GENERIC SHARP SHIFT EMBEDDING FOR AMENABLE
GROUP ACTIONS WITH THE UNIFORM ROKHLIN
PROPERTY AND COMPARISON
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ABsTRACT. Naryshkin recently proved that a free action of a countably
infinite discrete amenable group G on a compact metrizable space X
with the uniform Rokhlin property and comparison (URPC) admits
an equivariant embedding into ([0,1]™)¢ whenever mdim(X,G) < m/2.
We strengthen this result from existence to genericity by a substantially
different method: the set of observables f € C(X,[0,1]™) whose orbit
maps are equivariant embeddings into ([0,1]™)¢ is a dense Gs subset
of C(X,[0,1]™). The proof combines an adaptation of the Kakutani
skyscraper construction used by Gutman—Tsukamoto with a new poly-
nomial perturbation method, departing from the predominantly linear
perturbation approaches used in earlier equivariant embedding literature.

1. INTRODUCTION

A fundamental research endeavor in the theory of topological dynamical
systems originated in Auslander’s famous 1988 question [Aus88| : Does every
minimal homeomorphism of a compact metrizable space admit an equivariant
embedding into the shift on [0,1]%2 Mean dimension supplied the decisive
obstruction. Introduced by Gromov [Gro99| in 1999 and developed systemat-
ically by Lindenstrauss and Weiss [LWO00], it measures the average amount
of topological dimension per iterate. The shift on ([0,1]™)% has mean di-
mension m, and mean dimension is monotone under equivariant embeddings.
Lindenstrauss and Weiss constructed a minimal system of mean dimension
greater than one, thereby answering Auslander’s question negatively. Linden-
strauss then established a striking partial converse: a minimal system with
mdim(X,T) < 5 generically' embeds equivariantly into the m-cubical shift
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1Genericity means that the set of observables f € C(X,[0,1]™) for which the orbit map
z = (f(T"x))nez is an embedding is a dense Gs subset of C(X, [0,1]™), equipped with
the uniform topology.
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[Lin99|. In the same paper, he asked for the largest constant ¢ for which the
bound mdim(X,7T) < e¢m guarantees an equivariant embedding. Gutman
and Tsukamoto [GT20] solved the problem by proving the existence? of an
equivariant embedding for any ¢ < % As Lindenstrauss and Tsukamoto
[LT14] had previously constructed minimal systems of mean dimension ex-
actly m/2 not embeddable into the m-cubical shift, the constant 1/2, and
the strict inequality, were shown to be optimal.

The marker property introduced in [Gutl5] based on related notions of
[Dow06| and |[Kri82| is a natural generalization of minimality in the context
of the embedding problem. For a group action G ~ X, it requires that for
every finite F' C G there be an open set U whose translates gU, g € F', are
pairwise disjoint and whose full family of translates covers X. Every free
minimal action has this property. Following the development of dynamical
tiling methods in [GLT16|, Gutman, Qiao, and Tsukamoto proved the sharp
embedding theorem for ZF-actions with the marker property [GQT19).

In view of the fundamental role of the Rokhlin lemma in coding arguments
in ergodic theory ([Kri70, Orn70, Orn74|), the uniform Rokhlin property
(URP) introduced by Niu [Niu22]| in his study of crossed-product C*-algebras
associated with free minimal actions of amenable groups?, offers a particularly
natural setting for the embedding problem®. It stipulates the existence
of finite families of towers with arbitrarily invariant shapes and mutually
disjoint levels, whose union covers all but an arbitrarily small part of the
space, uniformly over all invariant probability measures. Naryshkin proved
that a free action of a countably infinite discrete amenable group G with
URP and comparison® (URPC), satisfying mdim(X,G) < m/2, embeds
into ([0,1]™)¢ [Nar24, Theorem A]. Note that for free abelian-group actions,
URPC is equivalent to the marker property (|[Nar24, Corollary E|). However,
the question whether general amenable free minimal actions satisfy URPC
remains open.6

In his proof of the embedding theorem, Naryshkin used an ingenious
construction that encodes an entire sequence of URPC covers in a single
continuous observable [Nar24, Lemmas 6.6-6.7|. The Baire-category argument
is then carried out in a closed proper subclass of observables constrained
by that function. The passage from existence to genericity requires one to

2Unlike the result of [Lin99], the result in [GT20] is an existence result, not establishing
genericity. The generic embedding result for minimal Z-actions was first proven in [Lev23].

3This is one of many manifestations of the interaction between mean dimension theory
and the structure and classification of C*-algebras; see, for example, [Ker20, KS20, Niu22]
and the discussion in [Nar24].

4There have, however, also been deep recent developments for systems beyond this class;
see [DL25, Mey26, Shi26].

5Essentially, comparison allows sets that are smaller in every invariant measure to be
moved piece by piece into larger ones by group translates, see Definition 2.3.

6Very recently, it was shown in [GL26] that every free action of a countably infinite
amenable group on a finite-dimensional compact metrizable space has URPC.
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perform the Baire-category argument in the entire observable space. For
f e C(X,[0,1]™), denote its orbit map by

X = (0,0MC, YY)y = fgr), g€G.
We state our main theorem.

Theorem A. Let a countable” discrete amenable group G act freely by
homeomorphisms on a nonempty compact metrizable space X, and assume

that the action has URPC. If mdim(X,G) < 73, then
Em(X,G):={feC(X,[0,1]™): f€ is a topological embedding}
is a dense Gs subset of C(X,[0,1]™).

In particular, the conclusion applies to free abelian-group actions with
the marker property, and hence to free minimal abelian-group actions, under
the stated mean-dimension bound. Sharpness as a uniform theorem already
follows from the minimal Z-examples of [LT14]. This also gives a dynamical
counterpart of the generic Menger—Né6beling theorem: for a compact metriz-
able space K with dim K < m/2, embeddings into [0, 1]™ form a dense Gy
subset of C(K,[0,1]™) [HW41, Eng78].

Our proof differs significantly from Naryshkin’s proof. Ultimately generic
embedding is achieved through a novel method detailed in Section 5. The
key ingredient, proven in that section, is Proposition 4.2, which we call
finite-window localization up to a buffer. Its role can be described as follows.
From a URPC witness we construct finitely many compact sets K, with
open neighborhoods Oy. Suitable translates of the K, cover X, while the
corresponding translates of the O, are contained in tower levels or open sets
covering the remainder.

Starting from a suitable partition-of-unity approximation f, of an arbitrary
observable, we aim to perturb f, arbitrarily slightly to ¢ so that, for a finite
set F' C G,

(1.1) ¢ (K)Ng"(X\0) =0,  ¢"(2) = (4(92)) e p

Thus, whenever z € Ky, any point with the same observations as x on the
finite window F' must belong to O,. Once this localization has been achieved,
applying it to suitable translates shows that points with identical full orbit
observations lie in a common tower level or in a common member of the
open cover of the remainder. This allows the subsequent separation argument
to be carried out within these regions. Indeed, we use general-position
perturbations of orbit blocks, as in the Kakutan: skyscraper decomposition
technique of Gutman—Tsukamoto [GT14], and combine the resulting block
maps into a single continuous observable by placing their coordinates along
the corresponding tower levels. The buffer between Ky and X \ Oy makes
the localization stable under the additional (sufficiently small) perturbations.

7If G is finite, the conclusion holds assuming only freeness by [GLM25, Theorem 1.1].
Henceforth, we assume that G is infinite.
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The main challenge is to achieve (1.1) by an arbitrarily small perturbation.
Departing from the predominantly linear perturbation approaches used in
earlier equivariant embedding arguments, we introduce polynomial perturba-
tions of partition-of-unity maps. Indeed, if f, = Zj vj1;, where v; € (0,1)™
and ¥ = (¢1,...,1y) is a partition of unity, the perturbations have the form

where = consists of translated cutoffs and monomials of bounded degree in
finitely many translates of 15.% The coefficients © may be chosen arbitrarily
close to zero. The proof is completed by a combination of combinatorial rank
estimates and semialgebraic dimension arguments.

Organization of the paper. Section 2 introduces notation and back-
ground material used throughout the paper. In Section 3, we develop the
low-dimensional coordinate systems needed for the perturbation argument.
Section 4 establishes the finite-scale approximation theorem and derives Theo-
rem A by a Baire-category argument, assuming the finite-window localization
up to a buffer result. Finally, Section 5 proves this localization result and
completes the proof.

2. PRELIMINARIES

Throughout the paper, GG is a countably infinite discrete amenable group
acting on the left by homeomorphisms on a nonempty compact metrizable
space X, and e denotes the identity of G. We fix m € N and a compatible
metric p on X. For subsets A, B C X, we write A € B if A C B. All
inclusions are understood to allow equality.

We write Pg(X) for the space of G-invariant Borel probability measures
on X. We equip R and its finite products with the maximum norm, denoted
by || - ||, and function spaces with the corresponding uniform norm || - |-

2.1. Basic notation. For ¢ € C'(X, [0, 1]™) and any subset D C G, finite or
infinite, write ¢”(z) := (¢(gz))sep. Every finite product of Euclidean cubes
is equipped with the maximum norm. We equip ([0, 1]™) with the left shift
(h-2)g = 2Zgn, g, h € G, and define the equivariant orbit map

¢“: X — (0,1, ¢%(x)y = qlg).

