
GENERIC SHARP SHIFT EMBEDDING FOR AMENABLE
GROUP ACTIONS WITH THE UNIFORM ROKHLIN

PROPERTY AND COMPARISON

YONATAN GUTMAN AND CHUNLIN LIU

Abstract. Naryshkin recently proved that a free action of a countably
infinite discrete amenable group G on a compact metrizable space X
with the uniform Rokhlin property and comparison (URPC) admits
an equivariant embedding into ([0, 1]m)G whenever mdim(X,G) < m/2.
We strengthen this result from existence to genericity by a substantially
different method: the set of observables f ∈ C(X, [0, 1]m) whose orbit
maps are equivariant embeddings into ([0, 1]m)G is a dense Gδ subset
of C(X, [0, 1]m). The proof combines an adaptation of the Kakutani
skyscraper construction used by Gutman–Tsukamoto with a new poly-
nomial perturbation method, departing from the predominantly linear
perturbation approaches used in earlier equivariant embedding literature.

1. Introduction

A fundamental research endeavor in the theory of topological dynamical
systems originated in Auslander’s famous 1988 question [Aus88] : Does every
minimal homeomorphism of a compact metrizable space admit an equivariant
embedding into the shift on [0, 1]Z? Mean dimension supplied the decisive
obstruction. Introduced by Gromov [Gro99] in 1999 and developed systemat-
ically by Lindenstrauss and Weiss [LW00], it measures the average amount
of topological dimension per iterate. The shift on ([0, 1]m)Z has mean di-
mension m, and mean dimension is monotone under equivariant embeddings.
Lindenstrauss and Weiss constructed a minimal system of mean dimension
greater than one, thereby answering Auslander’s question negatively. Linden-
strauss then established a striking partial converse: a minimal system with
mdim(X,T ) < m

36 generically1 embeds equivariantly into the m-cubical shift
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1Genericity means that the set of observables f ∈ C(X, [0, 1]m) for which the orbit map
x ↦→ (f(Tnx))n∈Z is an embedding is a dense Gδ subset of C(X, [0, 1]m), equipped with
the uniform topology.
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[Lin99]. In the same paper, he asked for the largest constant c for which the
bound mdim(X,T ) < cm guarantees an equivariant embedding. Gutman
and Tsukamoto [GT20] solved the problem by proving the existence2 of an
equivariant embedding for any c < 1

2 . As Lindenstrauss and Tsukamoto
[LT14] had previously constructed minimal systems of mean dimension ex-
actly m/2 not embeddable into the m-cubical shift, the constant 1/2, and
the strict inequality, were shown to be optimal.

The marker property introduced in [Gut15] based on related notions of
[Dow06] and [Kri82] is a natural generalization of minimality in the context
of the embedding problem. For a group action G↷ X, it requires that for
every finite F ⊂ G there be an open set U whose translates gU , g ∈ F , are
pairwise disjoint and whose full family of translates covers X. Every free
minimal action has this property. Following the development of dynamical
tiling methods in [GLT16], Gutman, Qiao, and Tsukamoto proved the sharp
embedding theorem for Zk-actions with the marker property [GQT19].

In view of the fundamental role of the Rokhlin lemma in coding arguments
in ergodic theory ([Kri70, Orn70, Orn74]), the uniform Rokhlin property
(URP) introduced by Niu [Niu22] in his study of crossed-product C∗-algebras
associated with free minimal actions of amenable groups3, offers a particularly
natural setting for the embedding problem4. It stipulates the existence
of finite families of towers with arbitrarily invariant shapes and mutually
disjoint levels, whose union covers all but an arbitrarily small part of the
space, uniformly over all invariant probability measures. Naryshkin proved
that a free action of a countably infinite discrete amenable group G with
URP and comparison5 (URPC), satisfying mdim(X,G) < m/2, embeds
into ([0, 1]m)G [Nar24, Theorem A]. Note that for free abelian-group actions,
URPC is equivalent to the marker property ([Nar24, Corollary E]). However,
the question whether general amenable free minimal actions satisfy URPC
remains open.6

In his proof of the embedding theorem, Naryshkin used an ingenious
construction that encodes an entire sequence of URPC covers in a single
continuous observable [Nar24, Lemmas 6.6–6.7]. The Baire-category argument
is then carried out in a closed proper subclass of observables constrained
by that function. The passage from existence to genericity requires one to

2Unlike the result of [Lin99], the result in [GT20] is an existence result, not establishing
genericity. The generic embedding result for minimal Z-actions was first proven in [Lev23].

3This is one of many manifestations of the interaction between mean dimension theory
and the structure and classification of C∗-algebras; see, for example, [Ker20, KS20, Niu22]
and the discussion in [Nar24].

4There have, however, also been deep recent developments for systems beyond this class;
see [DL25, Mey26, Shi26].

5Essentially, comparison allows sets that are smaller in every invariant measure to be
moved piece by piece into larger ones by group translates, see Definition 2.3.

6Very recently, it was shown in [GL26] that every free action of a countably infinite
amenable group on a finite-dimensional compact metrizable space has URPC.
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perform the Baire-category argument in the entire observable space. For
f ∈ C(X, [0, 1]m), denote its orbit map by

fG : X → ([0, 1]m)G, fG(x)g = f(gx), g ∈ G.

We state our main theorem.

Theorem A. Let a countable7 discrete amenable group G act freely by
homeomorphisms on a nonempty compact metrizable space X, and assume
that the action has URPC. If mdim(X,G) < m

2 , then

Em(X,G) :=
{︁
f ∈ C(X, [0, 1]m) : fG is a topological embedding

}︁
is a dense Gδ subset of C(X, [0, 1]m).

In particular, the conclusion applies to free abelian-group actions with
the marker property, and hence to free minimal abelian-group actions, under
the stated mean-dimension bound. Sharpness as a uniform theorem already
follows from the minimal Z-examples of [LT14]. This also gives a dynamical
counterpart of the generic Menger–Nöbeling theorem: for a compact metriz-
able space K with dimK < m/2, embeddings into [0, 1]m form a dense Gδ

subset of C(K, [0, 1]m) [HW41, Eng78].
Our proof differs significantly from Naryshkin’s proof. Ultimately generic

embedding is achieved through a novel method detailed in Section 5. The
key ingredient, proven in that section, is Proposition 4.2, which we call
finite-window localization up to a buffer. Its role can be described as follows.
From a URPC witness we construct finitely many compact sets Kℓ with
open neighborhoods Oℓ. Suitable translates of the Kℓ cover X, while the
corresponding translates of the Oℓ are contained in tower levels or open sets
covering the remainder.

Starting from a suitable partition-of-unity approximation f∗ of an arbitrary
observable, we aim to perturb f∗ arbitrarily slightly to q so that, for a finite
set F ⊂ G,

(1.1) qF (Kℓ) ∩ qF (X \Oℓ) = ∅, qF (x) :=
(︁
q(gx)

)︁
g∈F .

Thus, whenever x ∈ Kℓ, any point with the same observations as x on the
finite window F must belong to Oℓ. Once this localization has been achieved,
applying it to suitable translates shows that points with identical full orbit
observations lie in a common tower level or in a common member of the
open cover of the remainder. This allows the subsequent separation argument
to be carried out within these regions. Indeed, we use general-position
perturbations of orbit blocks, as in the Kakutani skyscraper decomposition
technique of Gutman–Tsukamoto [GT14], and combine the resulting block
maps into a single continuous observable by placing their coordinates along
the corresponding tower levels. The buffer between Kℓ and X \ Oℓ makes
the localization stable under the additional (sufficiently small) perturbations.

7If G is finite, the conclusion holds assuming only freeness by [GLM25, Theorem 1.1].
Henceforth, we assume that G is infinite.
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The main challenge is to achieve (1.1) by an arbitrarily small perturbation.
Departing from the predominantly linear perturbation approaches used in
earlier equivariant embedding arguments, we introduce polynomial perturba-
tions of partition-of-unity maps. Indeed, if f∗ =

∑︁
j vjψj , where vj ∈ (0, 1)m

and ψ = (ψ1, . . . , ψJ) is a partition of unity, the perturbations have the form

qΘ(z)i = f∗(z)i + ⟨Ξ(z), θ(i)⟩, 1 ≤ i ≤ m,

where Ξ consists of translated cutoffs and monomials of bounded degree in
finitely many translates of ψ.8 The coefficients Θ may be chosen arbitrarily
close to zero. The proof is completed by a combination of combinatorial rank
estimates and semialgebraic dimension arguments.

Organization of the paper. Section 2 introduces notation and back-
ground material used throughout the paper. In Section 3, we develop the
low-dimensional coordinate systems needed for the perturbation argument.
Section 4 establishes the finite-scale approximation theorem and derives Theo-
rem A by a Baire-category argument, assuming the finite-window localization
up to a buffer result. Finally, Section 5 proves this localization result and
completes the proof.

2. Preliminaries

Throughout the paper, G is a countably infinite discrete amenable group
acting on the left by homeomorphisms on a nonempty compact metrizable
space X, and e denotes the identity of G. We fix m ∈ N and a compatible
metric ρ on X. For subsets A,B ⊂ X, we write A ⋐ B if A ⊂ B. All
inclusions are understood to allow equality.

We write PG(X) for the space of G-invariant Borel probability measures
on X. We equip Rm and its finite products with the maximum norm, denoted
by ∥ · ∥, and function spaces with the corresponding uniform norm ∥ · ∥∞.

2.1. Basic notation. For q ∈ C(X, [0, 1]m) and any subset D ⊂ G, finite or
infinite, write qD(x) := (q(gx))g∈D. Every finite product of Euclidean cubes
is equipped with the maximum norm. We equip ([0, 1]m)G with the left shift
(h · z)g = zgh, g, h ∈ G, and define the equivariant orbit map

qG : X −→ ([0, 1]m)G, qG(x)g = q(gx).

Then qG(hx) = h · qG(x).
More generally, if ξ = (ξλ)λ∈L is a finite tuple of continuous functions and

D ⊂ G is finite, put

ξD(x) :=
(︁
ξλ(dx)

)︁
(d,λ)∈D×L

.

For a single vector-valued map this reduces to ξD(x) = (ξ(dx))d∈D.

8Polynomial perturbations have been used in a non-equivariant Euclidean-space setting
in the context of the Takens-type delay embedding theorems, e.g. see [SYC91, BGŚ24].
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For a finite indexed family C = (Cj)
J
j=1 of subsets of a space X, define

locC(x) := {j : x ∈ Cj}, multC(x) := | locC(x)|.

The multiplicity of C is

mult(C) := sup
x∈X

multC(x).

If C is a finite cover, define

ordC(x) := multC(x)− 1, ord(C) := mult(C)− 1 = sup
x∈X

ordC(x).

For a finite open cover U of a compact metrizable space, set

D(U) := min
{︁
ord(V) : V is a finite open cover refining U

}︁
.

For a cover U of (X, ρ), write

mesh(U) := sup
U∈U

diamρ(U).

A map H : (X, ρ) → Y is an η-embedding if H(x) = H(y) =⇒ ρ(x, y) < η.
Let H : Y → Z be a map and C ⊂ Y . We say that H encodes C if

H−1(H(C)) = C.

We say that H encodes a finite family if it encodes every member of that
family.

2.2. Partitions of unity and simplicial notation. Let

ψ = (ψ1, . . . , ψJ) : X → ∆J−1 :=

⎧⎨⎩(z1, . . . , zJ) ∈ [0, 1]J :
J∑︂

j=1

zj = 1

⎫⎬⎭
be a partition of unity. For a finite set E ⊂ G, denote

ψE(x) := (ψ(tx))t∈E .

Given an indexed open cover (˜︂Oj)
J
j=1, we say that ψ is honest for (˜︂Oj)

J
j=1

if {ψj > 0} = ˜︂Oj , 1 ≤ j ≤ J . Suppose moreover that a closed cover (Dj)
J
j=1

is fixed and suppψj ⊂ Dj , 1 ≤ j ≤ J . We call the triple

H :=
(︁
(˜︂Oj)

J
j=1, (Dj)

J
j=1,ψ

)︁
an honest partition structure.

For a nonempty I ⊂ {1, . . . , J}, let ∆I be the coordinate face of ∆J−1

spanned by the vertices indexed by I. Write D := (Dj)
J
j=1. Since suppψj ⊂

Dj ,
ψ(x) ∈ ∆locD(x), dim∆locD(x) = ordD(x).

For later use, we also fix the polynomial coordinates on the simplex. For
d ∈ N0, let

AJ,d :=
{︁
α = (α1, . . . , αJ) ∈ NJ

0 : |α| := α1 + · · ·+ αJ ≤ d
}︁
,
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and denote MJ,d := |AJ,d| =
(︁
J+d
d

)︁
. For z = (z1, . . . , zJ) ∈ ∆J−1 and

α ∈ AJ,d, write zα := zα1
1 · · · zαJ

J . We define the degree-d Veronese map
by

Φd : ∆J−1 −→ RMJ,d , Φd(z) := (zα)α∈AJ,d
.

Thus every polynomial P on RJ of degree at most d can be written in the
form

(2.1) P (z) = ⟨aP ,Φd(z)⟩ for some aP ∈ RMJ,d .

We shall also use the following standard interpolation terminology.

Definition 2.1. Let Y be a set and let k ≥ 1. A finite family of functions
h1, . . . , hM : Y → R is called k-interpolating on Y if, for every 1 ≤
q ≤ k, every collection of pairwise distinct points z1, . . . , zq ∈ Y , and every
(u1, . . . , uq) ∈ Rq, there exists θ = (θ1, . . . , θM ) ∈ RM such that

M∑︂
α=1

θαhα(zi) = ui, 1 ≤ i ≤ q.

