denotes the homothety of parameter A € (0,1) and |J'| stand for the
diameter of the interval J’', since {x,1 — x} is a partition of unity, the map

hy:=hspg=(1—x) ha+x- Ty 0 fgoTy- (16)

is continuous, coincides with hg on [0,1]\J” and is linearly conjugate to fz on
the interval J’. Moreover, as ho is uniform continuous, hs may be chosen so that
[lhs — hal|| < €/3 provided that J', J” are small enough. By triangular inequality
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we have that ||hs — f|| < € and, since all maps in the combination (16) but fz are
smooth (except possibly at two points), then

ﬁ = IndiHlM’m([O7 1], fﬁ, d) = mdimM,m([O, 1], hg, d),
which proves Proposition 2.4.
6. PROOF OF THEOREM D

In order to prove Theorem D we need to introduce some notations. Given a >
b > 2, set
~ logb

w=1log, b= .
log a

Then 0 < w < 1. For any N € N, we denote by Q|y and Q|5 the images of  and
Q' under the projections

(Ax BN = AN x BN ((un)peny > Wn)nen) = (1, sun), (01, .., 0N)),
BY — BV, (vn)neN = (v1,...,UN) -
We also define Xq|, as the image of Xq under the projection
[0, 1]NX[O’ l]N — [0, 1]N><[07 1]N7 (Tn)nen, Un)nen) = (@1, -, 2N), (Y1, -, YN)) -
Then
_ m m N N .
Xaly = { (; ﬁ,; bm) € 0,1 x [0, 1Y : (&, ym) € Q|n for all m € N} .

Let (x,y) € (Q|N)N, where # = (#m),neny a0d Y = (Ym) ey With @, € ANy, €
BN and (2, ym) € Q|n. For N,M € N, we define a subset Qn a(z,y) C Xaln
by

s, oo (@), yh,) € Q| for all m € N with
€T y m m
Quar(e,y) =4 (D > o Ty = T (1 < m < [wM]) and :
S Yry = Ym (1 <m < M)

where [wM] is the largest integer not greater than wM. The set Qn m(z,y) de-
pends only on the coordinates z1, ..., T, Y1, - -, yn- Thus we also denote it by
Qn,.M (xl, e My YL - .,yM) . From (5.6) in [21], we have

diam (Qn,a (2, y), [| - |oc) < ab™, (17)
where || - [|oo is the £*°-distance on Xq|x C R?Y. Denote by s(F|n,| - ||oo,€) the

maximal cardinality of e-separated sets in the subset F|n of Xg|n.
Lemma 6.1. Let e > 0. For any x € Xq, and N € N, we have that
s(@™N@)In [ lloc 26) < 807N (x),dw, ) < sV () - llocs€/2),
where d is the metric defined by (10).
Proof. Following ideas in [21, Lemma 5.5], we have that for any y,z € Xgq,
[yln — 2z|nlloo < 2dn(y, 2), (18)
and

dn(y,2) < |lylner — zlnisllo +€/2, (19)
where L € N satisfies that ) _; 27" < ¢/2. Fix any x € Xq. By (18), we have

(o), |- oo, 26) < s(0™ Y (%), duv,€).
By (19), we have
s(07 N (x),dn,e) < 50N () NtLs |- lloose/2) = s(6™ NV (X)w, || - lloor /2)-

The proof is completed. O
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It is well known that (£2,0) and (€', o) satisfy uniform separation of preimages.
Denote by 7,7 > 0 the uniform separation exponents with respect to the metrics
defined by (8) and (9), respectively. Then for any n € (0,v) and 1’ € (0,7'),

#(o N (2,y)) = s(pn, oV (2,y),m) and #(o~ N (y)) = s(ply, 0N (y), ). (20)
Lemma 6.2. For any N, M € N, we have that for any n € (0,7) and ' € (0,7'),

sup (o™ (x)|n, || - [loos ab™™)
x€Xq
[wM] M—[wM]
< ( sup S(pzvya‘N(w,y),n)> - (sup 8(,0’N,0‘N(y)ﬂ7’)) (21)
(z,9)€Q yey
< sup s(o”N(X)|ns [ floos bM).
xeX

Proof. Given x = (}.°° i > y—’”) € Xq, by an argument similar to that of

m=12m > 2um=1 2m
[21, Lemma 5.6], one has that o~ (x) is the union of all

QN (T, Ty Y1 - -5 YM),

where (T, ym) € o~ N(ak,,y: )|y for 1 < m < [wM], and y,, € o~ N(y,)|n for
[wM]+1<m< M.