Then ¢%(hz) = h - ¢%(z).
More generally, if £ = (€)\)aer is a finite tuple of continuous functions and
D C G is finite, put

P (x) == (f)\(dx))(d,/\)erL'

For a single vector-valued map this reduces to P (z) = (£(dz))gep.

8Polynornial perturbations have been used in a non-equivariant Euclidean-space setting
in the context of the Takens-type delay embedding theorems, e.g. see [SYC91, BGS24].
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For a finite indexed family C = (Cj)}]:l of subsets of a space X, define

loce(z) :={j : x € C}}, multe(z) := |loce ().
The multiplicity of C is

mult(C) := sup multe(x).
zeX

If C is a finite cover, define

orde(z) := multe(x) — 1, ord(C) := mult(C) — 1 = sup orde¢(z).
zeX

For a finite open cover U of a compact metrizable space, set
D(U) :=min{ord(V) : V is a finite open cover refining &/ }.
For a cover U of (X, p), write

mesh(U) := sup diam,(U).
veu

A map H : (X,p) — Y is an n-embedding if H(z) = H(y) = p(z,y) <.
Let H:Y — Z be amap and C C Y. We say that H encodes C if
HYH(C)) =C.
We say that H encodes a finite family if it encodes every member of that

family.

2.2. Partitions of unity and simplicial notation. Let

J
W= (1,...,05): X - A= (Zl,...,ZJ)E[O,l]JZZZj:1
j=1

be a partition of unity. For a finite set £ C (G, denote
PP(2) = (Y (t2))rep-

we say that 1 is honest for (5;)3]:1
if {¢; >0} = fO?, 1 < j < J. Suppose moreover that a closed cover (D;)7_,

J
is fixed and suppy; C D;, 1 < j < J. We call the triple
H = ((OJ)37=17 (Dj)}]:h Il))

an honest partition structure.
For a nonempty I C {1,...,J}, let A; be the coordinate face of A7~1

spanned by the vertices indexed by I. Write D := (Dj)}]:r Since supp ¢; C
D;,

Given an indexed open cover (Oj)]le,

'l[)(l’) € AIOCD(:p)a dim AIOCD(:B) = OI‘dD(LL’).
For later use, we also fix the polynomial coordinates on the simplex. For
d € Ny, let

Aja = {a:(al,...,on)GNb]:]a\ ::a1+-~+aJ§d},



6 YONATAN GUTMAN AND CHUNLIN LIU

and denote Mjq = [Ajal = (‘]erd). For z = (z1,...,25) € A77! and
o € Ajq, write 2% := 27" --- 257, We define the degree-d Veronese map
by

Dg: AT RMId L Dy(2) 1= (2%)aed, -

Thus every polynomial P on R’ of degree at most d can be written in the
form

(2.1) P(z) = (ap, ®4(2)) for some ap € RM7,
We shall also use the following standard interpolation terminology.

Definition 2.1. Let Y be a set and let k£ > 1. A finite family of functions
hi,...,hy = Y — R is called k-interpolating on Y if, for every 1 <
q < k, every collection of pairwise distinct points z1,...,24 € Y, and every
(u1,...,uq) € RY, there exists 6 = (61, ...,0)) € RM such that

M
Zeahoz(zi) = Uy, 1<¢< q.
a=1

By the classical polynomial interpolation argument [SYC91, Lemma 4.1(1)];
see also [GS00, Section 1.2, eq. (1.9)], and (2.1),

(2.2)  the family {z = 2% : o € A4} is (d + 1)-interpolating on A7~1.

2.3. Uniform Rokhlin property and comparison. An open castle is
a finite family {(S;, V;)};_;, where each S; C G is finite and each V; C X is
open, such that the levels sV;, 1 <1 < r s € §5;, are pairwise disjoint. Each
pair (S;,V;) is a tower, S; is its shape, V; is its base, and the sets sV,
s € S;, are its levels. The closed set X \ |J;_; S;V; is the remainder of the
castle.

For a finite set K C G and « > 0, a nonempty finite set S C G is called
(K, o)-invariant if |(,cx kS| > (1 — o)[S].

For a finite set L C G, an open set U C X is L-free if the family
{lU : ¢ € L} is pairwise disjoint. It is a sweep-out set if MU = X for some
finite M C G. The action has the marker property if it admits an L-free
sweep-out set for every finite L C G.

The following property of finite invariance is a standard consequence; see,
for example, [KL16, Section 4.1].

Lemma 2.2. Let A,E,K C G be finite, with e € A and E # 0, and
let eq,ep > 0 and 6 € (0,1). Then there exist a finite set Ky C G and
do € (0,1) such that every nonempty finite (Ko, dp)-invariant set S C G
satisfies |AS| < (1 + €4)|S| and |ES| < (1 4+ eg)|S|, and AS is (K,J)-

muvariant.

For a closed set A C X and an open set B C X, we write A < B if there
exist a finite open cover U of A and elements gy € G, U € U, such that the
sets {gyU : U € U} are pairwise disjoint subsets of B.
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Definition 2.3 (Kerr [Ker20, Definition 3.2]). The action G ~ X has
comparison if A < B whenever A C X is closed, B C X is open, and
w(A) < u(B) for every p € Pg(X).

Definition 2.4 (Niu [Niu22|). The action G ~ X has the uniform Rokhlin
property (URP) if, for every finite K C G and every € > 0, there is an open
castle {(S;, Vi) }I; such that every S; is (K, €)-invariant and

sup (X\LlSﬂG) < e.

HEPG(X) i=1
As the remainder is closed, this invariant-measure formulation agrees with
Naryshkin’s upper-density formulation; see [Nar24, Subsection 2.1].

Remark 2.5. If an action has URP, then it is free almost everywhere
for every invariant probability measure. This assertion does not require
topological freeness. Write Fix(g) := {z € X : gr = z}. Fix g # e and € > 0,
and apply URP with K = {e,g”!}. For each resulting shape S;, denote
Ci := S;Ng~'S;. Then |S;\ C;| < ¢|S;|. If s € C; and z € sV; satisfies
gz = z, then z = gz € gsV;, contradicting the disjointness of the distinct
levels sV; and gsV;. Thus, for every pu € Pg(X),

n(Fix(g)) < p (X \ |_|SV> + Z 1Si\ Cil (Vi)
<e+ed |Siu(Vi) < 2.

Letting ¢ | 0 gives u(Fix(g)) = 0. Since G is countable, the action is free
p-almost everywhere for every invariant u.

Definition 2.6 (Naryshkin [Nar24|). The action G ~ X has URPC if it
has both the uniform Rokhlin property and comparison.

We shall use the following finite-data formulation.

Definition 2.7 (Naryshkin [Nar24, Definition 3.24|). Let K C G be finite
and let a > 0. A (K, «)-URPC witness consists of finite data

W = (St (Vi (9} (U3 Y)
such that:
(U1) {(S;,Vi)}i_, is an open castle such that every S; is (K, a)-invariant;
(U2) the open sets Uy, ..., U, cover the castle remainder X \ | |/_; S;V;
(U3) the index set {1,..., ¢} is partitioned into subsets J; ., where 1 <1 <,
and 1 < ¢ < |«|S;|], such that, whenever j € J; ., g;U; C V;, and, for
every fixed pair (4, c), the sets {g;U; : j € J; .} are pairwise disjoint.
Empty index ranges and empty sets J; . are allowed. The elements g; are
called transporters, and the integers ¢ are called colors.
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Proposition 2.8 (Naryshkin [Nar24, Theorem 3.20(iii)|). A free action has
URPC if and only if it admits a (K, «)-URPC witness for every finite K C G
and every o > 0.

2.4. Amenability and mean dimension. A sequence (F},),>1 of nonempty
finite subsets of G is a Fglner sequence if

F,AF,
lim lgFnOFn] =0 for every g € G.

Since G is amenable, such sequences exist.
For a finite open cover U of X and a nonempty finite set F' C G, denote

ut =\ gu=q(g'Uy:Ugeld
geF geF

Let (F)n>1 be a Folner sequence. The mean dimension of the cover U is
: DU
mdim(U, G) = nl;rglo T

By the Ornstein—-Weiss lemma [OW87, LW00], the limit exists and is inde-
pendent of the choice of the Fglner sequence. The mean dimension of the
action is

mdim (X, G) := supmdim(U, G),
u

where the supremum is taken over all finite open covers U of X.
Let U and V be covers of a topological space X. We say that V refines U,
and write V > U, if for every V' € V there exists U € U such that V C U.
Meyerovitch [Mey26| defined the following invariant, called the dynamical
dimension:

ddim(X,G) :=sup inf  sup / ordg(x) du(x),
A B-Aepq(x)Jx

where A and B range over finite open covers of X. By [Mey26, Theorem 9.2,

URP implies

(2.3) ddim(X, G) = mdim(X, G).

2.5. Semialgebraic sets. For a topological space Z, dim Z denotes its
Lebesgue covering dimension.

We recall facts about semialgebraic sets that will be used below; see
[BCRYS, Sections 2.2 and 2.8].