By the classical polynomial interpolation argument [SYC91, Lemma 4.1(1)];
see also [GS00, Section 1.2, eq. (1.9)], and (2.1),

(2.2) the family {z ↦→ zα : α ∈ AJ,d} is (d+ 1)-interpolating on ∆J−1.

2.3. Uniform Rokhlin property and comparison. An open castle is
a finite family {(Si, Vi)}ri=1, where each Si ⊂ G is finite and each Vi ⊂ X is
open, such that the levels sVi, 1 ≤ i ≤ r, s ∈ Si, are pairwise disjoint. Each
pair (Si, Vi) is a tower, Si is its shape, Vi is its base, and the sets sVi,
s ∈ Si, are its levels. The closed set X \

⋃︁r
i=1 SiVi is the remainder of the

castle.
For a finite set K ⊂ G and α > 0, a nonempty finite set S ⊂ G is called

(K,α)-invariant if
⃓⃓⋂︁

k∈K kS
⃓⃓
> (1− α)|S|.

For a finite set L ⊂ G, an open set U ⊂ X is L-free if the family
{ℓU : ℓ ∈ L} is pairwise disjoint. It is a sweep-out set if MU = X for some
finite M ⊂ G. The action has the marker property if it admits an L-free
sweep-out set for every finite L ⊂ G.

The following property of finite invariance is a standard consequence; see,
for example, [KL16, Section 4.1].

Lemma 2.2. Let A,E,K ⊂ G be finite, with e ∈ A and E ̸= ∅, and
let εA, εE > 0 and δ ∈ (0, 1). Then there exist a finite set K0 ⊂ G and
δ0 ∈ (0, 1) such that every nonempty finite (K0, δ0)-invariant set S ⊂ G
satisfies |AS| < (1 + εA)|S| and |ES| < (1 + εE)|S|, and AS is (K, δ)-
invariant.

For a closed set A ⊂ X and an open set B ⊂ X, we write A ≺ B if there
exist a finite open cover U of A and elements gU ∈ G, U ∈ U , such that the
sets {gUU : U ∈ U} are pairwise disjoint subsets of B.
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Definition 2.3 (Kerr [Ker20, Definition 3.2]). The action G ↷ X has
comparison if A ≺ B whenever A ⊂ X is closed, B ⊂ X is open, and
µ(A) < µ(B) for every µ ∈ PG(X).

Definition 2.4 (Niu [Niu22]). The action G↷ X has the uniform Rokhlin
property (URP) if, for every finite K ⊂ G and every ε > 0, there is an open
castle {(Si, Vi)}ni=1 such that every Si is (K, ε)-invariant and

sup
µ∈PG(X)

µ

(︄
X \

n⨆︂
i=1

SiVi

)︄
< ε.

As the remainder is closed, this invariant-measure formulation agrees with
Naryshkin’s upper-density formulation; see [Nar24, Subsection 2.1].
Remark 2.5. If an action has URP, then it is free almost everywhere
for every invariant probability measure. This assertion does not require
topological freeness. Write Fix(g) := {x ∈ X : gx = x}. Fix g ≠ e and ε > 0,
and apply URP with K = {e, g−1}. For each resulting shape Si, denote
Ci := Si ∩ g−1Si. Then |Si \ Ci| < ε|Si|. If s ∈ Ci and z ∈ sVi satisfies
gz = z, then z = gz ∈ gsVi, contradicting the disjointness of the distinct
levels sVi and gsVi. Thus, for every µ ∈ PG(X),

µ(Fix(g)) ≤ µ

(︄
X \

⨆︂
i

SiVi

)︄
+
∑︂
i

|Si \ Ci|µ(Vi)

< ε+ ε
∑︂
i

|Si|µ(Vi) ≤ 2ε.

Letting ε ↓ 0 gives µ(Fix(g)) = 0. Since G is countable, the action is free
µ-almost everywhere for every invariant µ.

Definition 2.6 (Naryshkin [Nar24]). The action G ↷ X has URPC if it
has both the uniform Rokhlin property and comparison.

We shall use the following finite-data formulation.

Definition 2.7 (Naryshkin [Nar24, Definition 3.24]). Let K ⊂ G be finite
and let α > 0. A (K,α)-URPC witness consists of finite data

W =
(︂
{Si}ri=1, {Vi}ri=1, {gj}

q
j=1, {Uj}qj=1

)︂
such that:
(U1) {(Si, Vi)}ri=1 is an open castle such that every Si is (K,α)-invariant;
(U2) the open sets U1, . . . , Uq cover the castle remainder X \

⨆︁r
i=1 SiVi;

(U3) the index set {1, . . . , q} is partitioned into subsets Ji,c, where 1 ≤ i ≤ r,
and 1 ≤ c ≤ ⌊α|Si|⌋, such that, whenever j ∈ Ji,c, gjUj ⊂ Vi, and, for
every fixed pair (i, c), the sets {gjUj : j ∈ Ji,c} are pairwise disjoint.

Empty index ranges and empty sets Ji,c are allowed. The elements gj are
called transporters, and the integers c are called colors.
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Proposition 2.8 (Naryshkin [Nar24, Theorem 3.20(iii)]). A free action has
URPC if and only if it admits a (K,α)-URPC witness for every finite K ⊂ G
and every α > 0.

2.4. Amenability and mean dimension. A sequence (Fn)n≥1 of nonempty
finite subsets of G is a Følner sequence if

lim
n→∞

|gFn△Fn|
|Fn|

= 0 for every g ∈ G.

Since G is amenable, such sequences exist.
For a finite open cover U of X and a nonempty finite set F ⊂ G, denote

UF :=
⋁︂
g∈F

g−1U =

⎧⎨⎩⋂︂
g∈F

g−1Ug : Ug ∈ U

⎫⎬⎭ .

Let (Fn)n≥1 be a Følner sequence. The mean dimension of the cover U is

mdim(U , G) := lim
n→∞

D(UFn)

|Fn|
.

By the Ornstein–Weiss lemma [OW87, LW00], the limit exists and is inde-
pendent of the choice of the Følner sequence. The mean dimension of the
action is

mdim(X,G) := sup
U

mdim(U , G),

where the supremum is taken over all finite open covers U of X.
Let U and V be covers of a topological space X. We say that V refines U ,

and write V ≻ U , if for every V ∈ V there exists U ∈ U such that V ⊂ U.
Meyerovitch [Mey26] defined the following invariant, called the dynamical

dimension:

ddim(X,G) := sup
A

inf
B≻A

sup
µ∈PG(X)

∫︂
X
ordB(x) dµ(x),

where A and B range over finite open covers of X. By [Mey26, Theorem 9.2],
URP implies

(2.3) ddim(X,G) = mdim(X,G).

2.5. Semialgebraic sets. For a topological space Z, dimZ denotes its
Lebesgue covering dimension.

We recall facts about semialgebraic sets that will be used below; see
[BCR98, Sections 2.2 and 2.8].

A subset Z ⊂ RN is called semialgebraic if it is a finite union of sets of
the form{︁

x ∈ RN : p1(x) = · · · = pr(x) = 0, q1(x) > 0, . . . , qs(x) > 0
}︁
,

where p1, . . . , pr, q1, . . . , qs are real polynomials.
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If Z ⊂ RN is semialgebraic, a map f : Z → RM is called semialgebraic
if its graph

Γf := {(z, f(z)) : z ∈ Z} ⊂ RN+M

is semialgebraic. A map with values in a finite-dimensional vector space, or in
a matrix space, is semialgebraic if its coordinate functions are semialgebraic.

Lemma 2.9. Let X,Y be semialgebraic sets.
(i) If X = X1 ∪ · · · ∪XN with each Xi semialgebraic, then

dimX = max
1≤i≤N

dimXi.

(ii) The product X ×Y is semialgebraic and dim(X ×Y ) = dimX +dimY.
(iii) The closure X is semialgebraic and dimX = dimX.
(iv) If f : X → Y is semialgebraic, A ⊂ X is semialgebraic, and B ⊂ Y is

semialgebraic, then f(A) and f−1(B) are semialgebraic and

dim f(A) ≤ dimA.

(v) Let f : X → Y be a continuous semialgebraic map. If every nonempty
fibre f−1(y) has dimension at most q, then

dimX ≤ dim f(X) + q ≤ dimY + q.

(vi) If X ⊂ RN and dimX < N, then

intRN (X) = ∅.

That is, X has nowhere dense closure.

Proof. (i) and (ii) are [BCR98, Proposition 2.8.5 (i) (ii)], respectively.
For (iii), the semialgebraicity of X follows from [BCR98, Proposition 2.2.2],

while dimX = dimX is [BCR98, Proposition 2.8.2].
For (iv), the semialgebraicity of f(A) and f−1(B) follows from [BCR98,

Proposition 2.2.7], and dim f(A) ≤ dimA is [BCR98, Theorem 2.8.8].
For (v), apply Hardt’s semialgebraic triviality theorem [BCR98, Theo-

rem 9.3.2]. There is a finite semialgebraic partition f(X) =
⨆︁s

ℓ=1 Yℓ such that,
for each ℓ, there is a semialgebraic homeomorphism hℓ : f

−1(Yℓ) → Yℓ × Fℓ

such that pr1 ◦hℓ = f |f−1(Yℓ). Here pr1 is projection onto Yℓ. In particular,
hℓ identifies each fibre over y ∈ Yℓ with {y} × Fℓ. Hence dimFℓ ≤ q. Using
(i) and (ii), we obtain

dimX = max
1≤ℓ≤s

dim f−1(Yℓ) = max
1≤ℓ≤s

(︁
dimYℓ + dimFℓ

)︁
≤ max

1≤ℓ≤s
dimYℓ + q = dim f(X) + q ≤ dimY + q.

Finally, suppose that X ⊂ RN and dimX < N . By (iii), dimX =
dimX < N . If intRN (X) were nonempty, then it would be a nonempty open
semialgebraic subset of RN , and therefore

dim intRN (X) = N
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by [BCR98, Proposition 2.8.4]. Since intRN (X) ⊂ X, this would imply
N ≤ dimX, a contradiction. Thus

intRN (X) = ∅.

Since X is closed, it follows that X has nowhere dense closure. □

Proposition 2.10. Let Z be a semialgebraic set and let M : Z −→
Matn×P (R) be a semialgebraic map. For every integer r ≥ 0, the set
Zr := {z ∈ Z : rankM(z) = r} is semialgebraic. The nonempty sets Zr form
a finite partition of Z.

Proof. Note that rankM(z) ≤ r is equivalent to the vanishing of all (r +
1)× (r + 1) minors, while rankM(z) ≥ r is equivalent to the nonvanishing
of some r × r minor. These are semialgebraic conditions. Only the ranks
0, . . . ,min{n, P} can occur. See also [BCR98, Sections 2.1–2.3]. □

3. Global low-dimensional coordinates

Assuming URP, we use the equality of dynamical dimension and mean
dimension to construct a partition of unity with uniformly controlled local
order along sufficiently invariant finite orbit windows. The resulting orbit
names lie in finite unions of products of simplex faces with the corresponding
dimension bound.

Lemma 3.1. Assume that G ↷ X has URP and that mdim(X,G) < a.
Let W be a finite open cover of X, let f0 ∈ C(X, (0, 1)m), and let ε > 0.
Then there exist an honest partition structure H =

(︁
(˜︂Oj)

J
j=1, (Dj)

J
j=1,ψ

)︁
and

vectors v1, . . . , vJ ∈ (0, 1)m such that
(i) the closed cover D = (Dj)

J
j=1 refines W;

(ii) the affine observable f∗(x) :=
∑︁J

j=1 vjψj(x) satisfies ∥f∗ − f0∥∞ < ε;
(iii) supµ∈PG(X)

∫︁
X ordD(x) dµ(x) < a;

(iv) if ψ(x) = ψ(y), then x and y lie in a common member of W.

Proof. By (2.3), URP implies ddim(X,G) = mdim(X,G). Choose
ddim(X,G) < a0 < a.

By uniform continuity of f0, there is a finite open cover A of X which
refines W and such that ∥f0(x)− f0(y)∥∞ < ε whenever x and y belong to a
common member of A.

By the definition of ddim(X,G), there is a finite open refinement B =
(Bj)

J
j=1 of A such that

sup
µ∈PG(X)

∫︂
X
ordB(x)dµ(x) < a0.

Discarding empty members, we may assume that every Bj is nonempty. For
each j, choose Aj ∈ A such that Bj ⊂ Aj .
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Choose a closed shrinking (Cj)
J
j=1 of (Bj)

J
j=1 such that

Cj ⊂ Bj and X =
J⋃︂

j=1

Cj .

Choose open sets ˜︂Oj satisfying Cj ⊂ ˜︂Oj ⋐ Bj . The sets ˜︂Oj still cover X. Set

Dj := ˜︂Oj . Then (Dj)
J
j=1 is a finite closed cover of X, and Dj ⊂ Bj ⊂ Aj .

Since A refines W , each Dj is contained in a member of W. So (i) holds.
For each j, choose a continuous function hj : X → [0,∞) such that

hj(x) > 0 ⇐⇒ x ∈ ˜︂Oj . Since the ˜︂Oj ’s cover X,

H(x) :=

J∑︂
j=1

hj(x) > 0 (x ∈ X).

Define ψj(x) :=
hj(x)
H(x) . Then ψ = (ψ1, . . . , ψJ) : X → ∆J−1 is an hon-

est partition of unity for (˜︂Oj)
J
j=1, and suppψj = ˜︂Oj = Dj . Thus, H =(︁

(˜︂Oj)
J
j=1, (Dj)

J
j=1,ψ

)︁
is an honest partition structure.

Recall that ordD(x) =
∑︁J

j=1 1Dj (x)− 1. Since Dj ⊂ Bj for every j,

ordD(x) ≤
J∑︂

j=1

1Bj (x)− 1.