By (17), diam(Qn . (z,y)) < ab~M for any (z,y) € Q , it follows that for any
n € (0,7) and 0" € (0,7"),

[wM] M
s NN oo ad™™) < T #e V@b um)v) - [ #e N wh)ln)
m=1 m=[wM]+1
[wM] M
=[] # @ u))- [ # ")
m=1 m=[wM]+1
(20) [wM] M
=TI stev, o™ @hun)m) - T s o™ (i) n')
m=1 m=[wM]+1
[wM] M—[wM]
< ( sup S(pN,aN(x,y),v)> : (sup S(f)?v,UN(y)w’)) ,
(z,y) €N ye’

proving the first inequality.

Now we prove the second inequality. For any (x,y) € Q and ¢y’ € /, fix
(s,t) € o= N(2,y)|n. For any v € (o~ N(z,y"))|n, we choose I(v) € AN such
that (I(v),v) € o N (2,9 )|n. For (xpm,ym) € o N (2,9)|n, (1 < m < [wM]) and
Ym € (o N (z,y)|n, (WM]+1<m < M), we set

p(mla"'7x[wM]7y17"'7yM)
m m 'm
o S S 5 i ]
m=1 m=[wM]+1 m=M+1 m=1 m=M+1
which is a point in Xq|x. For
(xla"'ax[wM]aylw"ayM)#(xllv'"7waM]7y/17"'7y5\4)’
we have
||p($17' .. ax[wM]aylw .. ayM) 7p($/1, e 7x/[wM]7y/13 DR 7y§\4)||oo Z min{ai[wMLbiM}

=p M,
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Let
(e’ . [UJM] y M y, o0 y
(S X AT t)ex
m=1 m=1 m:[wM]+1 m=M+1
Then each p(x1, ..., Twum], Y1, --->yam) € 0~ (x). Thus,

(03w - oonb) = 0~ (2 9) )M - 0= (3 | M0,
For any n € (0,7) and ' € (0,7), by (20), we have that

—N( [wM] M—[wM]

z,y), )M - s(py, oV (),
As (z,y) € Q and y' € Q' are arbitrary, the second inequality is proved. O

s(o7VXIN | o, b7) = (o, 0

Now we proceed to prove Theorem D. Applying Lemmas 6.1 and 6.2, we have
that

mdimva (XQ, a, d)

o R -N [wM]
= g s, e 272

(sup s(dMaN(y),v'/an[WM])
yeQ/

. . 1 N
*N}linoc ngnoo NMlogh <[WM] log (s;l)lzﬂs(dm o (z,y),7/2)

+(M — [wM]) log sup, S(de‘N(y)m’/?))

RT _ !
= ]\Jlll)noc Mlogb([wM]hm(Q, o)+ (M — [wM])hn (', 0))
w 1l-w
=——hn(Q, —
log b (©,0)+ log b
hm(92,0) 1 1 ,
= - hw(Q,0).
loga (logb loga) (&, 0)

The proof of Theorem D is completed.

h (Y, 0)

7. BRANCH PREIMAGE METRIC MEAN DIMENSION

In this section, we introduce the Branch preimage metric mean dimension, and
prove Theorem C. Recall that for any compact metric space (X, d), there exists an
associated Hausdorff metric $d, which makes the space K(X) of nonempty closed
subset of X into a compact metric space: for any Fy, Fs € K(X),

HA(Fy, Fy) = max{sup inf d(z,z), sup inf d(z,z)}.
zeF 2€F2 xeFy 2€F
Given f: X — X a continuous surjection, define a sequence of branch metrics on
X via
d>(z,2) = Hd,(f " (z), f"(2)) for any n € N.
That is, x € X is “branch close” to ' € X if every branch at z is shadowed by
some branch at z’, and vice-versa.