A subset Z C RY is called semialgebraic if it is a finite union of sets of
the form

{xERN:pl(x):---:pr(w)ZO, Q1(m)>0,...,qs(x)>0},

where p1,...,pr, q1,...,Qqs are real polynomials.
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If Z c RV is semialgebraic, a map f: Z — RM is called semialgebraic
if its graph
Tj={(z,f(2): 2 € Z} cRNTM

is semialgebraic. A map with values in a finite-dimensional vector space, or in
a matrix space, is semialgebraic if its coordinate functions are semialgebraic.

Lemma 2.9. Let X,Y be semialgebraic sets.
(i) If X = X1 U---U Xy with each X; semialgebraic, then

dim X = max dim Xj;.
1<i<N
(ii) The product X x Y is semialgebraic and dim(X xY) = dim X +dimY.
(iii) The closure X is semialgebraic and dim X = dim X.
(iv) If f: X =Y is semialgebraic, A C X is semialgebraic, and B C'Y 1is
semialgebraic, then f(A) and f~1(B) are semialgebraic and

dim f(A) < dim A.

(v) Let f: X =Y be a continuous semialgebraic map. If every nonempty
fibre f~1(y) has dimension at most q, then

dim X < dim f(X) + ¢ < dimY +g.
(vi) If X C RN and dim X < N, then

intRN (X) = @
That is, X has nowhere dense closure.

Proof. (i) and (ii) are [BCR98, Proposition 2.8.5 (i) (ii)], respectively.

For (iii), the semialgebraicity of X follows from [BCR9S8, Proposition 2.2.2],
while dim X = dim X is [BCR98, Proposition 2.8.2].

For (iv), the semialgebraicity of f(A) and f~!(B) follows from [BCRIS,
Proposition 2.2.7], and dim f(A) < dim A4 is [BCR98, Theorem 2.8.8|.

For (v), apply Hardt’s semialgebraic triviality theorem [BCR98, Theo-
rem 9.3.2|. There is a finite semialgebraic partition f(X) = | |;_; Yz such that,
for each ¢, there is a semialgebraic homeomorphism hy : f~1(Yy) — Yy x Fy
such that pry ohy = f|s-1(y,). Here pry is projection onto Y;. In particular,
he identifies each fibre over y € Y, with {y} x F;. Hence dim F; < q. Using
(i) and (ii), we obtain

dim X = dim f~H(Y;) = dim Yy + dim F,
im 112?%(5 im [~ (Yy) 112;2{3( imY; + dim g)

< max dimY; +¢=dim f(X)+¢ < dimY +gq.
1<t<s

Finally, suppose that X ¢ RY and dimX < N. By (iii), dim X =

dim X < N. If intgn (X) were nonempty, then it would be a nonempty open
semialgebraic subset of RV, and therefore

dimintgn (X) = N
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by [BCR98, Proposition 2.8.4]. Since intgny(X) C X, this would imply
N < dim X, a contradiction. Thus

intRN (Y) = 0
Since X is closed, it follows that X has nowhere dense closure. ([l

Proposition 2.10. Let Z be a semialgebraic set and let M : Z —
Mat,xp(R) be a semialgebraic map. For every integer r > 0, the set
Zy:={z € Z :rank M (z) = r} is semialgebraic. The nonempty sets Z, form
a finite partition of Z.

Proof. Note that rank M(z) < r is equivalent to the vanishing of all (r +
1) x (r + 1) minors, while rank M (z) > r is equivalent to the nonvanishing

of some r x r minor. These are semialgebraic conditions. Only the ranks
0,...,min{n, P} can occur. See also [BCRI8, Sections 2.1-2.3]. O

3. GLOBAL LOW-DIMENSIONAL COORDINATES

Assuming URP, we use the equality of dynamical dimension and mean
dimension to construct a partition of unity with uniformly controlled local
order along sufficiently invariant finite orbit windows. The resulting orbit
names lie in finite unions of products of simplex faces with the corresponding
dimension bound.

Lemma 3.1. Assume that G ~ X has URP and that mdim(X,G) < a.
Let W be a finite open cover of X, let fo € C(X,(0,1)™), and let £ > 0.

Then there exist an honest partition structure H = ((Oj)JJ:p (Dj)}']:p ¢) and
vectors vy, ...,vy € (0,1)™ such that

(i) the closed cover D = (Dj)‘j]:1 refines W;
(ii) the affine observable fi(x) := Z}]:1 vji(x) satisfies || fx — folloo < €

)
(i) sup,epy(x) [y ordp(z) du(z) < a;
(iv) if ¥(x) = YP(y), then x and y lie in a common member of W.

Proof. By (2.3), URP implies ddim(X,G) = mdim(X,G). Choose
ddim(X, G) < ap < a.

By uniform continuity of fy, there is a finite open cover A of X which
refines W and such that || fo(2) — fo(y)|lec < € whenever z and y belong to a
common member of A.

By the definition of ddim(X,G), there is a finite open refinement B =
(Bj)j:1 of A such that

sup /ordg(ac)d,u(a:)<ag.
HEPG(X)JX

Discarding empty members, we may assume that every Bj is nonempty. For
each j, choose A; € A such that B; C A;.
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Choose a closed shrinking (Cj)}]:l of (Bj)}]:l such that

J
Cj C Bj and X = U Cj.
j=1

Choose open sets 5; satisfying C; C /O\; € Bj. The sets 5; still cover X. Set

Dj;:= /O\; Then (Dj)}‘le is a finite closed cover of X, and D; C B; C Aj.

Since A refines W, each Dj is contained in a member of W. So (i) holds.
For each j, choose a continuous function h; : X — [0,00) such that

hj(z) >0<=z € ONJ Since the ONj’s cover X,

H(z):=)Y hj(z) >0 (xeX).

Jj=1

Define ¢;(z) = i}}((;)) Then ¥ = (¢Y1,...,%7) : X — A77!is an hon-

est partition of unity for (5;)3]:1) and suppy; = A; = Dj;. Thus, H =
((5})3]:1, (Dj)JJ:p 1) is an honest partition structure.
Recall that ordp(x) = Z;']:I 1p,(z) — 1. Since D; C B; for every j,

J
ordp(z) < Z 1p,(x) - 1.
j=1
Consequently,

sup /ordp(ac)du(x)g sup /ordlg(x)d,u(m)<ao<a.
HEPG(X) /X nePg(X) J X

This proves (iii).
For each j, choose z; € B; and denote v; := fo(z;) € (0,1)™. We always

have z; € B; C A;. If ¢j(z) > 0, then z € O; C Bj C Aj. Hence
lvj = fo(@)ll = [l fo(z5) — fo(x)|| <e. Since ¥j(x) = 0 and 3, ¢j(x) = 1,

J J
I fe(2) = fol@)]| = || D wbi(@) (v — fol@)) || <D wi(@)]vj — fo(z)|| <e.
i=1 i=1

Thus || fx — folleo < €, and (ii) holds.
Finally, suppose that 1 (z) = 4 (y). Choose j such that ¢;(x) > 0. Then

1 (y) > 0 as well. Since the partition of unity is honest, z,y € O; C B; C Aj.
As A refines W, the points x and y lie in a common member of W. O

The following lemma converts a bound over invariant measures into a
uniform bound along sufficiently invariant finite sets. We include a proof,
using the empirical-measure argument related to [Mey26, Proposition 9.1].
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Lemma 3.2. Let w: X — R be a bounded upper semicontinuous function
and let b € R satisfy sup,ep,(x) wad,u < b. Then there exist a finite set
K C G and § > 0 such that every nonempty finite (K, §)-invariant set T C G
satisfies

Proof. Suppose, towards a contradiction, that the conclusion fails. Choose an
increasing sequence of finite sets K, C G with e € K,, and |J,, K;, = G, and
choose 9, | 0. For every n, there are a nonempty finite (K, d,)-invariant set
T, C G and a point z,, € X such that

\Tl] Z w(txy) > b.

" teT,

Define
1

= m Z 5t$n c Prob(X)
teTy,

Hn

After passing to a subsequence, assume that p, — p in the weak™® topology.
Then p € Pg(X). Since w is bounded and upper semicontinuous, the
Portmanteau theorem (see e.g. |Bil99, Theorem 2.1]) gives

bglimsup/ wdung/ wdp < sup /wdl/7
n—oo JX X vePq(X)J X

contradicting the hypothesis. O

We now apply the preceding lemma to the function ordp.

Corollary 3.3. For the honest partition structure H = ((vaj)jzl, (Dj)}']:p )

obtained in Lemma 3.1, there exist a finite set Ky C G, with e € Ky, and
dn € (0,1) such that every nonempty finite (Ky,03)-invariant set T C G
satisfies

sup Zordp(tx) < alT.
2€X ter

Moreover, for every such T, let

Loch := {(IOCD(t:L‘))teT tx € X} ,

and define
Lp:= U H Ap,.
(It)ter€Llock teT
Then
w1 (X) C Ly, dim L7 < a|T).
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Proof. The function ordp(x) = Z}-le 1p,(x) — 1 is bounded and upper
semicontinuous, since every D; is closed. Lemma 3.1 gives

sup / ordp(x) du(x) < a.
pePe(X) JX

Applying Lemma 3.2 with w = ordp and b = a, we obtain a finite set K3y C G
and dy > 0 such that for every nonempty finite (K4, d3¢)-invariant set T,

1
sup —- Zordp(tx) < a.
vex [T teT

Enlarging K4 and decreasing d4, if necessary, we may assume that e € Ky,
and 6y, € (0,1). This proves the first assertion.
Fix such a set T. For z € X and ¢t € T', denote

Ii(x) :=locp(tx) = {j : to € D;}.
Since supp; C Dj, we have 9 (tx) € Ay, (y). Therefore
1/’T($) € H Alt(x)a

teT
and hence 97 (X) C Ly. Since dim Ap,(z) = ordp(tx), the dimension of the

corresponding product face is ), ordp(tx).