Consequently,

sup
µ∈PG(X)

∫︂
X
ordD(x) dµ(x) ≤ sup

µ∈PG(X)

∫︂
X
ordB(x)dµ(x) < a0 < a.

This proves (iii).
For each j, choose zj ∈ Bj and denote vj := f0(zj) ∈ (0, 1)m. We always

have zj ∈ Bj ⊂ Aj . If ψj(x) > 0, then x ∈ ˜︂Oj ⊂ Bj ⊂ Aj . Hence
∥vj − f0(x)∥ = ∥f0(zj)− f0(x)∥ < ε. Since ψj(x) ≥ 0 and

∑︁
j ψj(x) = 1,

∥f∗(x)− f0(x)∥ =

⃦⃦⃦⃦
⃦⃦ J∑︂
j=1

ψj(x)
(︁
vj − f0(x)

)︁⃦⃦⃦⃦⃦⃦ ≤
J∑︂

j=1

ψj(x)∥vj − f0(x)∥ < ε.

Thus ∥f∗ − f0∥∞ < ε, and (ii) holds.
Finally, suppose that ψ(x) = ψ(y). Choose j such that ψj(x) > 0. Then

ψj(y) > 0 as well. Since the partition of unity is honest, x, y ∈ ˜︂Oj ⊂ Bj ⊂ Aj .
As A refines W , the points x and y lie in a common member of W. □

The following lemma converts a bound over invariant measures into a
uniform bound along sufficiently invariant finite sets. We include a proof,
using the empirical-measure argument related to [Mey26, Proposition 9.1].
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Lemma 3.2. Let w : X → R be a bounded upper semicontinuous function
and let b ∈ R satisfy supµ∈PG(X)

∫︁
X w dµ < b. Then there exist a finite set

K ⊂ G and δ > 0 such that every nonempty finite (K, δ)-invariant set T ⊂ G
satisfies

sup
x∈X

1

|T |
∑︂
t∈T

w(tx) < b.

Proof. Suppose, towards a contradiction, that the conclusion fails. Choose an
increasing sequence of finite sets Kn ⊂ G with e ∈ Kn and

⋃︁
nKn = G, and

choose δn ↓ 0. For every n, there are a nonempty finite (Kn, δn)-invariant set
Tn ⊂ G and a point xn ∈ X such that

1

|Tn|
∑︂
t∈Tn

w(txn) ≥ b.

Define

µn :=
1

|Tn|
∑︂
t∈Tn

δtxn ∈ Prob(X).

After passing to a subsequence, assume that µn → µ in the weak* topology.
Then µ ∈ PG(X). Since w is bounded and upper semicontinuous, the
Portmanteau theorem (see e.g. [Bil99, Theorem 2.1]) gives

b ≤ lim sup
n→∞

∫︂
X
w dµn ≤

∫︂
X
w dµ ≤ sup

ν∈PG(X)

∫︂
X
w dν,

contradicting the hypothesis. □

We now apply the preceding lemma to the function ordD.

Corollary 3.3. For the honest partition structure H =
(︁
(˜︂Oj)

J
j=1, (Dj)

J
j=1,ψ

)︁
obtained in Lemma 3.1, there exist a finite set KH ⊂ G, with e ∈ KH, and
δH ∈ (0, 1) such that every nonempty finite (KH, δH)-invariant set T ⊂ G
satisfies

sup
x∈X

∑︂
t∈T

ordD(tx) < a|T |.

Moreover, for every such T , let

LocTD :=
{︂(︁

locD(tx)
)︁
t∈T : x ∈ X

}︂
,

and define

LT :=
⋃︂

(It)t∈T∈LocTD

∏︂
t∈T

∆It .

Then
ψT (X) ⊂ LT , dimLT < a|T |.



GENERIC SHARP SHIFT EMBEDDINGS FOR AMENABLE GROUP ACTIONS 13

Proof. The function ordD(x) =
∑︁J

j=1 1Dj (x) − 1 is bounded and upper
semicontinuous, since every Dj is closed. Lemma 3.1 gives

sup
µ∈PG(X)

∫︂
X
ordD(x) dµ(x) < a.

Applying Lemma 3.2 with w = ordD and b = a, we obtain a finite set KH ⊂ G
and δH > 0 such that for every nonempty finite (KH, δH)-invariant set T ,

sup
x∈X

1

|T |
∑︂
t∈T

ordD(tx) < a.

Enlarging KH and decreasing δH, if necessary, we may assume that e ∈ KH,
and δH ∈ (0, 1). This proves the first assertion.

Fix such a set T . For x ∈ X and t ∈ T , denote

It(x) := locD(tx) = {j : tx ∈ Dj}.

Since suppψj ⊂ Dj , we have ψ(tx) ∈ ∆It(x). Therefore

ψT (x) ∈
∏︂
t∈T

∆It(x),

and hence ψT (X) ⊂ LT . Since dim∆It(x) = ordD(tx), the dimension of the
corresponding product face is

∑︁
t∈T ordD(tx).

For every pattern (It)t∈T ∈ LocTD , choose x ∈ X which realizes it. Since∏︁
t∈T ∆It is a finite product of simplices, its dimension is the sum of the

dimensions of its factors. Together with dim∆It = ordD(tx), we have

dim

(︄∏︂
t∈T

∆It

)︄
=
∑︂
t∈T

dim∆It =
∑︂
t∈T

ordD(tx) < a|T |.

Each product
∏︁

t∈T ∆It is a face of the finite polytope (∆J−1)T . Hence
LT is a finite union of faces of this polytope and is contained in the finite
subcomplex generated by those faces. Consequently,

dimLT = max
(It)∈LocTD

dim

(︄∏︂
t∈T

∆It

)︄
< a|T |. □

Thus the dynamical dimension hypothesis has been converted into a uniform
dimension bound on sufficiently invariant finite orbit windows.

4. Recognition and generic embeddings

By the standard Baire category argument in order to prove Theorem A, it
is enough to prove the following proposition.

Proposition 4.1. Let G be a countably infinite discrete amenable group
acting freely by homeomorphisms on a nonempty compact metrizable space X.
Suppose that the action has URPC and that mdim(X,G) < m/2. Then, for
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every forig ∈ C(X, [0, 1]m) and every ε, η > 0, there exists q ∈ C(X, [0, 1]m)
such that

∥q − forig∥∞ < ε and qG is an η-embedding.

Proof of Theorem A given Proposition 4.1. For η > 0, set

Eη :=
{︁
f ∈ C(X, [0, 1]m) : fG(x) ̸= fG(y) whenever ρ(x, y) ≥ η

}︁
.

The set Eη is open in the uniform topology. Indeed, suppose that fn /∈ Eη

and fn → f uniformly. Choose xn, yn ∈ X such that

ρ(xn, yn) ≥ η and fGn (xn) = fGn (yn).

After passing to a subsequence, we may assume that

xn → x and yn → y.

Then ρ(x, y) ≥ η. For every g ∈ G,

f(gx) = lim
n→∞

fn(gxn) = lim
n→∞

fn(gyn) = f(gy),

so fG(x) = fG(y). Hence f /∈ Eη.
By Proposition 4.1, Eη is dense for every η > 0.
Finally,

Em(X,G) =
∞⋂︂
n=1

E1/n.

Since C(X, [0, 1]m) is complete in the uniform metric, the Baire category
theorem implies that Em(X,G) is a dense Gδ subset of C(X, [0, 1]m). □

It remains to prove Proposition 4.1. Our aim is to perturb the given
observable so that points with equal full orbit names9 must be less than η
apart. The construction has two main steps. First, we arrange that equality
of full orbit names forces the two points into a common tower level or a
common open set covering part of the remainder. To achieve this, we state a
perturbation result which, for suitable compact–open pairs K ⊂ O, ensures
that a point in K cannot have the same finite orbit name as a point outside
O. We then use URPC to construct the pairs needed for the preceding
conclusion.

Second, we perturb the observable further so that, within each of these
common sets, equality of full orbit names forces the points to be less than η
apart. For this step, we construct covers on which the relevant finite orbit
maps have arbitrarily small oscillation, with order controlled by the mean
dimension bound. These covers allow us to approximate the orbit maps
on tower bases by maps that distinguish the required small sets, including
the pieces of the remainder moved into the bases by comparison. Cutoff
functions combine these approximations into a continuous global observable.
The perturbation is small enough to preserve the conclusion of the first step,

9We call a pair of distinct points with equal full orbit names a collision.
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and the two steps together give an η-embedding. The choices of parameters
and the proof of the proposition are completed in Subsection 4.5.

4.1. Recognition by a finite orbit name. For a finite subset F ⊂ G,
denote

RF = F−1F, QF = R−1
F RF \ {e}.

Proposition 4.2. Fix a < m/2, an honest partition structure
H =

(︁
(˜︂Oj)

J
j=1, (Dj)

J
j=1,ψ

)︁
, vectors v1, . . . , vJ ∈ (0, 1)m, and the affine

observable

f∗(x) :=

J∑︂
j=1

vjψj(x).

Let A ⊂ G be finite, with e ∈ A, and assume that

(4.1)
∑︂
c∈A

ordD(cgx) < a|A| (g ∈ G, x ∈ X).

Then there exists a finite set F ⊂ G, with e ∈ F , having the following property.
Let U ⊂ X be open. Assume that the sets tU , t ∈ F , are pairwise disjoint

and that

(4.2) U ∩ qU = ∅ q ∈ QF .

Let Λ ̸= ∅ be finite, and suppose that, for every ℓ ∈ Λ, Kℓ ⊂ X is compact
and Oℓ ⊂ X is open, with Kℓ ⊂ Oℓ ⋐ U, and that the closures Oℓ, ℓ ∈ Λ, are
pairwise disjoint. Then, for every ε > 0, there exists q ∈ C(X, [0, 1]m) such
that ∥q − f∗∥∞ < ε and

(4.3) qF (Kℓ) ∩ qF (X \Oℓ) = ∅ (ℓ ∈ Λ).

An observable supplied by Proposition 4.2 is called a (finite-window)
localizer. Equation (4.3) is referred to as the (finite-window) recognition
property. Proposition 4.2 is proved in Section 5, with the final construction
given in Subsection 5.4.
Remark 4.3. The localizer q0 in Proposition 4.2 is of the following form.
There are continuous functions

ρℓ : X → [0, 1], ℓ ∈ Λ,

with
ρℓ = 1 on Kℓ, supp ρℓ ⊂ Oℓ,

as well as a continuous map

Q : (∆J−1)A × [0, 1]F
−1×Λ −→ Rm

such that
q0(z) = Q

(︁
ψA(z),ρF

−1
(z)
)︁
, z ∈ X,

where
ρ(z) := (ρℓ(z))ℓ∈Λ.

The support properties of these functions and the above factorization will be
used in Lemma 4.7.
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4.2. Placing collisions in a common tower level or a remainder
neighbourhood. We follow Naryshkin’s type-semigroup notation [Nar24,
Definition 3.7], a variant of Ma’s generalized type semigroup [Ma21] in which
no further quotient by mutual subequivalence is taken.

Let V1, . . . , Vr,W1, . . . ,Ws ⊂ X be open sets, and let n1, . . . , nr,m1, . . . ,ms ∈
N0. In the formal sums

r∑︂
i=1

ni[Vi] and
s∑︂

j=1

mj [Wj ],

the coefficients specify the numbers of labelled copies of the corresponding
open sets. We call (i, a), where 1 ≤ i ≤ r and 1 ≤ a ≤ ni, a source label,
and (j, b), where 1 ≤ j ≤ s and 1 ≤ b ≤ mj , a target label.

We write
r∑︂

i=1

ni[Vi] ≺
s∑︂

j=1

mj [Wj ]

if, for every choice of compact sets Ki,a ⊂ Vi, one for each source label (i, a),
there exist finite families Ui,a of open subsets of X satisfying

Ki,a ⊂
⋃︂

U∈Ui,a

U,

together with, for each U ∈ Ui,a, an element gi,a,U ∈ G and a target label
τ(i, a, U), such that:

(i) if τ(i, a, U) = (j, b), then gi,a,UU ⊂Wj ;
(ii) for each fixed target label (j, b), the translated sets gi,a,UU , as (i, a, U)

ranges over all triples satisfying τ(i, a, U) = (j, b), are pairwise disjoint.

We shall use without further comment that this relation is additive and
transitive, and that

ni ≤ mi for all i =⇒
∑︂
i

ni[Vi] ≺
∑︂
i

mi[Vi].

Lemma 4.4. [Nar24, Lemma 3.19] Let G be a countably infinite discrete
amenable group acting freely by homeomorphisms on a nonempty compact
metrizable space X. Let U ⊂ X be a sweep-out set. Then there exist θU > 0
and a finite set KU ⊂ G such that if {(Si, Vi)}ri=1 is an open castle and every
shape Si is (KU , θU )-invariant, then

r∑︂
i=1

⌈θU |Si|⌉ [Vi] ≺ [U ].

The next proposition is extracted from and adapted to the present
finite-window setting from the mechanism in Naryshkin’s proof of the
shift-embedding theorem [Nar24, Subsection 6.1].
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Proposition 4.5. Let U ⊂ X be a sweep-out set, and let θU > 0 and the
finite set KU ⊂ G be supplied by Lemma 4.4. Fix finite sets F,K ⊂ G, a
number α > 0, and a (K,α)-URPC witness

W0 =
(︁
{Si}ri=1, {V 0

i }ri=1, {gj}Nj=1, {U0
j }Nj=1

)︁
.