Given n € N and € > 0, denote by sp(f,n,e) the maximal cardinality of all
(n, e)-separated subsets of X with respect to the metric db. The branch preimage
entropy [13] is defined by

hb(va) = iiiz(l)hb(f7x7€)7
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where hy(f, X,¢) = lim,, o0 %log sp(f,n, ). Following this idea, the upper branch
preimage metric mean dimension of f with respect to d is given by

_ h X
mdimy (X, f,d) = limsup (£, X, )
e—0 | IOg 5‘

Similarly, the lower branch preimage metric mean dimension of f with respect to
d is given by

, (X e)
mdimy; (X, f,d) = hgn_)l(r)lf oz

Then we have the following inequality relating preimage metric mean dimension,
branch preimage metric mean dimension, and metric mean dimension.

Theorem 7.1. For any continuous surjective map f : X — X on a compact metric
space,

mdimy (X, f,d) < mdimy (X, f,d) < mdimy,m (X, f,d) + mdimy, (X, f, d),
and

mdimy, . (X, f,d) < mdimy (X, f,d) < mdimy (X, f,d) + mdimy; (X, f,d).
Proof. The inequalities

mdimyg (X, £, d) < mdimy (X, f,d) and mdim ,, (X, f,d) < mdimy(X, f, d)

are clear from definitions. Now we prove other inequalities. Given e > 0 and n € N,
by the proof of [13, Theorem 3.1] we have that

T(f, n75) < sup S(n75/37 f_n(x)) : Sb(f7n75/3)7
zeX

which implies that

mdlmM (X7 fa d) S mdimM,m(Xa fa d) + mdimM,b(X, f7 d)
and

mdimy, (X, f,d) < mdimy; (X, f,d) + mdimy; (X, f,d).

The proof is completed. O

Corollary 7.2. For any continuous surjective map f : X — X on a compact
metric space, if mdimy (X, f,d) =0, then

mdimy (X, £, d) = mdimm (X, £, d).

The following result of a shift map can be proved by the same argument in [18,
Section 5.1].

Example 7.3. Let (X,d) be a compact metric space. Then
(o, XY = mdimy 1, (XN, 0,d) = 0,
where d is defined by (7). Thus,

mdimM,m(XN, o, d) = mdimy; (XN o, CZ)
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8. EXAMPLES

8.1. Shift maps on compact alphabets. We further study Example 7.3, which
holds the variational principle for the preimage metric mean dimension. Given
€ > 0, define N(¢) as the maximal cardinality of an e-separated set in (X, d). The
upper Minkowski dimension or upper box dimension of X is defined as

N
dimp (X, d) = lim sup (€) .
e—0 | log 6‘

Proposition 8.1. Let (X,d) be a compact metric space. Then
Hmdimy (XY, 0, d) = mdimyg (XY, 0, d) = dimp (X, d)
= mdimy (XY, 0, d)
= Hmdimy (XY, 0, d).
Proof. Tt follows from [22, Theorem 5] that
dimp (X, d) = mdimy (XY, 0, d) = Hmdimy (XY, 0, d).
Since
Hmdimy (XY, 0, d) = mdimy (XY, 0, d) > mdimy (XY, 0, d)
> Hmdimy o (XY, 0, d),
it suffices to prove that
Hmdimy (XY, 0, d) = Hmdimy ., (XY, 0, d).