For every pattern (I;)cr € Loc%, choose x € X which realizes it. Since
[L,er Az is a finite product of simplices, its dimension is the sum of the
dimensions of its factors. Together with dim A, = ordp(tz), we have

dim (H A1t> = ZdimAIt = Zordp(tx) < a|T|.

teT teT teT

Each product [[,.; Ay, is a face of the finite polytope (A7~1)T. Hence
L7 is a finite union of faces of this polytope and is contained in the finite
subcomplex generated by those faces. Consequently,

dim Ly = max dim H Ay, | <alT). O
(It)€Lock T
Thus the dynamical dimension hypothesis has been converted into a uniform
dimension bound on sufficiently invariant finite orbit windows.
4. RECOGNITION AND GENERIC EMBEDDINGS

By the standard Baire category argument in order to prove Theorem A, it
is enough to prove the following proposition.

Proposition 4.1. Let G be a countably infinite discrete amenable group
acting freely by homeomorphisms on a nonempty compact metrizable space X .
Suppose that the action has URPC and that mdim(X, G) < m/2. Then, for
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every forig € C(X,[0,1]™) and every e,n > 0, there exists ¢ € C(X,[0,1]™)
such that

lg = foriglloo <€ and ¢ is an n-embedding.
Proof of Theorem A given Proposition 4.1. For n > 0, set

Ey = {f € C(X,[0,1™) : f9(x) # f%(y) whenever p(z,y) = n}.

The set E,, is open in the uniform topology. Indeed, suppose that f,, ¢ E,
and f, — f uniformly. Choose z,,y, € X such that

plan,yn) 2n  and [ (zn) = fi (yn)-
After passing to a subsequence, we may assume that
Tp — T and Yn — Y.
Then p(x,y) > n. For every g € G,
flgr) = lim fo(gzn) = lim fo(gyn) = f(9y),

so f9(x) = f%y). Hence f ¢ E,.
By Proposition 4.1, E,, is dense for every n > 0.
Finally,

Em(X,G) = () Eijn-
n=1

Since C(X,[0,1]™) is complete in the uniform metric, the Baire category
theorem implies that &, (X, G) is a dense G subset of C'(X, [0, 1]™). O

It remains to prove Proposition 4.1. Our aim is to perturb the given
observable so that points with equal full orbit names® must be less than 7
apart. The construction has two main steps. First, we arrange that equality
of full orbit names forces the two points into a common tower level or a
common open set covering part of the remainder. To achieve this, we state a
perturbation result which, for suitable compact—open pairs K C O, ensures
that a point in K cannot have the same finite orbit name as a point outside
O. We then use URPC to construct the pairs needed for the preceding
conclusion.

Second, we perturb the observable further so that, within each of these
common sets, equality of full orbit names forces the points to be less than 7
apart. For this step, we construct covers on which the relevant finite orbit
maps have arbitrarily small oscillation, with order controlled by the mean
dimension bound. These covers allow us to approximate the orbit maps
on tower bases by maps that distinguish the required small sets, including
the pieces of the remainder moved into the bases by comparison. Cutoff
functions combine these approximations into a continuous global observable.
The perturbation is small enough to preserve the conclusion of the first step,

MWe call a pair of distinct points with equal full orbit names a collision.
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and the two steps together give an n-embedding. The choices of parameters
and the proof of the proposition are completed in Subsection 4.5.

4.1. Recognition by a finite orbit name. For a finite subset F' C G,
denote

Rp=F"'F, Qr=R.'Rr\{e}.
Proposition 4.2. Fiz a < m/2, an honest partition structure

H = ((vaj);]:l,(Dj)j:l,w), vectors vi,...,v5 € (0,1)™, and the affine
observable

J
Felm) =) iy ().
j=1

Let A C G be finite, with e € A, and assume that
(4.1) Zordp(ch) < alA| (g€G, zeX).
ceA
Then there exists a finite set F' C G, with e € F', having the following property.
Let U C X be open. Assume that the sets tU, t € I, are pairwise disjoint
and that
(4.2) UngU=0 qe€ Q.

Let A # 0 be finite, and suppose that, for every £ € A, Ky C X is compact
and Oy C X is open, with K, C Oy € U, and that the closures Oy, £ € A, are
pairwise disjoint. Then, for every e > 0, there exists ¢ € C(X,[0,1]™) such
that ||q — filloo < € and

(4.3) ¢"(K)ng"(X\O) =0 (Leh)

An observable supplied by Proposition 4.2 is called a (finite-window)
localizer. Equation (4.3) is referred to as the (finite-window) recognition
property. Proposition 4.2 is proved in Section 5, with the final construction
given in Subsection 5.4.

Remark 4.3. The localizer qg in Proposition 4.2 is of the following form.
There are continuous functions
pg:X—)[O,l], {eA,
with
pe=1on Ky, supp p¢ C O,
as well as a continuous map
Q: (AT HAx [0,1]F A R
such that
A F1
QO(z) :Q('l,b (Z)ap (Z))a z € X,
where
p(z) = (pe(2))een-
The support properties of these functions and the above factorization will be
used in Lemma 4.7.
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4.2. Placing collisions in a common tower level or a remainder
neighbourhood. We follow Naryshkin’s type-semigroup notation [Nar24,
Definition 3.7|, a variant of Ma’s generalized type semigroup [Ma21| in which
no further quotient by mutual subequivalence is taken.

Let Vi,..., V., W1,...,Ws C X beopensets, and let ny,...,n,,my,...,mgs €
Ng. In the formal sums

d_omilVil and Y my(Wyl,
i=1 Jj=1

the coefficients specify the numbers of labelled copies of the corresponding
open sets. We call (i,a), where 1 < i <r and 1 < a < n;, a source label,
and (j,b), where 1 < j < s and 1 <b<mj, a target label.

We write
> Vil <> my W]
i=1 j=1

if, for every choice of compact sets K;, C V;, one for each source label (i, a),
there exist finite families Uf; , of open subsets of X satisfying

Ki,ac U Ua
UEZ/{Z‘,Q

together with, for each U € U; 4, an element ¢; , v € G and a target label
7(i,a,U), such that:
(1) if T(ia a, U) = (.77 b)) then g’i,a,UU C W])
(ii) for each fixed target label (j,b), the translated sets g;  vU, as (i,a,U)
ranges over all triples satisfying 7(i,a,U) = (j,b), are pairwise disjoint.
We shall use without further comment that this relation is additive and
transitive, and that

n; <m;foralli =— ZnZ[VZ} =< ZmZ[VZ]
i i
Lemma 4.4. [Nar24, Lemma 3.19] Let G be a countably infinite discrete
amenable group acting freely by homeomorphisms on a nonempty compact
metrizable space X. Let U C X be a sweep-out set. Then there exist Oy > 0
and a finite set Ky C G such that if {(S;, Vi) }i_, is an open castle and every
shape S; is (Ky, 0y )-invariant, then
T
> ToulSi1 Vil < [U):
i=1
The next proposition is extracted from and adapted to the present

finite-window setting from the mechanism in Naryshkin’s proof of the
shift-embedding theorem [Nar24, Subsection 6.1].
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Proposition 4.5. Let U C X be a sweep-out set, and let 8y > 0 and the
finite set Ky C G be supplied by Lemma 4.4. Fizr finite sets F, K C G, a
number o > 0, and a (K, «)-URPC witness

W’ = ({Si};zla {Vio}gzlv {gj}é'vzlv {U]Q}é'vzl) .

Here S; and V;O are the tower shapes and bases, g; are the transporters, and
U]Q are the open sets covering the remainder. Let

Jics 1<i<r, 1<c<|alSi],

be the partition of {1,..., N} associated with this witness. For each j, write
i(j) and c(j) for the unique indices such that j € Jij) o(;)-
Assume that every S; is also (Ky, 0y)-invariant and that

(4.4) 1+ [o]Si]] < [0u]Si]] (1<i<r).
Then there exist open sets *°
Vi eviteB eV? (1<i<r),
and
U eUf elU) (1<j<N),
such that
W 1= (b AV Y o Ho AU

are both (K,a)-URPC witnesses with the same shapes, transporters, and
index partition as °. Moreover:

(i) For every 1 <j < N,

Fes +
9iU;" C Vigyy-

(ii) There exist a nonempty finite index set A, compact sets Ky C X, and
open sets Oy C X, such that
K, cO,eU (Len),

and the closures Oy are pairwise disjoint. If ¢ € C(X,[0,1]™) satisfies
the finite-window recognition property

(4.5) " (K)ng"(X\O) =0  (Ceh),
then any two points z,y € X with ¢%(x) = ¢ (y) belong to a common
member of the finite open cover
Cti={sV':1<i<r, seS}U{US:1<j< N}
Each pair (Ky, Oy) in Proposition 4.5 is called a routing pair, and Oy is

its open buffer. We call the witnesses 20~ and 20, the intermediate bases
B;, and the routing pairs the buffered URPC data associated with 20°.