Here Si and V 0
i are the tower shapes and bases, gj are the transporters, and

U0
j are the open sets covering the remainder. Let

Ji,c, 1 ≤ i ≤ r, 1 ≤ c ≤ ⌊α|Si|⌋,

be the partition of {1, . . . , N} associated with this witness. For each j, write
i(j) and c(j) for the unique indices such that j ∈ Ji(j),c(j).

Assume that every Si is also (KU , θU )-invariant and that

(4.4) 1 + ⌊α|Si|⌋ ≤ ⌈θU |Si|⌉ (1 ≤ i ≤ r).

Then there exist open sets 10

V −
i ⋐ V +

i ⋐ Bi ⋐ V 0
i (1 ≤ i ≤ r),

and
U−
j ⋐ U+

j ⋐ U0
j (1 ≤ j ≤ N),

such that
W± :=

(︂
{Si}ri=1, {V ±

i }ri=1, {gj}Nj=1, {U±
j }Nj=1

)︂
are both (K,α)-URPC witnesses with the same shapes, transporters, and
index partition as W0. Moreover:

(i) For every 1 ≤ j ≤ N ,

gjU
+
j ⊂ V +

i(j).

(ii) There exist a nonempty finite index set Λ, compact sets Kℓ ⊂ X, and
open sets Oℓ ⊂ X, such that

Kℓ ⊂ Oℓ ⋐ U (ℓ ∈ Λ),

and the closures Oℓ are pairwise disjoint. If q ∈ C(X, [0, 1]m) satisfies
the finite-window recognition property

(4.5) qF (Kℓ) ∩ qF (X \Oℓ) = ∅ (ℓ ∈ Λ),

then any two points x, y ∈ X with qG(x) = qG(y) belong to a common
member of the finite open cover

C+ := {sV +
i : 1 ≤ i ≤ r, s ∈ Si} ∪ {U+

j : 1 ≤ j ≤ N}.

Each pair (Kℓ, Oℓ) in Proposition 4.5 is called a routing pair, and Oℓ is
its open buffer. We call the witnesses W− and W+, the intermediate bases
Bi, and the routing pairs the buffered URPC data associated with W0.

10The sets Bi will be used to construct the cutoff functions in Subsection 4.4.
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Proof. We first construct the nested witnesses and the intermediate bases.
Since W0 is a URPC witness, its tower levels and remainder sets form a finite
open cover of X. Choose compact sets

Ei,s ⊂ sV 0
i , Hj ⊂ U0

j ,

whose union is X. For each j, choose an open set U+
j such that

Hj ⊂ U+
j ⋐ U0

j .

For each i, the compact set⋃︂
s∈Si

s−1Ei,s ∪
⋃︂

{j:i(j)=i}

gjU
+
j

is contained in V 0
i . Choose an open neighbourhood V +

i of this compact set
with V +

i ⋐ V 0
i .

The sets sV +
i and U+

j still cover X, since they contain Ei,s and Hj ,
respectively. The castle disjointness is inherited from W0, and

gjU
+
j ⊂ V +

i(j).

For each fixed (i, c), the transported closures gjU+
j , j ∈ Ji,c, are pairwise

disjoint, since they lie in the pairwise disjoint sets gjU0
j . Thus W+ is a (K,α)-

URPC witness with the original shapes, transporters, and index partition.
Apply the same construction to W+ to obtain W−, with

V −
i ⋐ V +

i , U−
j ⋐ U+

j .

Finally, choose open sets Bi satisfying

V +
i ⋐ Bi ⋐ V 0

i .

We next use comparison to move pieces of all the bases V +
i and remainder

sets U+
j into U , with disjoint images. For each fixed (i, c), the sets gjU+

j ,
j ∈ Ji,c, are pairwise disjoint subsets of V +

i . Therefore

N∑︂
j=1

[U+
j ] ≺

r∑︂
i=1

⌊α|Si|⌋[V +
i ].

By additivity, (4.4), and Lemma 4.4,

r∑︂
i=1

[V +
i ] +

N∑︂
j=1

[U+
j ] ≺

r∑︂
i=1

(︁
1 + ⌊α|Si|⌋

)︁
[V +

i ]

≺
r∑︂

i=1

⌈θU |Si|⌉ [V +
i ] ≺ [U ].
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The last comparison applies because {(Si, V +
i )}ri=1 is an open castle with

(KU , θU )-invariant shapes. In particular,

(4.6)
r∑︂

i=1

[V +
i ] +

N∑︂
j=1

[U+
j ] ≺ [U ].

Since W− is a URPC witness, choose compact sets

Ci,s ⊂ sV −
i , Dj ⊂ U−

j ,

such that

(4.7) X =

r⋃︂
i=1

⋃︂
s∈Si

Ci,s ∪
N⋃︂
j=1

Dj .

For each i, put
Ci :=

⋃︂
s∈Si

s−1Ci,s.

Then Ci is compact and contained in V −
i .

Apply (4.6) to the compact source sets Ci ⊂ V +
i and Dj ⊂ U+

j . Intersect
the implementing open sets with their respective source sets V +

i or U+
j . By

compactness, shrink these open sets while retaining covers of Ci and Dj , and
then choose compact shrinkings of those covers. This gives integers Li,Mj ≥
0, compact sets AV

i,a, A
U
j,b, open sets P V

i,a, P
U
j,b, and elements rVi,a, r

U
j,b ∈ G,

satisfying

Ci ⊂
Li⋃︂
a=1

AV
i,a, AV

i,a ⊂ P V
i,a ⋐ V +

i , 1 ≤ i ≤ r, 1 ≤ a ≤ Li,

Dj ⊂
Mj⋃︂
b=1

AU
j,b, AU

j,b ⊂ PU
j,b ⋐ U+

j , 1 ≤ j ≤ N, 1 ≤ b ≤Mj ,

such that all the sets
rVi,aP

V
i,a and rUj,bP

U
j,b

form one pairwise disjoint family of compact subsets of U .
Define

Λ := {(V, i, a) : 1 ≤ i ≤ r, 1 ≤ a ≤ Li}
⊔ {(U, j, b) : 1 ≤ j ≤ N, 1 ≤ b ≤Mj}.

For ℓ = (V, i, a), set

Kℓ := rVi,aA
V
i,a, Oℓ := rVi,aP

V
i,a,

and for ℓ = (U, j, b), set

Kℓ := rUj,bA
U
j,b, Oℓ := rUj,bP

U
j,b.

These pairs satisfy Kℓ ⊂ Oℓ ⋐ U , and the closures Oℓ are pairwise disjoint.
Since the sets Ci,s and Dj cover the nonempty space X, at least one Ci or
Dj is nonempty. Hence at least one Li or Mj is positive, so Λ ̸= ∅.
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It remains to verify the conclusion concerning equal orbit names. Suppose
that q satisfies the finite-window recognition property (4.5) and that qG(x) =
qG(y). Then

qG(hx) = qG(hy) (h ∈ G),

because q(ghx) = q(ghy) for every g, h ∈ G.
If x ∈ Ci,s, put u = s−1x and v = s−1y. Choose a such that u ∈ AV

i,a, and
let ℓ = (V, i, a). Then

rVi,au ∈ Kℓ, qF (rVi,au) = qF (rVi,av).

The finite-window recognition property (4.5) implies rVi,av ∈ Oℓ, and hence
v ∈ P V

i,a. Since
u ∈ AV

i,a ⊂ P V
i,a ⊂ V +

i ,

we obtain u, v ∈ V +
i , and therefore x, y ∈ sV +

i .
If x ∈ Dj , choose b such that x ∈ AU

j,b, and let ℓ = (U, j, b). Then

rUj,bx ∈ Kℓ, qF (rUj,bx) = qF (rUj,by).

The finite-window recognition property (4.5) gives rUj,by ∈ Oℓ, so y ∈ PU
j,b.

Together with
x ∈ AU

j,b ⊂ PU
j,b ⊂ U+

j ,

this yields x, y ∈ U+
j .

The compact sets Ci,s and Dj cover X by (4.7), so these cases exhaust all
possibilities. Thus x and y belong to a common member of C+. □

4.3. Covers of controlled order and small oscillation. Fix an observable
q0 with the representation recorded in Remark 4.3. For a sufficiently invariant
finite set S, we will construct covers on which qS0 has arbitrarily small
oscillation, while their order stays bounded linearly in |S|.

Lemma 4.6. Let F,R ⊂ G be finite, with R ≠ ∅, and let U ⊂ X be open.
Suppose that the sets rU , r ∈ R, are pairwise disjoint. Let κ, εR > 0 satisfy
(1 + εR)/|R| < κ. If a nonempty finite set S ⊂ G satisfies |RF−1S| <
(1 + εR)|S|, then, for every x ∈ X,

(4.8)
⃓⃓
{u ∈ F−1S : ux ∈ U}

⃓⃓
< κ|S|.

Proof. Fix x ∈ X and put

Tx := {u ∈ F−1S : ux ∈ U}.
We claim that the multiplication map

R× Tx −→ RF−1S, (r, u) ↦−→ ru,

is injective. Indeed, suppose that r1u1 = r2u2 for r1, r2 ∈ R and u1, u2 ∈ Tx.
Since u1x, u2x ∈ U , we have r1u1x = r2u2x ∈ r1U ∩ r2U . The translates
rU , r ∈ R, are pairwise disjoint, so r1 = r2. As r1u1 = r2u2, we conclude
u1 = u2.
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Hence |R||Tx| ≤ |RF−1S|. Using the two hypotheses above, we obtain
|Tx| < 1+εR

|R| |S| < κ|S|. This proves (4.8). □

Fix a with mdim(X,G) < a < m/2 and a finite open cover W of X. Let

H =
(︁
(˜︂Oj)

J
j=1, (Dj)

J
j=1,ψ

)︁
, v1, . . . , vJ ∈ (0, 1)m,

be supplied by Lemma 3.1, and put

f∗(z) :=
J∑︂

j=1

vjψj(z).

Let KH ⊂ G and δH ∈ (0, 1) be the corresponding finite-invariance data from
Corollary 3.3.

Fix a finite set A ⊂ G containing e and satisfying (4.1), and let F ⊂ G
be supplied by Proposition 4.2. Let U ⊂ X be an open sweep-out set, and
let (Kℓ, Oℓ)ℓ∈Λ be a nonempty finite family satisfying the hypotheses of that
proposition. Fix a corresponding localizer q0, together with the continuous
functions ρℓ : X → [0, 1] from Remark 4.3. Recall that

ρℓ = 1 on Kℓ, supp ρℓ ⊂ Oℓ (ℓ ∈ Λ).

Write
ρ : X −→ [0, 1]Λ, ρ(z) := (ρℓ(z))ℓ∈Λ,

and, for each finite set E ⊂ G, set

ρE(z) :=
(︁
ρℓ(uz)

)︁
(u,ℓ)∈E×Λ

.

Lemma 4.7. With the data fixed above, let εA, κ, εR > 0, and let R ⊂ G be
a nonempty finite set such that the translates rU , r ∈ R, are pairwise disjoint
and

1 + εR
|R|

< κ.

Let S ⊂ G be a nonempty finite set such that AS is (KH, δH)-invariant and

|AS| < (1 + εA)|S|, |RF−1S| < (1 + εR)|S|.
Define

ΠS : X −→ (∆J−1)AS × [0, 1]F
−1S×Λ,

ΠS(z) :=
(︁
ψAS(z),ρF

−1S(z)
)︁
,

and put PS := ΠS(X). Then there exists a continuous map

qS : PS −→ ([0, 1]m)S

such that

(4.9) qS0 = qS ◦ΠS ,

and

(4.10) dimPS <
(︁
a(1 + εA) + κ

)︁
|S|.
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Moreover, for every compact set Y ⊂ X and every τ > 0, there exists a
finite relatively open cover U of Y such that:

(i) U refines ⋁︂
s∈S

s−1W

⃓⃓⃓⃓
⃓
Y

;

(ii) the oscillation of qS0 on each member of U is less than τ ;
(iii)

ord(U) <
(︁
a(1 + εA) + κ

)︁
|S|.

In particular, PS, ΠS, qS, and the stated dimension bound are fixed before
the oscillation scale τ is chosen.

Proof. By Remark 4.3, there exists a continuous map

Q : (∆J−1)A × [0, 1]F
−1×Λ −→ Rm

such that

(4.11) q0(z) = Q
(︁
ψA(z),ρF

−1
(z)
)︁
, z ∈ X.

For s ∈ S, applying (4.11) to sz gives

q0(sz) = Q
(︂(︁
ψ(csz)

)︁
c∈A,

(︁
ρℓ(usz)

)︁
(u,ℓ)∈F−1×Λ

)︂
.

Since cs ∈ AS and us ∈ F−1S, all the entries on the right-hand side are
coordinates of ΠS(z). More explicitly, write a point of (∆J−1)AS×[0, 1]F

−1S×Λ

as (ξ, η), where ξ = (ξv)v∈AS , and η = (ηv,ℓ)(v,ℓ)∈F−1S×Λ. Define˜︁qS(ξ, η) := (︁Q (︁(ξcs)c∈A, (ηus,ℓ)(u,ℓ)∈F−1×Λ

)︁)︁
s∈S .

Then ˜︁qS is continuous and qS0 = ˜︁qS ◦ ΠS . Restricting ˜︁qS to PS = ΠS(X),
we obtain a continuous map qS := ˜︁qS |PS

: PS → ([0, 1]m)S satisfying qS0 =
qS ◦ΠS . This proves (4.9).

We next estimate the dimension of PS to prove (4.10). For z ∈ X, set
Ez := {u ∈ F−1S : uz ∈ U}. By Lemma 4.6,

(4.12) |Ez| < κ|S|.
For z ∈ X, define the set of active localizing roots by11

Eloc
z :=

{︁
u ∈ F−1S : ρℓ(uz) ̸= 0 for some ℓ ∈ Λ

}︁
⊂ Ez.