Indeed, this is obtained by B~ = {0, X}. To see this, we consider any § # A € B~.
For any n € N, since A € 0~ "B, there exists a subset C € B such that A = ¢~ "C =
X" x C. As n € N is arbitrary, it follows that A = X~. Thus, B~ = {0, X }. O

Remark 8.2. Since for any w € X" we have that s(n, e, f~"(w)) > [1]"**, where
k = k(e), we have the following

sup, ¢ xn limsup,, _, % log s(n,e, f~"(2))

mdimy (XY, 0, d~) = lim sup

e—0 —loge
_ limsup,, _, o = logs(n,e, f~"(w))
= lim sup & ’
e—0 —loge

for any w € XN,

8.2. Self-similar system. Let (> = {(#n),cy € RY : sup,5; [#a] < 0o} be the
space of bounded sequences with the norm [|z|le = sup,>; [z,| for z = (zn),cn-

We always assume that £>° is endowed with the weak* topology as the dual space
of /1. We define the shift map o : £>° — (> by

g ((gj")neN) = (I"""l)nEN?

which is continuous with respect to the weak* topology. We will consider a certain
self-similar set of £* which is o-invariant.

Let Q2 be a compact metric space with a metric p, and T : Q@ — € be a continuous
map. Suppose that for each w € €2, there exists a point a(w) = (a(w)n), ey € £
so that the map a : Q@ — £, w — a(w) is continuous with respect to the weak*
topology of £°°, and o(a(w)) = a(T(w)) for any w € Q. Since § is compact, we
have

sup [|a(w)||eo < o0
wEN
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Fix ¢ € R with 0 < ¢ < 1. Given w € 2, we define a contracting similarity
transformation S, : £ — £ by

Sw(z) = cx + a(w).
Then o (S, (2)) = Stw(o(x)). Tsukamoto [21, Proposition 4.1] proved that

o0
X{cha(wkHwkEQ, keZ+} (22)
k=0
is the unique non-empty compact o-invariant, i.e. o(X) C X, subset of £>° satisfy-
ing
X = Su(X).
weR

Define a metric d on X by

— 1

d((xn)nel\h (yn)nGN) = Z 27|zn - yn|

n=1
The dynamical system (X, o) is called a self-similar system defined by the family of
contracting similarity transformations {S,} cq. Moreover, Tsukamoto [21, The-
orem 4.3] provided an upper bound of mean metric dimension of this system by
topological entropy of (2, 7). Now we prove the corresponding result also holds for
preimage mean metric dimension.

Theorem 8.3. Under the above setting, the self-similar system X satisfies that

N hn (T, Q)
X < — 1 7
mdimp (X, 0,d) < og(1/c)

Proof. Given z € X, by (22), it can be denoted as = > 5 c*a(wy). Note that
for any k € Z,

o Ha(wy)) = {a(wy) : wi € T Hwr)},
and hence

o (z) = {Z Fa(wy) s wh € T Hwy), k € Z+} .
k=0
Similarly, for any N € Z,,

o N(z) = {Z Fa(wy) :wl € TN (wy), k € Z+} .
k=0

By the continuity of a(-) and the compactness of X, for any € € (0,1), there exists

d > 0 such that p(w,w’) < ¢ implies that d(a(w),a(w’)) < €/6, and hence for any

N eZ,, py(w,w’) < § implies that

dy(a(w),a(w")) < /6. (23)

Let M = diam(X,d). Then M = diam(X,dy) for each N € N. Given any

k,N € Zy, let EY be a (N,d)-spanning set of T~ (wy,) with respect to p with

the minimal cardinality 7(N, 8, T~ (wy)). Choose K € Zy such that Mc® < £ <
McK=1 Then Y77 o *M < ﬁ. Fix Wi, Wi q,--- € Q, and let

K-—1 o)
FY = {cha<wz>+ > Fawi) s o eEﬁ,kzo,l,z,...,K—l}-
k=0 k=K

Then
K-1

#(FN) < ] #ED. (24)

k=0
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Now we prove F}¥ is a (ﬁ,N)—spanning subset in o~

2’ =377 cFa(w,) € 0N (z), one has that w, € T~V (wy,) for any k € Z;. Thus,
for any k =0,1,..., K — 1, there exists w}/ € EY such that px(w},w}) <, which
together with (23), implies that dy(a(w},),a(w})) < €/6. Therefore,