0The sets B; will be used to construct the cutoff functions in Subsection 4.4.



18 YONATAN GUTMAN AND CHUNLIN LIU

Proof. We first construct the nested witnesses and the intermediate bases.
Since 2° is a URPC witness, its tower levels and remainder sets form a finite
open cover of X. Choose compact sets

EisCsVy,  H;cUj,
whose union is X. For each j, choose an open set U ;r such that
) +ep°
H; cUS eUj.
For each 7, the compact set
U SflELs U U ng;_
€5 {5+i(5)=i}

is contained in V;O. Choose an open neighbourhood VZ-Jr of this compact set
with Vf e VY.

The sets 5Vi+ and U;r still cover X, since they contain F; and Hj,
respectively. The castle disjointness is inherited from 25%, and

ng;_ C Vz—(;)

For each fixed (7,c), the transported closures ngijJr, J € Ji., are pairwise
disjoint, since they lie in the pairwise disjoint sets g; UJQ . Thus W is a (K, a)-

URPC witness with the original shapes, transporters, and index partition.
Apply the same construction to 20" to obtain 20—, with

— + — +
V. eV, Uy eU;".
Finally, choose open sets B; satisfying
ViteB eV
We next use comparison to move pieces of all the bases ViJr and remainder
sets Uj+ into U, with disjoint images. For each fixed (i,c), the sets ngJTF,
J € Jic, are pairwise disjoint subsets of VZ-JF. Therefore

N

MU =D Lalsil] [V

j=1 i=1

By additivity, (4.4), and Lemma 4.4,

r N r
SV I < DY (1 + LalSil)) VT

i=1 j=1 i=1

= Z [0u]Sil1[V;T] =< [U).
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The last comparison applies because {(S;, V;")}7_; is an open castle with
(Ky, 0y )-invariant shapes. In particular,

(4.6) > Wi+ [Uf1 <l
i=1 j=1

Since ™ is a URPC witness, choose compact sets

Cz',s C SV;;_, Dj C Uj_7
such that
T N
(4.7) x=JU GsulD;
i=1s€S; 7j=1
For each 7, put
C; = U S_ICLS.
SES;

Then Cj is compact and contained in V™.

Apply (4.6) to the compact source sets C; C Vf and D; C Uj+. Intersect
the implementing open sets with their respective source sets VZ-+ or U f. By
compactness, shrink these open sets while retaining covers of C; and D;, and
then choose compact shrinkings of those covers. This gives integers LZ7 M; >
0, compact sets Aw,Agb, open sets Pw,ij7 and elements rla, ]b e @G,
satisfying

CCUAW AY, c P\ eV, 1<i<r, 1<a<lL,

DCUAJb, AY, c P} e U, 1<j<N, 1<b<Mj,

such that all the sets
Ty aPZVa and r; bPU
form one pairwise disjoint family of compact subsets of U.

Define
A:={(Vyiya):1<i<r 1<a<L;}

U{(U,34,0):1<j <N, 1<b< M}
For ¢ = (V,i,a), set

Ky = T’XQAXQ, Oy := =r; QPZVQ,
and for £ = (U, j,b), set

Ky := ]bA]b, Oy := rg{bpj%.

These pairs satisfy K, C O, € U, and the closures Oy are pairwise disjoint.
Since the sets C; s and D; cover the nonempty space X, at least one C; or
D; is nonempty. Hence at least one L; or M; is positive, so A # ().
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It remains to verify the conclusion concerning equal orbit names. Suppose
that ¢ satisfies the finite-window recognition property (4.5) and that ¢“(z) =
¢%(y). Then

¢“(hz) = ¢“(hy)  (he @),
because q(ghx) = q(ghy) for every g, h € G.

If v € C s, put u=s"'z and v = s7!y. Choose a such that u € AXCL, and
let £ = (V,i,a). Then

rlau € K g (rfqu) = g7 (rfpv).
The finite-window recognition property (4.5) implies T‘X oV € Oy, and hence
UNS PXI Since
ue A, C P, CVT,
we obtain u,v € V;r, and therefore z,y € 8Vi+.

If x € Dj, choose b such that x € Ag{b, and let ¢ = (U, j,b). Then

rhaee K, " () =" (rfy).

The finite-window recognition property (4.5) gives rgby € Oy, 80y € PJ%.
Together with

xeAgbch%chﬁ

this yields x,y € Uj+.
The compact sets C; s and D; cover X by (4.7), so these cases exhaust all
possibilities. Thus z and y belong to a common member of C*. U

4.3. Covers of controlled order and small oscillation. Fix an observable
qo with the representation recorded in Remark 4.3. For a sufficiently invariant
finite set S, we will construct covers on which ¢ has arbitrarily small
oscillation, while their order stays bounded linearly in |S].

Lemma 4.6. Let F,R C G be finite, with R # 0, and let U C X be open.
Suppose that the sets rU, r € R, are pairwise disjoint. Let k,er > 0 satisfy
(1 4+ er)/|R| < k. If a nonempty finite set S C G satisfies |[RF~1S| <
(14 ¢eR)|S|, then, for every x € X,

(4.8) ‘{uEF_lS:uxEU}‘ < Kk|S|.
Proof. Fix x € X and put
T, ={uc F'S:uxcU}.
We claim that the multiplication map
RxT, — RF™'S, (r,u) — ru,

is injective. Indeed, suppose that riu; = roug for r1,79 € R and ui,us € Ty.
Since uiz,usx € U, we have riuix = rousx € r1U NrolU. The translates
rU, r € R, are pairwise disjoint, so r; = r3. As riu; = rous, we conclude
Ul = Ug.
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Hence |R||T,| < |RF~1S|. Using the two hypotheses above, we obtain

|T:| < H5E|S| < £[S|. This proves (4.8). O

Fix a with mdim(X,G) < a < m/2 and a finite open cover W of X. Let
H=(0,))_1,(D))_1.9),  vi,...,v5€(0,1)",

be supplied by Lemma 3.1, and put

J
Fo(2) =) viwi(2).
j=1

Let K3 C G and dy4 € (0, 1) be the corresponding finite-invariance data from
Corollary 3.3.

Fix a finite set A C G containing e and satisfying (4.1), and let F' C G
be supplied by Proposition 4.2. Let U C X be an open sweep-out set, and
let (Ky, Og)gen be a nonempty finite family satisfying the hypotheses of that
proposition. Fix a corresponding localizer qg, together with the continuous
functions py : X — [0,1] from Remark 4.3. Recall that

pe =1 on Ky, supp p¢ C Oy (L e ).
Write
p: X —[0,1%  p(2) = (pe(2))een,
and, for each finite set £ C G, set
pP(z) = (Pf(uz))(u,e)eExA'

Lemma 4.7. With the data fixed above, let €4, k,er > 0, and let R C G be
a nonempty finite set such that the translates rU, r € R, are pairwise disjoint

and
1+ep

|R|
Let S C G be a nonempty finite set such that AS is (Kyy, dy)-invariant and

|AS| < (1+e¢4)]S|, |RE1S| < (1 +¢R)|S|.

<K

Define
g : X — (AT7HAS x [0, )77 "5xA
—1
Ms(2) == (*%(2), 0" %(2)),
and put Ps :=Tlg(X). Then there exists a continuous map
75« Ps — ([0,1]™)°

such that

(4.9) @ = Ts o s,

and

(4.10) dim Ps < (a(1+¢€4) + &)[S].
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Moreover, for every compact set Y C X and every T > 0, there exists a
finite relatively open cover U of Y such that:

(i) U refines

\/ sTw|
ses Y
(ii) the oscillation of q5 on each member of U is less than T;
(iii)
ordU) < (a(l+ea)+£)|S|.
In particular, Ps, Ilg, qg, and the stated dimension bound are fixed before
the oscillation scale T is chosen.

Proof. By Remark 4.3, there exists a continuous map
Q: (AT HA x [0,1]F XA — r™
such that
(4.11) q0(2) = Q(*(2), p"
For s € S, applying (4.11) to sz gives
qo(sz) =Q ((w(csz))ceA, (pg(usz))(u’g)eF,le> :

Since cs € AS and us € F~1S, all the entries on the right-hand side are
coordinates of ITg(z). More explicitly, write a point of (A7~1)45x[0, l]F_ISXA
as (&, 77)7 where § = (év)UEASa and n = (nv,é)(v,é)eFflsxA- Define

aS(fa 77) = (Q ((gcs)ceAv (nus,é)(u,e)eFfl XA))SES .

-1

(2)), ze X.

Then ¢g is continuous and qg = gg o IIg. Restricting gg to Pg = IIg(X),
we obtain a continuous map Gg := gs|ps : Ps — ([0,1]™)7 satisfying ¢5 =
Gg o Ilg. This proves (4.9).

We next estimate the dimension of Ps to prove (4.10). For z € X, set
E,:={u€ F71S:uz € U}. By Lemma 4.6,
(4.12) |E,| < K|S|.
For z € X, define the set of active localizing roots by!!