Therefore, by (4.12),

(4.13) |Eloc
z | < κ|S|.

Moreover, for every u ∈ Eloc
z , there is a unique index λz(u) ∈ Λ such

that ρλz(u)(uz) ̸= 0. Indeed, if both ρℓ(uz) and ρℓ′(uz) were nonzero, then
uz ∈ Oℓ ∩Oℓ′ , and the pairwise disjointness of the sets Oℓ would imply ℓ = ℓ′.
Consequently, ρF−1S(z) has fewer than κ|S| nonzero scalar coordinates. For
each fixed set of positions in which nonzero coordinates may occur, these

11Since supp ρℓ ⊂ Oℓ ⊂ U for every ℓ ∈ Λ, it holds Eloc
z ⊂ Ez.
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vectors lie in a coordinate cube whose dimension is the number of those
positions. We now define these cubes.

For a subset E ⊂ F−1S and a map λ : E → Λ, let

Γ(E, λ) := {(u, λ(u)) : u ∈ E} ⊂ F−1S × Λ.

Define

Z(E, λ) :=
{︂
w ∈ [0, 1]F

−1S×Λ : wu,ℓ = 0 whenever (u, ℓ) /∈ Γ(E, λ)
}︂
.

Thus only the coordinates indexed by Γ(E, λ) are allowed to vary, and the
coordinate projection

Z(E, λ) −→ [0, 1]E , w ↦−→
(︁
wu,λ(u)

)︁
u∈E ,

is a homeomorphism. In particular,

dimZ(E, λ) = |E|.

We now collect all support patterns allowed by (4.13). Set

ZS :=
⋃︂

E⊂F−1S, |E|<κ|S|
λ:E→Λ

Z(E, λ).

This is a finite union, since both F−1S and Λ are finite. For every z ∈ X,
the active coordinates of ρF−1S(z) are precisely those indexed by Γ(Eloc

z , λz).
Hence

ρF
−1S(z) ∈ Z(Eloc

z , λz) ⊂ ZS ,

and therefore
ρF

−1S(X) ⊂ ZS .

It remains to estimate the dimension of ZS . Each cube Z(E, λ) is compact,
hence closed in ZS , and has dimension |E| < κ|S|. Since ZS is a finite union
of these cubes, the finite sum theorem for covering dimension of closed sets
gives

dimZS = max
E⊂F−1S, |E|<κ|S|

λ:E→Λ

dimZ(E, λ) < κ|S|.

By hypothesis, the finite set AS is (KH, δH)-invariant. Hence Corollary 3.3,
applied with T = AS, gives a finite union LAS of products of simplex faces
such that

ψAS(X) ⊂ LAS and dimLAS < a|AS|.
Using |AS| < (1 + εA)|S|, we therefore obtain

dimLAS < a|AS| < a(1 + εA)|S|.

Since ΠS(z) =
(︁
ψAS(z),ρF

−1S(z)
)︁
, the two inclusions above imply, for

every z ∈ X, ΠS(z) ∈ LAS × ZS . Consequently,

PS = ΠS(X) ⊂ LAS × ZS .
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Since PS ⊂ LAS × ZS , monotonicity and the product theorem for covering
dimension of metrizable spaces give

dimPS ≤ dim(LAS × ZS) ≤ dimLAS + dimZS <
(︁
a(1 + εA) + κ

)︁
|S|.

This proves (4.10).
Fix a compact set Y ⊂ X, and set PY := ΠS(Y ) ⊂ PS . We first show

that every fibre of π := ΠS |Y : Y → PY is contained in a single member
of the restricted S-join

⋁︁
s∈S s

−1W
⃓⃓
Y
. Indeed, fix p ∈ PY . Since e ∈ A,

for every s ∈ S we have s = es ∈ AS. Hence the coordinate ψ(sz) is
recorded by ψAS(z), and therefore it is constant as z ranges over the fibre
π−1(p) = Π−1

S (p) ∩ Y. Denote this common vector by ξs ∈ ∆J−1. For each
s ∈ S, choose js ∈ {1, . . . , J} such that (ξs)js > 0. By honesty of the partition
of unity, for any z ∈ π−1(p),

ψjs(sz) = (ξs)js > 0 =⇒ sz ∈˜︃Ojs .

Thus,

π−1(p) ⊂ Up := Y ∩
⋂︂
s∈S

s−1˜︃Ojs .

For each s ∈ S, choose Ws ∈ W such that ˜︃Ojs ⊂ Djs ⊂ Ws. Then Up ⊂
Y ∩

⋂︁
s∈S s

−1Ws, and the set on the right is a member of
⋁︁

s∈S s
−1W

⃓⃓
Y
.

Thus each fibre of ΠS |Y is contained in one member of the restricted S-join.
For every p ∈ PY , choose a member Up of the restricted S-join which

contains π−1(p). Since Y is compact and PY is Hausdorff, π is a closed map.
Therefore Vp := PY \ π(Y \ Up) is an open neighbourhood of p satisfying
π−1(Vp) ⊂ Up. By continuity of qS |PY

, choose an open neighbourhood
Wp ⊂ PY of p on which qS has oscillation less than τ . A finite subfamily of
{Vp ∩Wp : p ∈ PY } covers PY .

Since

dimPY ≤ dimPS <
(︁
a(1 + εA) + κ

)︁
|S|,

the definition of covering dimension yields a finite open refinement R of this
cover such that

ord(R) ≤ dimPY <
(︁
a(1 + εA) + κ

)︁
|S|.

Set U := {π−1(R) : R ∈ R}, viewed as a relatively open cover of Y . This
cover refines the restricted S-join, and, since qS0 = qS ◦ π, the oscillation of
qS0 on each member is less than τ . Finally,

ord(U) ≤ ord(R) <
(︁
a(1 + εA) + κ

)︁
|S|.

This proves all assertions. □
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4.4. The global perturbation. The preceding constructions play two com-
plementary roles. The finite-window recognition property of q0, together with
the routing pairs, ensures that any collision of a sufficiently small perturbation
of q0 is routed into a common tower or remainder chart. On the other hand,
Lemma 4.7 produces, on every sufficiently invariant shape S, a low-order
cover on which the block qS0 has arbitrarily small oscillation.

On each buffered tower base we perturb qSi
0 to a nearby map encoding

the low-order cover supplied by Lemma 4.7 and the transported remainder
pieces. Cutoff functions supported inside the buffered bases combine these
block maps with q0 into a single global observable q. The support conditions
ensure continuity, and the small perturbation preserves finite-window recog-
nition. Since the castle levels are pairwise disjoint, at most one tower cutoff
contributes at any point.

The local-to-global tower assembly here parallels the corresponding con-
struction in Gutman–Tsukamoto [GT14, Lemma 2.1 and the proof of Propo-
sition 3.1]. There, block maps defined on clopen tower bases are placed
along the corresponding tower levels to obtain a global observable. In our
setting the tower levels are only open and a remainder may be present, so this
direct piecewise assembly is unavailable. Buffered cutoffs provide continuity,
while finite-window recognition and comparison handle the routing and the
remainder.

Lemma 4.8. Let Y be a compact metrizable space, let F : Y → [0, 1]N be
continuous, and let δ > 0. Let U be a finite open cover of Y and V a finite
family of open subsets of Y , with repetitions discarded. Assume that12

mult(U) + mult(V) < N

2
,

and that the oscillation of F on each member of U is less than δ/2. Then
there exists a continuous map ˜︁F : Y → [0, 1]N such that

∥ ˜︁F − F∥∞ < δ

and ˜︁F encodes every member of U ∪ V.

Proof. Choose γ ∈ (0, 1) sufficiently small that

mult(U) + mult(V) ≤ (1− γ)N/2.

Apply [Nar24, Lemma 6.14] to U and V. Taking the full coordinate set I =
{1, . . . , N}, for which |I| = N > (1− γ)N , gives the required approximation
and encoding properties. □

Proposition 4.9. Fix η > 0, and let W be a finite open cover of X with
mesh(W) < η. Retain the data associated with the prepared localizer q0 from
Lemma 4.7, in particular F,U,R, εA, κ, and εR.

12Naryshkin’s notion of order in [Nar24, Definition 6.8] is our multiplicity.
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Let α > 0, and suppose that we are given buffered URPC data as in
Proposition 4.5, with shapes Si, tower bases V −

i ⋐ V +
i ⋐ Bi, remainder sets

U−
j ⋐ U+

j , transporters gj, and routing pairs

Kℓ ⊂ Oℓ ⋐ U, ℓ ∈ Λ.

Denote

NW := mult(W) = ord(W) + 1 and d0 := a(1 + εA) + κ+NWα.

Suppose that the following conditions hold:
(i) qF0 (Kℓ) ∩ qF0 (X \Oℓ) = ∅, ℓ ∈ Λ.
(ii) d0 < d < m/2 for some d ∈ R.
(iii) Every shape Si satisfies |ASi| < (1 + εA)|Si|, the set ASi is (KH, δH)-

invariant, |RF−1Si| < (1 + εR)|Si|, and |Si| > 1
d−d0

.

Then, for every ε > 0, there exists q ∈ C(X, [0, 1]m) such that ∥q − q0∥∞ < ε
and qG is an η-embedding.

Proof. For every ℓ ∈ Λ, the compact sets qF0 (Kℓ) and qF0 (X \Oℓ) are disjoint.
Since Λ is finite, we may set

σ := min
ℓ∈Λ

dist
(︁
qF0 (Kℓ), q

F
0 (X \Oℓ)

)︁
> 0.

Choose 0 < δ < min{ε, σ/3}.
For each i, denote Yi := Bi. Applying Lemma 4.7 with S = Si, Y = Yi,

and τ = δ/2, we obtain a finite relatively open cover Ui of Yi which refines⋁︁
s∈Si

s−1W
⃓⃓
Yi
, such that qSi

0 has oscillation less than δ/2 on every member
of Ui, and

(4.14) ord(Ui) <
(︁
a(1 + εA) + κ

)︁
|Si|.

For each base index i, use all remainder indices j with i(j) = i and all
members W ∈ W to form the finite family

Vi :=
{︂
Yi ∩ gj(U+

j ∩W ) : 1 ≤ j ≤ N, i(j) = i, W ∈ W
}︂
\ {∅}.

Repeated subsets occur only once. At a given point y ∈ Yi, each color
contributes at most one j, because the sets gjU+

j are disjoint within that
color. For this j, g−1

j y belongs to at most NW = mult(W) members of W.
Thus

mult(Vi) ≤ NW⌊α|Si|⌋ ≤ NWα|Si|.
By (4.14) and mult(Ui) = ord(Ui) + 1,

mult(Ui) + mult(Vi) <
(︁
a(1 + εA) + κ+NWα

)︁
|Si|+ 1

= d0|Si|+ 1.

Assumption (iii) gives (d− d0)|Si| > 1, so, using (ii),

mult(Ui) + mult(Vi) < d0|Si|+ 1 < d|Si| <
m|Si|
2

.

This is the hypothesis of Lemma 4.8 with N = m|Si|.
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Define

Qi : Yi −→ ([0, 1]m)Si , Qi(u) := (q0(su))s∈Si .

Apply Lemma 4.8 with N = m|Si|, U = Ui, and V = Vi. We obtain a
continuous map ˜︁Qi = ( ˜︁Qs

i )s∈Si : Yi → ([0, 1]m)Si such that

∥ ˜︁Qi −Qi∥∞ < δ

and ˜︁Qi encodes every member of Ui ∪ Vi.
In particular, encoding Ui and its refinement of the Si-join give˜︁Qi(u) = ˜︁Qi(v) =⇒ ρ(su, sv) < η (s ∈ Si).

Thus each block map is a local η-embedding for the orbit metric dSi(u, v) :=
maxs∈Si ρ(su, sv).

Choose χi ∈ C(X, [0, 1]) with

χi = 1 on V +
i and suppχi ⊂ Bi.

Since the sets sBi, s ∈ Si, are pairwise disjoint, so are the sets s suppχi.
Define the global perturbation by the cutoff-weighted convex combination

(4.15) q(z) :=

⎛⎝1−
∑︂
i

∑︂
s∈Si

χi(s
−1z)

⎞⎠ q0(z) +
∑︂
i

∑︂
s∈Si

χi(s
−1z) ˜︁Qs

i (s
−1z),

where each weighted term is extended by zero outside sYi. The sets sBi, over
all tower labels (i, s), are pairwise disjoint. Hence at every point at most one
cutoff is nonzero, and (4.15) is a convex combination of two points of [0, 1]m.
It is therefore cube-valued. Moreover, suppχi ⊂ Bi, so every weighted tower
term vanishes on a neighbourhood of the boundary of sBi; its extension by
zero is continuous. Hence

∥q − q0∥∞ < δ < ε.

Moreover,

(4.16) qSi(u) = ˜︁Qi(u) (u ∈ V +
i ).

Since 2δ < σ, the recognition property is preserved:

qF (Kℓ) ∩ qF (X \Oℓ) = ∅ (ℓ ∈ Λ).

Indeed, otherwise equality qF (x) = qF (y), with x ∈ Kℓ and y /∈ Oℓ, would
imply

∥qF0 (x)− qF0 (y)∥∞ ≤ 2∥q − q0∥∞ < 2δ < σ,

a contradiction. The preserved recognition property and Proposition 4.5(ii)
imply that every pair x, y ∈ X satisfying qG(x) = qG(y) lies either in a
common tower level s0V +

i or in a common remainder chart U+
j .
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In the tower case, suppose x, y ∈ s0V
+
i and denote u = s−1

0 x and v = s−1
0 y.

Then u, v ∈ V +
i . Equality qG(x) = qG(y) gives q(su) = q(sv) for every s ∈ Si

by using the group element ss−1
0 . Hence, by (4.16),˜︁Qi(u) = qSi(u) = qSi(v) = ˜︁Qi(v).