N(z). Indeed, for any

k=0 k=0 k=K
[eS) K-1 oo
:0%2}5\/2 2% & (a(THwy)) — a(THw))) + Z & (a(THwy)) — a(T'wy))
- n=1 k=0 k=K
K-1 00

IN
(]
Q??‘
=
©
"
hE
2| -
Y
3
H
£
T
S
[
OE?‘

k=0 n=1

K—-1
<3 Fdnla(wh), aw])) + ——
= 6(1 —c¢)

Nt € € €
< k.= =
= (kz_oc ) 6 6(1—0) 3(1-0)
which shows that the set F}¥ is a (N, ﬁ)—spanning subset of o~V (z). Since
£/6 < McEX~1 we have
M 1
log oM > Klog —,
ce c
which together with (24), implies that for each N € Z,
=07 (@) _ logsup,eqr(N, 5,7~ (w))
N log (M) B Nlog(1/c)
Letting N — oo, and then letting § — 0, we have that
. 1Og SUPgex T(N7 ﬁv UﬁN(x)) hm(T, Q)
lim sup oI < .
N—oo Nlog(%%) log(1/¢)
Let € — 0. Then we deduce that

log sup,c x (N,

— hn (T, Q)
< — 7
mdimp (X, 0,d) < Tog(1/0)

The proof is completed. O

8.3. Zipper map. In this subsection, we consider the preimage metric mean di-
mension of zipper maps. Firstly, we introduce the family of maps, which is used to
define the zipper map. Their graph will be a zipper curve. As functions, they were
introduced by Bruneau [3] as extremal points in certain functional spaces.

Denote by % the Banach space of continuous functions defined on [0,1] with
values in R endowed with its usual norm || f[| = sup,co ) |f(2)], and by %5 the
convex, closed subset of the functions f with range [0, 1] and such that f(0) = 0
and f(1) =1.

Let p = ((x1,91), (22,%2)) € (0,1)? be a pair of points in the unit square such
that o > 21 and y2 < y1, and let ®, : 65 — 6, be the map defined by

yif(5) if z € [0, 4]
Ppflx) = Qv — (n —w2) f(75)  ifz € [z, 29
ya+ (1 —w2) f(5=32)  if @ € fag, 1]

1—1}2

Then @, is a contraction in the uniform norm, and thus has a unique fixed point
Z, € 6. This map Z, is said to be the zipper map of parameter p. In [14], authors
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proved a class of zipper maps have positive metric mean dimension relative to the
Fuclidean metric d. However, we prove that the preimage mean metric dimension
of each zipper map is zero.

Theorem 8.4. Let Z, be a zipper map. Then
mdimyg ([0, 1,2, d) —0.
Proof. We define intervals
Iy = [0,21], I1 = [z1,22], Iz = [22,1]

and
Jo=[0,m1], J1 = [y2, 1], J2 = [yo, 1].
Since Z,, is the fixed point of ®,, it follows that

Zy(I;) = J;, for any i =0,1,2. (25)
Note that for any x € Jo, #(Z, '(x)) = 1; for any x € Jy, #(Z, " (z)) = 3; for any
x € Jy, #(Z, ' (x)) = 1. Thus, given any = € [0,1], for any € > 0,
s(n,e, f~™"(x)) < 3" for any n € N.
This shows that mdimyg ([o, 1,2, d) —0. O

9. FINAL COMMENTS

In [1] the author proved, among many interesting results, that in a Riemannian
manifold of dimension n > 2, the set of continuous self-maps with upper metric
mean dimension equal to n is a C°-residual in the space of continuous self-maps.
We believe the arguments presented there can pave the way for us to prove the
following conjecture:

Conjecture. In a Riemannian manifold of dimension n > 2, the set of con-
tinuous self-maps with upper preimage metric mean dimension equal to n is a
C-residual in the space of continuous self-maps.
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