EX¢:={ue F'S: py(uz) # 0 for some £ € A} C E..

Therefore, by (4.12),
(4.13) |E¢| < k|S|.
loc " there is a unique index A,(u) € A such
that py_ () (uz) # 0. Indeed, if both py(uz) and py(uz) were nonzero, then
uz € OyN Oy, and the pairwise disjointness of the sets Oy would imply ¢ = ¢'.

Consequently, p?’ '5(z) has fewer than |S| nonzero scalar coordinates. For
each fixed set of positions in which nonzero coordinates may occur, these

Moreover, for every u € F

Hgince supp ps € Op C U for every £ € A, it holds EX° C E..
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vectors lie in a coordinate cube whose dimension is the number of those
positions. We now define these cubes.
For a subset E C F~'S and amap A : E — A, let
L(E,\) = {(u,\N(u)) :u € E} C F71S x A.
Define

Z(E\) = {w e [0,1]F SN wy, ¢ = 0 whenever (u,?) ¢ F(E,)\)} :

Thus only the coordinates indexed by I'(E, \) are allowed to vary, and the
coordinate projection

Z(EN) — 0,107, we— (Wupw) yep

is a homeomorphism. In particular,
dim Z(E,\) = |E|.
We now collect all support patterns allowed by (4.13). Set

Zg = U Z(E,\).
ECF~1S, |E|<k|S|
NE—A

This is a finite union, since both F~1S and A are finite. For every z € X,
the active coordinates of p¥' '5(z) are precisely those indexed by T'(E2¢, X, ).
Hence

p"%(z) € Z(BY® .)€ Zs,
and therefore
1
pf 9(X) c Zs.

It remains to estimate the dimension of Zg. Each cube Z(FE, \) is compact,
hence closed in Zg, and has dimension |E| < k[S|. Since Zg is a finite union
of these cubes, the finite sum theorem for covering dimension of closed sets
gives

dim Zg = max dim Z(E, \) < k|S|.
ECF-18, |E|<kx|S|
NE—A

By hypothesis, the finite set AS is (K4, 03 )-invariant. Hence Corollary 3.3,
applied with T' = AS, gives a finite union L 4g of products of simplex faces
such that

YA5(X)C Las  and  dim Lag < a|AS]|.
Using |AS| < (1 +€4)|S|, we therefore obtain
dim Lyg < alAS| < a(1l +€4)|5].

Since IIg(z) = (wAS(z), pFﬁlS(z)), the two inclusions above imply, for
every z € X, IIg(z) € Las x Zg. Consequently,

Pg = Hs(X) C Lag X Zg.
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Since Pg C Lag X Zg, monotonicity and the product theorem for covering
dimension of metrizable spaces give

dim Pg < dim(Lag x Zg) < dim Lag + dim Zg < (a(l +e4) + &)|S|.

This proves (4.10).

Fix a compact set Y C X, and set Py := IIg(Y) C Ps. We first show
that every fibre of 7 := Ilgly : ¥ — Py is contained in a single member
of the restricted S-join \/ g 3*1W‘Y. Indeed, fix p € Py. Since e € A,
for every s € S we have s = es € AS. Hence the coordinate ¥ (sz) is
recorded by ¢AS (z), and therefore it is constant as z ranges over the fibre
71(p) = Hg'(p) N'Y. Denote this common vector by & € A’~1. For each
s € §, choose js € {1,...,J} such that (&);, > 0. By honesty of the partition
of unity, for any z € 7~1(p),

P (sz) = (&), >0 = sz € 5]:
Thus,

= p)cU,:=YnN ﬂ 5715]:.
seS

For each s € S, choose W, € W such that 5; C Dj;, € W,. Then U, C
Y N(Nyeg 8 'Ws, and the set on the right is a member of \/ ¢ S_IW‘Y.
Thus each fibre of IIg|y is contained in one member of the restricted S-join.

For every p € Py, choose a member U, of the restricted S-join which
contains 7~ 1(p). Since Y is compact and Py is Hausdorff, 7 is a closed map.
Therefore V), :== Py \ 7(Y \ U,) is an open neighbourhood of p satisfying
7~ YV,) C U,. By continuity of gg|p,, choose an open neighbourhood
W, C Py of p on which gg has oscillation less than 7. A finite subfamily of
{V, "W, :p € Py} covers Py.

Since

dim Py < dim Ps < (a(1+¢4) + &)[S],

the definition of covering dimension yields a finite open refinement R of this
cover such that

ord(R) < dim Py < (a(l+¢a) + &)|S]|.

Set U := {r~}(R) : R € R}, viewed as a relatively open cover of Y. This
cover refines the restricted S-join, and, since g5 = Gg o 7, the oscillation of
qg on each member is less than 7. Finally,

ord(U) < ord(R) < (a(1 +ea) + £)|S|.

This proves all assertions. O
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4.4. The global perturbation. The preceding constructions play two com-
plementary roles. The finite-window recognition property of qg, together with
the routing pairs, ensures that any collision of a sufficiently small perturbation
of qp is routed into a common tower or remainder chart. On the other hand,
Lemma 4.7 produces, on every sufficiently invariant shape S, a low-order
cover on which the block q@g has arbitrarily small oscillation.

On each buffered tower base we perturb qOS ¢ to a nearby map encoding
the low-order cover supplied by Lemma 4.7 and the transported remainder
pieces. Cutoff functions supported inside the buffered bases combine these
block maps with ¢ into a single global observable q. The support conditions
ensure continuity, and the small perturbation preserves finite-window recog-
nition. Since the castle levels are pairwise disjoint, at most one tower cutoff
contributes at any point.

The local-to-global tower assembly here parallels the corresponding con-
struction in Gutman—Tsukamoto [GT14, Lemma 2.1 and the proof of Propo-
sition 3.1]. There, block maps defined on clopen tower bases are placed
along the corresponding tower levels to obtain a global observable. In our
setting the tower levels are only open and a remainder may be present, so this
direct piecewise assembly is unavailable. Buffered cutoffs provide continuity,
while finite-window recognition and comparison handle the routing and the
remainder.

Lemma 4.8. Let Y be a compact metrizable space, let F :'Y — [0,1]Y be
continuous, and let § > 0. Let U be a finite open cover of Y and V a finite
family of open subsets of Y, with repetitions discarded. Assume that'?

N
mult(U) + mult(V) < 5

and that the oscillation of F' on each member of U is less than §/2. Then
there exists a continuous map F : Y — [0,1]" such that

|F—Flloo <8
and F encodes every member of U U V.
Proof. Choose v € (0,1) sufficiently small that
mult(U) + mult(V) < (1 —v)N/2.

Apply [Nar24, Lemma 6.14] to U/ and V. Taking the full coordinate set I =
{1,..., N}, for which |I| = N > (1 — )N, gives the required approximation
and encoding properties. O

Proposition 4.9. Fiz n > 0, and let W be a finite open cover of X with
mesh(W) < n. Retain the data associated with the prepared localizer qo from
Lemma 4.7, in particular F,U, R,e4, K, and €R.

12Naryshkin’s notion of order in [Nar24, Definition 6.8] is our multiplicity.
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Let o > 0, and suppose that we are given buffered URPC data as in
Proposition 4.5, with shapes S;, tower bases V,” € V;-Jr € B;, remainder sets
U € Uj+, transporters gj, and routing pairs

K,cO,eU, {eA.
Denote
Nyy :== mult(WV) = ord( W) + 1 and  do:=a(l+ea)+ K+ Nya.
Suppose that the following conditions hold:
(i) a5 (Ke) Ny (X \Og) =0, £ €A
(ii) do < d <m/2 for some d € R.
(iii) Fvery shape S; satisfies |AS;| < (1 +€4)|Si|, the set AS; is (K, 0n)-
invariant, |RF~1S;| < (1 +¢€g)|Si|, and |S;| > ﬁ.
Then, for every e > 0, there exists ¢ € C(X,[0,1]™) such that ||g — qollec < €
and ¢© is an n-embedding.

Proof. For every £ € A, the compact sets ¢f (K;) and ¢ (X \ Oy) are disjoint.
Since A is finite, we may set

o := mindist (g5 (K¢). g5 (X \ Or)) > 0.

Choose 0 < 0 < min{e,o/3}.

For each i, denote Y; := B;. Applying Lemma 4.7 with § = S;, Y =Y},
and 7 = §/2, we obtain a finite relatively open cover U; of Y; which refines
VseSi 5_1W|Y¢ , such that q(‘)g" has oscillation less than d/2 on every member
of U;, and

(4.14) ord(U;) < (a(l +ea) + k)| Si|.

For each base index i, use all remainder indices j with i(j) = ¢ and all
members W € W to form the finite family

Vo= {Ying (U nW) 1< <N, i) =i, W e Wl {0},
Repeated subsets occur only once. At a given point y € Y;, each color

contributes at most one j, because the sets g;U J+ are disjoint within that
color. For this 7, g;ly belongs to at most Nyy = mult(WW) members of W.
Thus
mult(VZ-) S NW \_Oé’Slu S Nwoé‘sl’
By (4.14) and mult(l;) = ord(U;) + 1,
mult(U;) + mult(V;) < (a(l+¢ea) + £ + Nywa)[S;] + 1
= do’SZ‘ + 1.