Choose C ∈ Ui with u ∈ C. Since ˜︁Q−1
i ( ˜︁Qi(C)) = C, the equality implies

v ∈ C. Refinement of the restricted Si-join gives sets Ws ∈ W, s ∈ Si, such
that

C ⊂ Yi ∩
⋂︂
s∈Si

s−1Ws.

Taking s = s0, we obtain x = s0u, y = s0v ∈Ws0 , and therefore ρ(x, y) < η
because mesh(W) < η.

In the second case that x, y ∈ U+
j , where j is assigned to base i, we

denote u = gjx and v = gjy. Then u, v ∈ V +
i and again ˜︁Qi(u) = ˜︁Qi(v).

If ρ(x, y) ≥ η, choose W ∈ W with x ∈ W . Since mesh(W) < η, we have
y /∈W . Thus Yi ∩ gj(U+

j ∩W ) ∈ Vi contains u but not v, contradicting the
encoding property. Hence ρ(x, y) < η also in this case.

Thus
qG(x) = qG(y) =⇒ ρ(x, y) < η,

and so qG is an η-embedding. □

4.5. Proof of the main proposition. We now choose the data in the order
required by the preceding results. In particular, the finite set F is chosen
before the marker and before the pairs supplied by Proposition 4.5. The
observable q0 is chosen only after those pairs are fixed.

Proof of Proposition 4.1. Fix forig ∈ C(X, [0, 1]m), ε > 0 and η > 0. We shall
construct q such that qG is an η-embedding and

∥q − forig∥∞ < ε.

Choose mdim(X,G) < a < m
2 , and let c := (1/2, . . . , 1/2). For sufficiently

small λ > 0, the map fin := (1 − λ)forig + λc takes values in (0, 1)m and
satisfies

(4.17) ∥fin − forig∥∞ <
ε

4
.

Choose a finite open cover W of X with mesh(W) < η. Apply
Lemma 3.1 to W, fin, and ε/4. There exist an honest partition structure
H =

(︁
(˜︂Oj)

J
j=1, (Dj)

J
j=1,ψ

)︁
, the vectors (vj)

J
j=1, and f∗ =

∑︁J
j=1 vjψj . Then

(4.18) ∥f∗ − fin∥∞ <
ε

4
.

Corollary 3.3 provides KH ∋ e and δH ∈ (0, 1).
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By amenability, choose a nonempty finite (KH, δH)-invariant set A with
e ∈ A. Hence Corollary 3.3, applied to A at the point gx, gives∑︂

c∈A
ordD(cgx) < a|A| (g ∈ G, x ∈ X).

Thus the hypothesis of Proposition 4.2 is satisfied. Let F ∋ e be the finite
window supplied by that proposition.

Choose εA, κ > 0 so small that

c0 := a(1 + εA) + κ <
m

2
.

Fix εR > 0. Since G is infinite, choose a nonempty finite set R ⊂ G such
that 1+εR

|R| < κ. By [Nar24, Lemma 3.18], the action has the marker property,
as it has URPC. Denote

L := {e} ∪R−1R ∪ F−1F ∪QF .

Choose an L-free sweep-out set U0. Shrinking U0 if necessary, choose an open
sweep-out set U ⋐ U0 which still has finitely many translates covering X.
Then the choice of L ensures that

(4.19)

(tU)t∈F is pairwise disjoint,
(rU)r∈R is pairwise disjoint,
U ∩ qU = ∅, q ∈ QF .

Apply Lemma 4.4 to U , and let θ > 0 be the resulting constant andKU ⊂ G
the resulting finite set. Apply Lemma 2.2 with E = RF−1, K = KH, δ = δH,
and εA, εR. This gives Ksp ∋ e and δsp ∈ (0, 1) such that every sufficiently
(Ksp, δsp)-invariant finite set S satisfies

|AS| < (1 + εA)|S|,
AS is (KH, δH)-invariant,

|RF−1S| < (1 + εR)|S|.
(4.20)

Set NW := mult(W). Choose α > 0 so small that

α < min{θ, δsp, 1}, d0 := c0 +NWα <
m

2
.

Choose d such that

d0 < d <
m

2
.

Finally choose N ∈ N so large that, whenever n ≥ N ,

(4.21) 1 + ⌊αn⌋ ≤ ⌈θn⌉, n >
1

d− d0
.

Choose a finite set E ⊂ G with |E| ≥ N , and denote

K∗ := KU ∪Ksp ∪ E ∪ {e}.
Choose a (K∗, α)-URPC witness

W0 =
(︁
{Si}, {V 0

i }, {gj}, {U0
j }
)︁
.



30 YONATAN GUTMAN AND CHUNLIN LIU

Since Si is (K∗, α)-invariant and α < 1,
⃓⃓⋂︁

k∈K∗
kSi
⃓⃓
> (1 − α)|Si| > 0.

Hence we may choose hi ∈
⋂︁

k∈K∗
kSi. Since E ⊂ K∗, for every k ∈ E we

have hi ∈ kSi, and therefore k−1hi ∈ Si. Thus the map E → Si, k ↦→ k−1hi,
is well defined and injective. Hence

|Si| ≥ |E| ≥ N.

Moreover, KU ,Ksp ⊂ K∗ and α < min{θ, δsp}, so every Si satisfies the three
conditions in (4.20), as well as (4.21). Thus the same witness simultane-
ously satisfies all shape requirements of Proposition 4.5, Lemma 4.7, and
Proposition 4.9.

Apply Proposition 4.5 to this witness. We obtain nested castles and
remainder sets together with a finite family of routing pairs

Kℓ ⊂ Oℓ ⋐ U, ℓ ∈ Λ,

with the closures Oℓ pairwise disjoint.
The disjointness conditions on translates of U in (4.19) allow us to apply

Proposition 4.2 to this finite family with approximation tolerance ε/4. Choose
the resulting localizer q0 ∈ C(X, [0, 1]m) and the functions (ρℓ)ℓ∈Λ as in
Remark 4.3. Then

(4.22) ∥q0 − f∗∥∞ <
ε

4
,

and q0 satisfies the finite-window recognition condition

qF0 (Kℓ) ∩ qF0 (X \Oℓ) = ∅ (ℓ ∈ Λ).

All hypotheses of Proposition 4.9 are now satisfied. Applying that proposi-
tion with ε/4, we obtain q ∈ C(X, [0, 1]m) such that

(4.23) ∥q − q0∥∞ <
ε

4

and qG is an η-embedding.
Combining (4.17), (4.18), (4.22), and (4.23), we obtain

∥q − forig∥∞ < ε. □

5. Proof of Proposition 4.2

The preceding section proves Proposition 4.1, and hence Theorem A,
assuming the finite-window localization result in Proposition 4.2. We now
prove that proposition. We construct perturbations of the form

qΘ(z)j = f∗(z)j + ⟨Ξ(z), θ(j)⟩, 1 ≤ j ≤ m,

where
Θ = (θ(1), . . . , θ(m)) ∈ (RP )m.

The coordinate map Ξ : X → RP is built from translated cutoff functions
and polynomial coordinates of the partition-of-unity map. Once Ξ is fixed,
choosing Θ sufficiently close to zero makes qΘ uniformly close to f∗.

This parametrization turns a failure of the finite-window recognition con-
dition into a system of linear equations in the perturbation parameters θ(j).
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We describe the configurations giving rise to such failures using finitely many
semialgebraic parameter spaces. By comparing their dimensions with the
ranks of the corresponding linear systems, we show that the set of perturba-
tion parameters for which recognition fails has nowhere dense closure. We
can therefore choose parameters arbitrarily close to zero for which recognition
holds. We begin with the algebraic estimates needed for this argument.

5.1. Semialgebraic avoidance and polynomial evaluations. The next
lemma is essentially a linear algebra rank counting argument.

Lemma 5.1. Let Z be a semialgebraic set with dimZ ≤ D, and let

M : Z −→ Matn×P (R), cℓ : Z −→ Rn, 1 ≤ ℓ ≤ m,

be semialgebraic maps. Suppose that rankM(z) = r for all z ∈ Z. If D < mr,
then the bad parameter set

B :=

{︃
(θ1, . . . , θm) ∈ (RP )m :

there exists z ∈ Z such that
M(z)θℓ = cℓ(z) for every 1 ≤ ℓ ≤ m

}︃
is semialgebraic and has nowhere dense closure in (RP )m.

More generally, let Z =
⨆︁N

α=1 Zα be a finite semialgebraic partition such
that M has constant rank rα on Zα. If dimZα < mrα for 1 ≤ α ≤ N , then
the same conclusion holds.

Proof. Consider the set

I :=
{︁
(z, θ1, . . . , θm) ∈ Z × (RP )m :M(z)θℓ = cℓ(z) for every 1 ≤ ℓ ≤ m

}︁
,

which is semialgebraic.
Let πZ : I → Z be the coordinate projection. Fix z ∈ Z. If π−1

Z (z) is
nonempty, then, for each 1 ≤ ℓ ≤ m, the solution set of M(z)θℓ = cℓ(z) is an
affine subspace of RP of dimension P − r. Consequently,

dimπ−1
Z (z) = m(P − r).

By Lemma 2.9 (v) and the assumption D < mr,
dim I ≤ dimπZ(I) +m(P − r) ≤ dimZ +m(P − r)

≤ D +m(P − r) < mP.

Let
πθ : Z × (RP )m −→ (RP )m

be the parameter projection. Then B = πθ(I). By Lemma 2.9 (iv), B is
semialgebraic and dimB ≤ dim I < mP . Lemma 2.9 (vi) implies that B has
nowhere dense closure.

For the final assertion, apply the preceding argument to each Zα. If
Bα denotes the corresponding bad parameter set, then dimBα < mP for
1 ≤ α ≤ N . Since B =

⋃︁N
α=1 Bα, the finite-union property in Lemma 2.9 (i)

gives
dimB = max

1≤α≤N
dimBα < mP.

Hence B again has nowhere dense closure. □



32 YONATAN GUTMAN AND CHUNLIN LIU

We next show that evaluations of sufficiently many monomials at distinct
points give linearly independent vectors.

Lemma 5.2. Let z1, . . . , zN be distinct points of ∆J−1. If d ≥ N − 1,
then the degree-d Veronese evaluation vectors Φd(z1), . . . ,Φd(zN ) are linearly
independent.

Proof. Suppose that
N∑︂
i=1

ciΦd(zi) = 0.

Fix j ∈ {1, . . . , N}. Since N ≤ d+1, the interpolation property (2.2) provides
coefficients aj,α ∈ R such that the polynomial

Pj(z) :=
∑︂

α∈AJ,d

aj,αz
α

satisfies Pj(zi) = δij for every i. Taking the scalar product of the assumed
vector identity with aj := (aj,α)α∈AJ,d

, we obtain

0 =
N∑︂
i=1

ci⟨aj ,Φd(zi)⟩ =
N∑︂
i=1

ciPj(zi) = cj .

Since j was arbitrary, all coefficients vanish. □

5.2. Shifted differences and separated marker translates. The follow-
ing two lemmas give a rank bound for shifted coordinate differences and a
uniqueness statement for visits to translates of a separated set. They will be
used when comparing two finite orbit names.

Lemma 5.3. Let G be a group, let F ⊂ G be nonempty and finite, let
h ∈ G \ {e}, and let β ∈ [0, 1]. In RF , let (et)t∈F denote the standard basis
and consider

as := es −

{︄
βesh, sh ∈ F,

0, sh /∈ F,
s ∈ F.

Then

rank{as : s ∈ F} ≥ |F |
2
.

Moreover, if β < 1, then the vectors as, s ∈ F , are linearly independent.

Proof. Consider the directed graph with vertex set F and with an edge

s −→ sh

whenever s, sh ∈ F . Since right multiplication by h is injective, every vertex
has at most one incoming edge and at most one outgoing edge. Hence every
connected component is either a directed path or a directed cycle.

First consider a path

s1 −→ s2 −→ · · · −→ sr,
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so that sih = si+1 for 1 ≤ i < r, and srh /∈ F . The corresponding vectors are
as1 = es1 − βes2 ,

as2 = es2 − βes3 ,

...
asr−1 = esr−1 − βesr ,

asr = esr .

Relative to the ordered basis es1 , . . . , esr , their coefficient matrix is upper
triangular with diagonal entries equal to 1. Thus a path with r vertices
contributes rank r.

Now consider a directed cycle

s1 −→ s2 −→ · · · −→ sr −→ s1.

Relative to the same ordering of the vertices, the corresponding matrix is
Ir − βPr, where

Pr =

⎛⎜⎜⎜⎜⎜⎝
0 1 0 · · · 0
0 0 1 · · · 0
...

. . .
...

0 0 0 · · · 1
1 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎠
is the cyclic permutation matrix. Since det(Ir − βPr) = 1 − βr, the cycle
contributes full rank r whenever β < 1.

If β = 1, then Ir − Pr has one-dimensional kernel, spanned by (1, . . . , 1),
and therefore has rank r − 1. Thus, when β = 1, each cycle causes a loss of
exactly one rank.

Finally, since h ̸= e, there are no cycles of length one: sh = s would
imply h = e. Hence every cycle has at least two vertices. If c denotes the
number of cycle components, then c ≤ |F |

2 . Summing the rank contributions
of all path and cycle components gives rank{as : s ∈ F} ≥ |F | − c ≥ |F |

2 .
When β < 1, no component loses rank, so the vectors as, s ∈ F , are linearly
independent. □

Lemma 5.4. Let F ⊂ G be finite and denote

QF := {t−1
2 s2s

−1
1 t1 : s1, s2, t1, t2 ∈ F} \ {e}.

Let U ⊂ X satisfy U ∩ qU = ∅, q ∈ QF . Let y ∈ X. Suppose that for i = 1, 2,
there exist vi ∈ U and si, ti ∈ F such that siy = tivi. Then v1 = v2 and
s−1
1 t1 = s−1

2 t2. In particular, if vi ∈ Oki , where the sets (Ok)k∈Λ are pairwise
disjoint subsets of U , then k1 = k2.

Proof. From s1y = t1v1, and s2y = t2v2, we obtain v2 = qv1, where q :=
t−1
2 s2s

−1
1 t1. If q ≠ e, then q ∈ QF , while v2 = qv1 ∈ U ∩ qU , a contradiction.

Hence q = e, which gives v1 = v2 and s−1
1 t1 = s−1

2 t2. The final assertion
follows from the disjointness of the Ok’s. □
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5.3. Coordinate values and their dimension bound. We now record
the distinct partition-coordinate values occurring in two orbit names. The
notation in this subsection is local to the following lemma.

Let D1, . . . , DJ be a finite closed cover of X, and let

ψ = (ψ1, . . . , ψJ) : X −→ ∆J−1

be a partition of unity satisfying suppψj ⊂ Dj , 1 ≤ j ≤ J. Write D :=
(Dj)

J
j=1. For z ∈ X, recall locD(z) = {j : z ∈ Dj} and ordD(z) = |locD(z)|−1.

Then

(5.1) ψ(z) ∈ ∆locD(z).

Fix x, y ∈ X and finite sets A,F ⊂ G, with e ∈ A. Denote

H := AF, H◦ :=
⋂︂
c∈A

cF.

For u ∈ H, write pu := ψ(ux) and qu := ψ(uy).
We call u ∈ H a non-loop site if pu ̸= qu. Let V be the set of all values

among the pu’s and qu’s which occur at a non-loop site, and let

V ◦ := {v ∈ V : v = pu or v = qu for some non-loop u ∈ H◦}.

For v ∈ V , define

I(v) :=
⋂︂

{u:pu=v}

locD(ux) ∩
⋂︂

{u:qu=v}

locD(uy),

where an empty intersection is omitted, and denote d(v) := |I(v)| − 1. Notice
that I(v) ̸= ∅, since by (5.1),

v ∈
⋂︂

{u:pu=v}

∆locD(ux) ∩
⋂︂

{u:qu=v}

∆locD(uy) = ∆I(v).

The matrix below records the differences that appear in the collision
equations. For each c ∈ A, it assigns a coefficient +1 to pcs and −1 to
qcs whenever these values belong to V ◦; if the two values coincide, their
contributions cancel. Its rank will provide a lower bound for the rank of the
coefficient matrix in the linear equations expressing failure of finite-window
recognition.

Finally, define the core incidence matrix B◦, with rows indexed by
s ∈ F and columns indexed by (c, v) ∈ A× V ◦, by

B◦
s,(c,v) := 1{pcs=v} − 1{qcs=v},

and set r◦ := rankB◦.
A state is an element v ∈ V , that is, a distinct value occurring at a

non-loop site. It is a core state if v ∈ V ◦. The number d(v) = dim∆I(v) is
the dimension of its common coordinate face. The next lemma bounds the
sum of these dimensions: the core contribution is bounded by the rank of
B◦, and the remaining contribution by |H \H◦|.
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Lemma 5.5. Denote bF := |H \H◦|. Assume that, for every s ∈ F ,

(5.2)
∑︂
c∈A

ordD(csx) < a|A|,
∑︂
c∈A

ordD(csy) < a|A|.

Then ∑︂
v∈V ◦

d(v) ≤ 2ar◦ and
∑︂

v∈V \V ◦

d(v) ≤ 2(J − 1)bF .

Consequently, ∑︂
v∈V

d(v) ≤ 2ar◦ + 2(J − 1)bF .

Proof. We first prove that

(5.3)
∑︂
v∈V ◦

d(v) ≤ 2ar◦.

Fix v ∈ V ◦ and c ∈ A. Choose a non-loop site u ∈ H◦ such that v = pu or
v = qu. Since u ∈ H◦ ⊂ cF , s := c−1u ∈ F. As pu ≠ qu, exactly one of pu, qu
equals v. Hence B◦

s,(c,v) = ±1. Thus every column of B◦ is nonzero.
If r◦ = 0, then B◦ is the zero matrix. This is possible only when V ◦ = ∅.

Thus, (5.3) holds.
Suppose now that r◦ > 0. Choose R0 ⊂ F , with |R0| = r◦, so that the rows

indexed by R0 form a basis of the row space of B◦. For every column (c, v),
there exists s ∈ R0 such that B◦

s,(c,v) ≠ 0. Indeed, otherwise that column
would vanish on all basis rows, and hence on every row of B◦, contradicting
the fact that it is nonzero.

For each column (c, v), fix s(c, v) ∈ R0 such that B◦
s(c,v),(c,v) ̸= 0.

For s ∈ R0 and c ∈ A, denote

Vs,c := {v ∈ V ◦ : s(c, v) = s}.

For each fixed c ∈ A, every v ∈ V ◦ is assigned exactly one index s(c, v) ∈ R0.
Thus these sets are pairwise disjoint and cover V ◦, so

(5.4) V ◦ =
⨆︂
s∈R0

Vs,c.

By the definition of B◦, B◦
s,(c,v) = 1{pcs=v} − 1{qcs=v}, and for v ∈ Vs,c this

entry is nonzero by the choice of s(c, v). Therefore Vs,c ⊂ {pcs, qcs}. Notice
also that if pcs = qcs, then Vs,c = ∅.

If v = pcs, the occurrence (cs,+) is among those used to define I(v), and
hence I(v) ⊂ locD(csx), and hence d(v) ≤ ordD(csx). Similarly, if v = qcs,
then I(v) ⊂ locD(csy) and hence d(v) ≤ ordD(csy). So∑︂

v∈Vs,c

d(v) ≤ ordD(csx) + ordD(csy).
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By (5.4), summing over c ∈ A and applying the assumed order bounds for
each s ∈ R0, one has

|A|
∑︂
v∈V ◦

d(v) =
∑︂
c∈A

∑︂
s∈R0

∑︂
v∈Vs,c

d(v)

≤
∑︂
s∈R0

∑︂
c∈A

(︁
ordD(csx) + ordD(csy)

)︁
<
∑︂
s∈R0

2a|A| = 2a|A|r◦.

For the strict inequality, apply (5.2) to each s ∈ R0; the final identity uses
|R0| = r◦. Dividing by |A| gives∑︂

v∈V ◦

d(v) ≤ 2ar◦.

It remains to estimate the values occurring only outside the core. For each
v ∈ V \ V ◦, choose a non-loop site uv ∈ H \H◦ and one of its two endpoints
at which v occurs. This gives an injective map

V \ V ◦ −→ (H \H◦)× {+,−}.

Hence
|V \ V ◦| ≤ 2|H \H◦|.

Since d(v) ≤ J − 1 for every v ∈ V , we obtain∑︂
v∈V \V ◦

d(v) ≤ 2(J − 1)|H \H◦|. □

5.4. Construction of the perturbation and exclusion of collisions.
We return to the hypotheses of Proposition 4.2. The proof first chooses F
and defines the perturbation family. It then describes failed recognition by
finitely many types of equations and applies Lemma 5.1.

Proof of Proposition 4.2. Since a < m/2, choose ηF > 0 such that

(5.5) 2(J − 1)ηF <
m− 2a

4
.

Amenability of G gives a nonempty finite set F with e ∈ F such that

(5.6)
∑︂
c∈A

|cF△F | < ηF |F | and |F | > 4

m− 2a
.

Set
H := AF, H◦ :=

⋂︂
c∈A

cF, bF := |H \H◦|.

Since e ∈ A, one has

H \H◦ ⊂
⋃︂
c∈A

(cF△F ).
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Indeed, let g ∈ H \H◦. If g /∈ F , then g ∈ cF \ F for some c ∈ A. If g ∈ F ,
then g /∈ H◦ gives g ∈ F \ cF for some c ∈ A. In either case g ∈ cF△F .
Consequently,

bF ≤
∑︂
c∈A

|cF△F | < ηF |F |.

It follows from (5.6) that bF < ηF |F |. Together with (5.5) and the lower
bound on |F |, this gives

(5.7) 2(J − 1)bF + 1 <
m− 2a

2
|F |.

More explicitly, the lower bound on |F | gives 1 < (m−2a)|F |/4, and therefore

2(J − 1)bF + 1 ≤ 2(J − 1)ηF |F |+ 1 <
m− 2a

4
|F |+ 1 <

m− 2a

2
|F |.

For each ℓ ∈ Λ, choose a continuous function ρℓ : X → [0, 1] such that

(5.8) ρℓ = 1 on Kℓ, supp ρℓ ⊂ Oℓ.

For t ∈ F and ℓ ∈ Λ, define

bt,ℓ(z) := ρℓ(t
−1z), z ∈ X,

This is continuous.
Choose an integer dV ≥ 2|H| − 1, and let ΦdV : ∆J−1 → RMJ,dV be the

Veronese map (see Subsection 2.2). Denote P := |F ||Λ|+ |A|MJ,dV and

Ξ : X → RP , Ξ(z) :=
(︁
(bt,ℓ(z))(t,ℓ)∈F×Λ, (ΦdV (ψ(cz)))c∈A

)︁
, z ∈ X.

For Θ = (θ(1), . . . , θ(m)) ∈ (RP )m, define

(5.9) qΘ(z)j := f∗(z)j + ⟨Ξ(z), θ(j)⟩, 1 ≤ j ≤ m.

We shall show that the set of Θ for which (4.3) fails has nowhere dense
closure.

Fix ℓ ∈ Λ, x ∈ Kℓ, and y ∈ X \Oℓ. For s ∈ F and 1 ≤ j ≤ m, (5.9) gives

qΘ(sx)j − qΘ(sy)j = f∗(sx)j − f∗(sy)j + ⟨Ξ(sx)− Ξ(sy), θ(j)⟩.

Thus a collision gives linear equations in the vectors θ(j). We now describe
their coefficients. For s ∈ F , define the anchor row

As(x, y) :=
(︁
bt,k(sx)− bt,k(sy)

)︁
(t,k)∈F×Λ

.

Since x ∈ Kℓ, (5.8) gives bs,ℓ(sx) = 1, since bs,ℓ(sx) = ρℓ(s
−1sx) = ρℓ(x).

If bt,k(sx) ̸= 0, then ρk(t
−1sx) ̸= 0 and hence sx ∈ tOk ⊂ tU and sx ∈ sU .

The pairwise disjointness of (tU)t∈F gives t = s, and then x ∈ Ok ∩Oℓ. Since
the closures of the Oj ’s are pairwise disjoint, k = ℓ. Therefore

(5.10) (bt,k(sx))(t,k)∈F×Λ = e(s,ℓ).

Here e(s,ℓ) ∈ RF×Λ denotes the standard coordinate vector indexed by (s, ℓ).
Suppose first that bt,k(sy) = 0 s, t ∈ F, k ∈ Λ. Then As(x, y) = e(s,ℓ) for

every s ∈ F , so these rows are linearly independent. Suppose instead that
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at least one of the displayed coefficients is nonzero. Choose s0, t0 ∈ F and
k ∈ Λ such that bt0,k(s0y) > 0, and denote

(5.11) h := s−1
0 t0 ∈ F−1F, v := h−1y ∈ Ok, β := ρk(v) ∈ (0, 1].

Here ρk(v) = bt0,k(s0y) > 0 and s0y = t0v. Thus y = hv. If bt′,k′(s′y) ̸= 0,
then s′y = t′v′ for some v′ ∈ Ok′ . By Lemma 5.4 and (4.2),

(5.12) v′ = v, s′−1t′ = h, and k′ = k.

Thus the only possible nonzero anchor coefficient at sy is the coordinate
(sh, k); it occurs exactly when sh ∈ F , and its value is β. Indeed, (5.12)
applies to every nonzero coefficient, so its indices must satisfy t = sh and
k′ = k. When sh ∈ F ,

bsh,k(sy) = ρk
(︁
(sh)−1sy

)︁
= ρk(h

−1y) = ρk(v) = β.

Hence

(5.13) As(x, y) = e(s,ℓ) −

{︄
βe(sh,k), sh ∈ F,

0, sh /∈ F.

We now encode, with exact notation, the finitely many discrete records
that can be produced by pairs (x, y) ∈ Kℓ× (X \Oℓ). Let EH := H ×{+,−}.
For such a pair define, for u ∈ H,

ξx,yu,+ := ψ(ux), ξx,yu,− := ψ(uy),

and
Ix,yu,+ := locD(ux), Ix,yu,− := locD(uy).

Define an equivalence relation ∼x,y on EH by

(u, σ) ∼x,y (u′, σ′) ⇐⇒ ξx,yu,σ = ξx,yu′,σ′ .

The pair also determines a discrete anchor type τℓ,x,y, which is the symbol ∅
if all the coefficients bt,k(sy), s, t ∈ F , k ∈ Λ, vanish; otherwise (5.12) gives a
unique pair (k, h) ∈ Λ× F−1F , and we set τℓ,x,y := (k, h). In the latter case
(k, h) ̸= (ℓ, e). Indeed, if k = ℓ and h = e, then y = v ∈ Oℓ, contrary to the
choice of y. Thus, in the subcase k = ℓ, this condition is simply h ̸= e. We
call τℓ,x,y = ∅ the no-hit case and τℓ,x,y = (k, h) the hit case. Geometrically,
bt,k(sy) > 0 exactly when sy ∈ t{z ∈ X : ρk(z) > 0}.