Assumption (iii) gives (d — dp)|S;| > 1, so, using (ii),

S;
mult(ui) + mult(Vi) < d()|SZ| +1< d|51’ < m|2 |

This is the hypothesis of Lemma 4.8 with N = m|S;|.
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Define

Qi Y; — (10,1]™)%,  Qi(u) = (qo(su))ses;-
Apply Lemma 4.8 with N = m|S;[, U = U;, and V = V;. We obtain a
continuous map Q; = (Q%)ses; : ¥ — ([0,1]™)% such that

1Qi — Qilloo < &

and @Z encodes every member of U; U V.
In particular, encoding i; and its refinement of the .S;-join give

Qi(w) = Qiv) = plsu,sv) <n (s €Sy).

Thus each block map is a local n-embedding for the orbit metric dg, (u,v) :=
maxseg, p(su, sv).
Choose x; € C(X,[0,1]) with

xi =1 on W and supp x; C B;.

Since the sets sB;, s € 5;, are pairwise disjoint, so are the sets ssupp x;.
Define the global perturbation by the cutoff-weighted convex combination

(415) qz) = [1= 33 wils'2) | o) + 303 wals 1)@ (s 2),

i sSES; i s€ES;

where each weighted term is extended by zero outside sY;. The sets sB;, over
all tower labels (i, s), are pairwise disjoint. Hence at every point at most one
cutoff is nonzero, and (4.15) is a convex combination of two points of [0, 1]™.
It is therefore cube-valued. Moreover, supp x; C B;, so every weighted tower
term vanishes on a neighbourhood of the boundary of sB;; its extension by
zero is continuous. Hence

lg — qolloo <6 <e.
Moreover,
(4.16) g% (u) = Qi(w)  (ue V).
Since 20 < o, the recognition property is preserved:
F(K)NgF (X \O)=0 (L€l

Indeed, otherwise equality ¢''(z) = ¢ (y), with € K, and y ¢ Oy, would
imply

lgg () — a3 ()llo < 2llg — qollo < 26 < o,
a contradiction. The preserved recognition property and Proposition 4.5(ii)
imply that every pair z,y € X satisfying ¢©(z) = ¢%(y) lies either in a
common tower level 30ViJr or in a common remainder chart U j+.
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In the tower case, suppose x,y € 80‘/;+ and denote u = salx and v = saly.
Then u,v € V,*. Equality q%(z) = ¢%(y) gives q(su) = q(sv) for every s € S;
by using the group element 8861. Hence, by (4.16),

Qi(u) = ¢%(u) = ¢% (v) = Qi(v).

Choose C € U; with u € C. Since @fl(éz(C’)) = (), the equality implies
v € C. Refinement of the restricted S;-join gives sets W € W, s € S;, such
that
ccyin()s W
SES;
Taking s = sg, we obtain x = spu,y = sov € Wy, and therefore p(x,y) <n
because mesh(W) < 7.

In the second case that x,y € UjJr, where j is assigned to base i, we
denote u = g;r and v = g;y. Then u,v € V;" and again @z(u) = @z(v)
If p(z,y) > n, choose W € W with x € W. Since mesh(W) < n, we have
y¢ W. Thus Y; N gj(Uj+ N W) € V; contains u but not v, contradicting the
encoding property. Hence p(x,y) < n also in this case.

Thus

¢“(2)=4¢“y) = pla,y) <n,
and so ¢“ is an n-embedding. O

4.5. Proof of the main proposition. We now choose the data in the order
required by the preceding results. In particular, the finite set F' is chosen
before the marker and before the pairs supplied by Proposition 4.5. The
observable qg is chosen only after those pairs are fixed.

Proof of Proposition 4.1. Fix foig € C(X,[0,1]™), e > 0 and > 0. We shall
construct ¢ such that ¢ is an n-embedding and

”q - forig”oo <e.

Choose mdim(X, G) < a < 7§, and let ¢ := (1/2,...,1/2). For sufficiently
small A > 0, the map fin := (1 — A) forig + Ac takes values in (0,1)™ and
satisfies

€
(4.17) ”fin - forig”oo < Z
Choose a finite open cover W of X with mesh(W) < 1. Apply
Lemma 3.1 to W, fin, and £/4. There exist an honest partition structure
H= ((Oj)jzl, (Dj)jzl,qp), the vectors (Uj)}]:p and f, = 23-121 vj1;. Then
€
1
Corollary 3.3 provides K3; 3 e and dy € (0,1).

(4.18) [+ = finlloo <
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By amenability, choose a nonempty finite (K4, d3)-invariant set A with
e € A. Hence Corollary 3.3, applied to A at the point gz, gives

Zordp(cg:v) < alA| (g€ G, zeX).
ceA
Thus the hypothesis of Proposition 4.2 is satisfied. Let F' 3 e be the finite
window supplied by that proposition.
Choose €4,k > 0 so small that
m
cop:=a(l+eq)+r< 5
Fix eg > 0. Since G is infinite, choose a nonempty finite set R C G such
that eriR < k. By [Nar24, Lemma 3.18|, the action has the marker property,
as it has URPC. Denote

L:={e)UR'RUFFUQp.

Choose an L-free sweep-out set Uy. Shrinking Uy if necessary, choose an open
sweep-out set U € Uy which still has finitely many translates covering X.
Then the choice of £ ensures that

(tU)¢er is pairwise disjoint,

(4.19) (rU)rer is pairwise disjoint,
UnqU =1, q€ 9r.

Apply Lemma 4.4 to U, and let 8 > 0 be the resulting constant and Ky C G
the resulting finite set. Apply Lemma 2.2 with £ = RF~!, K = Ky, § = 0y,
and €4,eg. This gives K, 3 e and dgp € (0, 1) such that every sufficiently
(Ksp, dsp)-invariant finite set S satisfies

|AS| < (1 +e4)|5],
(4.20) AS is (K3, 0y )-invariant,
|RF1S| < (1 +¢g)|S|.
Set Nyy := mult(W). Choose a > 0 so small that
a < min{6, 6, 1}, do = ¢g + Npya < %
Choose d such that
dy<d <2

2
Finally choose N € N so large that, whenever n > N,

1
d—dy
Choose a finite set £ C G with |E| > N, and denote
K, =Ky UKy UEU{e}.
Choose a (K, a)-URPC witness

W° = ({S:}, {V"}. {9;} {U}}).

(4.21) 1+ |an| < [0n], n >
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Since S; is (K., a)-invariant and o < 1, |Vex. kSi| > (1 — «)[Si| > 0.
Hence we may choose h; € (\,cg, kSi. Since E' C K, for every k € E we
have h; € kS;, and therefore k~'h; € S;. Thus the map E — S;, k — k~'h;,
is well defined and injective. Hence

Si| > |B| > N.

Moreover, Ky, Ksp C K, and o < min{#, dsp }, so every S; satisfies the three
conditions in (4.20), as well as (4.21). Thus the same witness simultane-
ously satisfies all shape requirements of Proposition 4.5, Lemma 4.7, and
Proposition 4.9.

Apply Proposition 4.5 to this witness. We obtain nested castles and
remainder sets together with a finite family of routing pairs

K, cO,eU, {eA,

with the closures O, pairwise disjoint.

The disjointness conditions on translates of U in (4.19) allow us to apply
Proposition 4.2 to this finite family with approximation tolerance €/4. Choose
the resulting localizer ¢y € C(X,[0,1]™) and the functions (p;)ecp as in
Remark 4.3. Then

£

(1.22) a0~ Folloe < 5,
and ¢qq satisfies the finite-window recognition condition
9% (K)Ngy (X\O) =0 (Cen)
All hypotheses of Proposition 4.9 are now satisfied. Applying that proposi-
tion with /4, we obtain ¢ € C(X,[0,1]™) such that

&
(4.23) llg = qolloc < 7

and ¢© is an n-embedding.
Combining (4.17), (4.18), (4.22), and (4.23), we obtain

”q_forigHoo <eE. ]
5. PROOF OF PROPOSITION 4.2

The preceding section proves Proposition 4.1, and hence Theorem A,
assuming the finite-window localization result in Proposition 4.2. We now
prove that proposition. We construct perturbations of the form

q@(z)j = f*(z)j + <E(Z)79(])>7 1< .7 < m,
where
0= (W, . . M) ®R)™,

The coordinate map = : X — R¥ is built from translated cutoff functions
and polynomial coordinates of the partition-of-unity map. Once = is fixed,
choosing © sufficiently close to zero makes gg uniformly close to f.

This parametrization turns a failure of the finite-window recognition con-
dition into a system of linear equations in the perturbation parameters 0U).
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We describe the configurations giving rise to such failures using finitely many
semialgebraic parameter spaces. By comparing their dimensions with the
ranks of the corresponding linear systems, we show that the set of perturba-
tion parameters for which recognition fails has nowhere dense closure. We
can therefore choose parameters arbitrarily close to zero for which recognition
holds. We begin with the algebraic estimates needed for this argument.

5.1. Semialgebraic avoidance and polynomial evaluations. The next
lemma is essentially a linear algebra rank counting argument.