Define
ω(ℓ, x, y) :=

(︁
ℓ, (Ix,yu,σ)(u,σ)∈EH

,∼x,y, τℓ,x,y
)︁

and let
Ω := {ω(ℓ, x, y) : ℓ ∈ Λ, x ∈ Kℓ, y ∈ X \Oℓ} .

The set Ω is finite. Indeed, ℓ ranges over the finite set Λ; each Ix,yu,σ is one
of the finitely many nonempty subsets of {1, . . . , J}; there are only finitely
many equivalence relations on the finite set EH ; and the anchor type belongs
to the finite set {∅} ∪

(︁
Λ× F−1F

)︁
.

Fix ω ∈ Ω. Write its components as

ω =
(︁
ℓω, (I

ω
u,σ)(u,σ)∈EH

,∼ω, τω
)︁
,
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and let Cω(u, σ) := [(u, σ)]∼ω denote the corresponding equivalence class.
Since ω is produced by an actual pair, for all s ∈ F∑︂

c∈A
(|Iωcs,+| − 1) =

∑︂
c∈A

ordD(csx) < a|A|,∑︂
c∈A

(|Iωcs,−| − 1) =
∑︂
c∈A

ordD(csy) < a|A|.
(5.14)

Define the set of non-loop sites of ω by

Nω := {u ∈ H : Cω(u,+) ̸= Cω(u,−)}.

Let
Cω := {Cω(u, σ) : u ∈ Nω, σ ∈ {+,−}}

be the set of equivalence classes that occur at a non-loop site, and denote

C ◦
ω := {Cω(u, σ) : u ∈ Nω ∩H◦, σ ∈ {+,−}}.

For C ∈ Cω, define

Iω(C) :=
⋂︂

(u,σ)∈C

Iωu,σ, dω(C) := |Iω(C)| − 1.

The set Iω(C) is nonempty. Indeed, choose a pair (x, y) producing ω, and let
ξx,yC be the common value of ξx,yu,σ for (u, σ) ∈ C. Since ξx,yC ∈ ∆J−1, choose j
with (ξx,yC )j > 0. For every (u, σ) ∈ C, membership in ∆Iωu,σ implies j ∈ Iωu,σ.
Hence j ∈ Iω(C), proving nonemptiness. Then

ξx,yC ∈
⋂︂

(u,σ)∈C

∆Iωu,σ = ∆Iω(C).

Consequently,

dω(C) = dim∆Iω(C) ≥ 0.

Define the matrix B◦
ω, with rows indexed by s ∈ F and columns indexed

by (c, C) ∈ A× C ◦
ω , by

(5.15) (B◦
ω)s,(c,C) := 1{Cω(cs,+)=C} − 1{Cω(cs,−)=C},

and set r◦ω := rankB◦
ω.

As in the proof of Lemma 5.5, every column of B◦
ω is nonzero. Since A ≠ ∅,

r◦ω = 0 ⇐⇒ C ◦
ω = ∅.

Lemma 5.5, together with (5.14), gives

(5.16)
∑︂
C∈Cω

dω(C) ≤ 2ar◦ω + 2(J − 1)bF .

All quantities in this inequality depend only on ω, not on the chosen pair
producing it.
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We now define a semialgebraic parameter space for the state values associ-
ated with the fixed record ω. Let

(5.17) Sω :=

⎧⎨⎩(zC)C∈Cω ∈
∏︂

C∈Cω

∆Iω(C) : zC ̸= zC′ whenever C ̸= C ′

⎫⎬⎭ .

If Cω = ∅, the product in (5.17) is understood to be a singleton.
The space Sω is semialgebraic. Indeed, every ∆Iω(C) is cut out by linear

equalities and inequalities, while zC ̸= zC′ is equivalent to
∑︁J

i=1(zC,i −
zC′,i)

2 > 0. Each coordinate zC belongs to ∆Iω(C), whose dimension is dω(C).
Since Sω ⊆

∏︁
C∈Cω

∆Iω(C), it follows that (using (5.16))

(5.18) dimSω ≤
∑︂
C∈Cω

dω(C) ≤ 2ar◦ω + 2(J − 1)bF .

Define

Jω :=

{︄
{0}, τω = ∅,
(0, 1], τω = (k, h) for some (k, h),

and set

Zω := Sω × Jω.

A point of Zω will be denoted by

ζ = (z, β), z = (zC)C∈Cω .

By (5.18),

(5.19) dimZω ≤ 2ar◦ω + 2(J − 1)bF + dim Jω ≤ 2ar◦ω + 2(J − 1)bF + 1.

Define the affine map

ˆ︁f∗ : ∆J−1 −→ Rm, ˆ︁f∗(z) := J∑︂
i=1

vizi.

Then f∗ = ˆ︁f∗ ◦ψ. For ζ = (z, β) ∈ Zω, define the anchor matrix Aω(β), with
rows indexed by s ∈ F and columns indexed by (t, ν) ∈ F × Λ, as follows. If
τω = ∅, set

(5.20) Aω(0)s,(t,ν) := 1{(t,ν)=(s,ℓω)}.

If τω = (kω, hω), set

(5.21) Aω(β)s,(t,ν) := 1{(t,ν)=(s,ℓω)} − β 1{shω∈F}1{(t,ν)=(shω ,kω)}.

Define the Veronese matrix Vω(z), with rows indexed by s ∈ F and columns
indexed by (c, α) ∈ A×AJ,dV , by

(5.22) Vω(z)s,(c,α) :=
∑︂
C∈Cω

(︁
1{Cω(cs,+)=C} − 1{Cω(cs,−)=C}

)︁
zαC .

Finally, define

Mω(ζ) :=
[︁
Aω(β) | Vω(z)

]︁
∈ Mat|F |×P (R),
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and, for 1 ≤ j ≤ m, define cω,j : Zω → RF by

(5.23) cω,j(ζ)s :=
∑︂
C∈Cω

(︁
1{Cω(s,−)=C} − 1{Cω(s,+)=C}

)︁ ˆ︁f∗(zC)j .
Classes occurring only at loop sites are absent from Cω by definition. Moreover,
if Cω(u,+) = Cω(u,−), the two indicators in (5.22) and (5.23) cancel.

The maps Mω and cω,j are semialgebraic. Indeed, (5.20) is constant, (5.21)
is affine in β, (5.22) is polynomial in the coordinates of the zC ’s, and (5.23)
is affine in those coordinates because ˆ︁f∗ is affine.

To relate these formulas to an actual pair, let (x, y) ∈ Kℓω × (X \ Oℓω)
produce ω. For each C ∈ Cω, let zx,yC be the common value of ξx,yu,σ for
(u, σ) ∈ C. These values are pairwise distinct and belong to ∆Iω(C). In the
no-hit case denote βx,y := 0; in a hit case let βx,y = ρkω(v) be defined as in
(5.11). Denote

ζx,y :=
(︁
(zx,yC )C∈Cω , β

x,y
)︁
∈ Zω.

For s ∈ F , c ∈ A, and α ∈ AJ,dV , the defining sum for the Veronese block
gives

Vω(z
x,y)s,(c,α) = ψ(csx)

α −ψ(csy)α.
Indeed, if the endpoint classes at cs differ, the two indicators select their
respective values; if they agree, both sides vanish. Likewise, the anchor
formulas and the reversed order of the indicators in the right-hand side give

Aω(β
x,y)s,(t,ν) = bt,ν(sx)− bt,ν(sy), cω,j(ζ

x,y)s = f∗(sy)j − f∗(sx)j .

Here zx,y = (zx,yC )C∈Cω , and the coordinate labeled (c, α) in Ξ(sx) is ψ(csx)α.
Hence the two blocks recover the coefficients of the scalar collision equations
above.

By (5.10), (5.13), and the definitions of the endpoint classes, the row of
Mω(ζ

x,y) indexed by s is exactly Ξ(sx)−Ξ(sy), while cω,j(ζx,y)s = f∗(sy)j −
f∗(sx)j . Consequently, the collision equations

qΘ(sx) = qΘ(sy) (s ∈ F )

are equivalent, in the j-th output coordinate, to

(5.24) Mω(ζ
x,y)θ(j) = cω,j(ζ

x,y), 1 ≤ j ≤ m.

To apply Lemma 5.1, we need the parameter-space dimension to be smaller
than m times the rank of the collision matrix. We establish two lower bounds
for that rank. From (5.20)– (5.21), the anchor rows have exactly the forms
already analyzed in (5.13). If τω = ∅, they are the standard basis rows. If
τω = (kω, hω) and kω ̸= ℓω, retaining only the columns (t, ℓω), t ∈ F , gives(︁

Aω(β)s,(t,ℓω)
)︁
s,t∈F =

(︁
1{s=t}

)︁
s,t∈F = I|F |.

Indeed, none of the negative terms occurs in these columns. Thus these rows
are linearly independent. If kω = ℓω, then hω ̸= e, and Lemma 5.3, with et
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identified with e(t,ℓω), gives rank at least |F |/2 for every β ∈ (0, 1]. Hence,
for every ζ ∈ Zω,

(5.25) rankAω(β) ≥
|F |
2
, rankMω(ζ) ≥

|F |
2
.

Since the rank of Mω may vary, define its rank strata by

Zω,r := {ζ ∈ Zω : rankMω(ζ) = r}, 0 ≤ r ≤ |F |.

The rank strata are semialgebraic by the minor conditions for rank, and form
a finite partition of Zω after empty pieces are omitted. Since Ω is finite, there
are at most |Ω|(|F |+ 1) nonempty strata in total. On each stratum we must
prove dimZω,r < mr. The anchor estimate gives r ≥ |F |/2; we also need
r ≥ r◦ω to control the term 2ar◦ω in (5.19). We obtain this second bound from
the Veronese block.

Fix z ∈ Sω, and suppose that λ = (λs)s∈F ∈ RF satisfies λTVω(z) = 0.
For every c ∈ A, this gives the vector identity∑︂

C∈Cω

(︄∑︂
s∈F

λs
(︁
1{Cω(cs,+)=C} − 1{Cω(cs,−)=C}

)︁)︄
ΦdV (zC) = 0.

There are at most 2|H| classes in Cω, the points (zC)C∈Cω are pairwise distinct
by (5.17), and dV ≥ 2|H| − 1. Therefore Lemma 5.2 implies that the vectors
ΦdV (zC), C ∈ Cω, are linearly independent. It follows that∑︂

s∈F
λs
(︁
1{Cω(cs,+)=C} − 1{Cω(cs,−)=C}

)︁
= 0

for every c ∈ A and every C ∈ Cω. In particular, using (5.15), λTB◦
ω = 0.

Thus
ker
(︁
Vω(z)

T
)︁
⊂ ker

(︁
(B◦

ω)
T
)︁
.

For a p× q matrix C, the rank–nullity formula gives rankC = p−dimkerCT.
Both matrices above have |F | rows, so

(5.26)

rankVω(z) = |F | − dimkerVω(z)
T

≥ |F | − dimker(B◦
ω)

T

= rankB◦
ω = r◦ω.

Since Mω(ζ) contains both the anchor and Veronese column blocks, if r :=
rankMω(ζ), then (5.25) and (5.26) give

(5.27) r ≥ max

{︃
r◦ω,

|F |
2

}︃
.

Fix a nonempty rank stratum Zω,r. By (5.27), r ≥ r◦ω and r ≥ |F |/2. The
first inequality controls the main term in (5.19); the second and (5.7) give

2ar◦ω ≤ 2ar, 2(J − 1)bF + 1 <
m− 2a

2
|F | ≤ (m− 2a)r.
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Here a > 0 follows from (4.1), since the face dimensions are nonnegative, and
m− 2a > 0. Consequently,

(5.28)
dimZω,r ≤ 2ar◦ω + 2(J − 1)bF + 1

< 2ar + (m− 2a)r = mr.

For ω ∈ Ω and every nonempty rank stratum Zω,r, define

Bω,r :=
{︁
Θ ∈ (RP )m : ∃ζ ∈ Zω,r such that

Mω(ζ)θ
(j) = cω,j(ζ) ∀1 ≤ j ≤ m

}︁
.

By Lemma 5.1 and (5.28), each Bω,r is semialgebraic and has nowhere dense
closure in (RP )m. Since Ω is finite and each Mω has only finitely many
possible ranks, the set

B :=
⋃︂
ω∈Ω

⋃︂
0≤r≤|F |
Zω,r ̸=∅

Bω,r has nowhere dense closure.

Suppose that there are ℓ ∈ Λ, x ∈ Kℓ, and y ∈ X \Oℓ such that qFΘ(x) =
qFΘ(y). The pair determines the record ω = ω(ℓ, x, y) ∈ Ω and the point
ζx,y ∈ Zω constructed above. Let r = rankMω(ζ

x,y). By (5.24), Θ ∈ Bω,r ⊂
B. Consequently, if Θ /∈ B, then no such actual collision occurs, and hence

qFΘ(Kℓ) ∩ qFΘ(X \Oℓ) = ∅ (ℓ ∈ Λ).

Since B has empty interior, every neighbourhood of the origin in (RP )m

contains a parameter outside B.
Finally, f∗(X) is a compact subset of (0, 1)m, and Ξ(X) is bounded. Hence

qΘ → f∗ uniformly as Θ → 0. We may therefore choose Θ /∈ B sufficiently
close to the origin that

∥qΘ − f∗∥∞ < ε and qΘ(X) ⊂ [0, 1]m.

Set q := qΘ. Since e ∈ A, the affine term f∗(z) is determined by ψA(z). The
formula (5.9) therefore defines a continuous map

Q : (∆J−1)A × [0, 1]F
−1×Λ −→ Rm

such that
q(z) = Q

(︁
ψA(z),ρF

−1
(z)
)︁
.

Together with (5.8), this also proves the assertions of Remark 4.3. □
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