Lemma 5.1. Let Z be a semialgebraic set with dim Z < D, and let
M : Z — Mat, «p(R), co: Z —R" 1<0<m,

be semialgebraic maps. Suppose that rank M (z) = r for all z € Z. If D < mr,
then the bad parameter set
- pvm . there ewists z € Z such that
b= {(91""’9m)€(R )" M(2)0; = co(z) for every 1 <€ <m

is semialgebraic and has nowhere dense closure in (RF)™,

More generally, let Z = |_|(];]:1 Zy be a finite semialgebraic partition such
that M has constant rank ro, on Z,. If dim Z, < mrq for 1 < a < N, then
the same conclusion holds.

Proof. Consider the set
Z:={(z,61,....0m) € Z x (RPY™ - M (2)8y = c4(2) for every 1 < ¢ < m},
which is semialgebraic.

Let 77 : T — Z be the coordinate projection. Fix z € Z. If n,'(2) is

nonempty, then, for each 1 < ¢ < m, the solution set of M(2)0; = c¢(z) is an
affine subspace of R of dimension P — r. Consequently,

dim7,'(2) = m(P —r).
By Lemma 2.9 (v) and the assumption D < mr,
dimZ < dim7z(Z) + m(P —r) <dim Z +m(P —r)
<D+m(P—-r)<mP.

Let

my: Z x (RP)™ — (RP)™
be the parameter projection. Then B = my(Z). By Lemma 2.9 (iv), B is
semialgebraic and dim B < dimZ < mP. Lemma 2.9 (vi) implies that B has
nowhere dense closure.

For the final assertion, apply the preceding argument to each Z,. If
B, denotes the corresponding bad parameter set, then dim B, < mP for
1 <a < N. Since B = ngl Ba, the finite-union property in Lemma 2.9 (i)
gives

dim B = max dimB, < mP.
1<a<N

Hence B again has nowhere dense closure. O
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We next show that evaluations of sufficiently many monomials at distinct
points give linearly independent vectors.

Lemma 5.2. Let z1,...,zn be distinct points of A~Y. If d > N — 1,
then the degree-d Veronese evaluation vectors ®4(z1), ..., Pq(zn) are linearly
independent.

Proof. Suppose that
N
Zciq)d(zi) =0.
i=1

Fixj € {1,...,N}. Since N < d+1, the interpolation property (2.2) provides
coefficients a; o € R such that the polynomial

Pi(z):= ) aja2"
acAyq

satisfies Pj(z;) = 0;; for every i. Taking the scalar product of the assumed
vector identity with a; := (aja)acA, , We obtain

N N
0= Zcz-<aj, @d(zi)) = ZCZP](Zl) = Cj.
i=1 i=1
Since j was arbitrary, all coeflicients vanish. O

5.2. Shifted differences and separated marker translates. The follow-
ing two lemmas give a rank bound for shifted coordinate differences and a
uniqueness statement for visits to translates of a separated set. They will be
used when comparing two finite orbit names.

Lemma 5.3. Let G be a group, let FF C G be nonempty and finite, let
h e G\ {e}, and let B € [0,1]. InRE let (e;)ier denote the standard basis
and consider

seF.

Besn, sh € F,
ag := €g —
T o, sh ¢ F,

Then
. 171
rank{as: s € F} > 5
Moreover, if B < 1, then the vectors as, s € F, are linearly independent.
Proof. Consider the directed graph with vertex set F' and with an edge
s — sh

whenever s, sh € F'. Since right multiplication by h is injective, every vertex
has at most one incoming edge and at most one outgoing edge. Hence every
connected component is either a directed path or a directed cycle.

First consider a path

8] —> 89 —> -+ — 8§,
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so that s;h = s;41 for 1 <i <r, and s,.h ¢ F. The corresponding vectors are
as, = €5, — Pesy,

asz - 682 - 56837

asrfl = esr71 - Besrv

Qs, = €s,.

Relative to the ordered basis es,,...,es,, their coefficient matrix is upper
triangular with diagonal entries equal to 1. Thus a path with r vertices
contributes rank r.

Now consider a directed cycle

§S1 —>8 —> - —> S — S1.

Relative to the same ordering of the vertices, the corresponding matrix is
I, — BP,, where

010 --- 0
001 -0
Pr: : .. :
000 --- 1
100 --- 0

is the cyclic permutation matrix. Since det(l, — SP,) = 1 — 3", the cycle
contributes full rank r whenever 5 < 1.

If =1, then I, — P, has one-dimensional kernel, spanned by (1,...,1),
and therefore has rank » — 1. Thus, when 8 = 1, each cycle causes a loss of
exactly one rank.

Finally, since h # e, there are no cycles of length one: sh = s would
imply h = e. Hence every cycle has at least two vertices. If ¢ denotes the

number of cycle components, then ¢ < @ Summing the rank contributions
of all path and cycle components gives rank{as : s € F'} > |F| —¢ > @
When 8 < 1, no component loses rank, so the vectors as, s € F, are linearly
independent. U

Lemma 5.4. Let F' C G be finite and denote

Of := {t2_18281_1t1 D 81,892,t1,ta € F}\ {e}.
Let U C X satisfyUNqU =0, g € Qp. Let y € X. Suppose that fori=1,2,
there exist v; € U and s;,t; € F such that s;y = tjv;. Then v = vy and

sl_ltl = 82_1132. In particular, if v; € Oy,, where the sets (Og)ken are pairwise
disjoint subsets of U, then k1 = k.

Proof. From s1y = tiv1, and say = tove, we obtain vy = quy, where q :=
t2_18281_1t1. If ¢ # e, then q € Qp, while vo = qu; € U N qU, a contradiction.
Hence ¢ = e, which gives v;1 = vy and sfltl = sgth. The final assertion
follows from the disjointness of the Oy’s. (|
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5.3. Coordinate values and their dimension bound. We now record
the distinct partition-coordinate values occurring in two orbit names. The
notation in this subsection is local to the following lemma.

Let Dq,..., Dy be a finite closed cover of X, and let

Y= (P1,...,10y) : X — AT!

be a partition of unity satisfying suppvy; C D;, 1 < j < J. Write D :=
(Dj);]:l. For z € X, recall locp(z) = {j : z € D;} and ordp(z) = [locp(z)|—1.
Then

(51) ¢(2) € Aloch(z)'

Fix z,y € X and finite sets A, F C G, with e € A. Denote

H:=AF, H°:={()cF.
ceA

For u € H, write p,, := ¥ (uz) and ¢, := ¥ (uy).
We call u € H a non-loop site if p, # q,. Let 7 be the set of all values
among the p,’s and ¢,’s which occur at a non-loop site, and let

Ve :={ve¥ :v=p, orv=gq, for some non-loop u € H°}.
For v € ¥, define

I(v) := ﬂ locp (ux) N ﬂ locp (uy),

{u:pu=v} {u:qu=0}

where an empty intersection is omitted, and denote d(v) := |I(v)| — 1. Notice
that I(v) # 0, since by (5.1),

v E ﬂ AlocD(ugr:) N ﬂ AlocD(uy) = AI('U)'
{wpu=v} {u:qu=v}

The matrix below records the differences that appear in the collision
equations. For each ¢ € A, it assigns a coefficient +1 to p.s and —1 to
ges whenever these values belong to #°; if the two values coincide, their
contributions cancel. Its rank will provide a lower bound for the rank of the
coefficient matrix in the linear equations expressing failure of finite-window
recognition.

Finally, define the core incidence matrix B°, with rows indexed by
s € F and columns indexed by (c,v) € A x ¥°, by

B;,(C,U) = 1{pcs:'U} - 1{qcs:U}’

and set r, := rank B°.

A state is an element v € ¥, that is, a distinct value occurring at a
non-loop site. It is a core state if v € 7°. The number d(v) = dim Ay, is
the dimension of its common coordinate face. The next lemma bounds the
sum of these dimensions: the core contribution is bounded by the rank of
B°, and the remaining contribution by |H \ H°|.
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Lemma 5.5. Denote by := |H \ H®|. Assume that, for every s € F,

(5.2) Zordp(csa:) < al4|, Zordp(csy) < alAl.
ceA ceA
Then
Z d(v) < 2ar, and Z d(v) <2(J —1)bp.
veEV© veV\ Vo
Consequently,

Z d(v) < 2are 4+ 2(J — 1)bp.
veY

Proof. We first prove that

(5.3) > d(v) < 2ars.

veY°

Fix v € 7° and ¢ € A. Choose a non-loop site u € H° such that v = p,, or
v = qy. Since u € H° C ¢F, s := ¢ 'u € F. As p, # qu, exactly one of py, qu
equals v. Hence B;(C’v) = +1. Thus every column of B° is nonzero.

If ro = 0, then B° is the zero matrix. This is possible only when #° = ().
Thus, (5.3) holds.

Suppose now that r, > 0. Choose Ry C F', with |Ry| = ro, so that the rows
indexed by Ry form a basis of the row space of B°. For every column (c,v),
there exists s € Ry such that B;”(C’v) # 0. Indeed, otherwise that column
would vanish on all basis rows, and hence on every row of B°, contradicting
the fact that it is nonzero.

For each column (c,v), fix s(c,v) € Ry such that Bl ew) 7 0-

For s € Ry and ¢ € A, denote
Vs ={veV°:s(c,v) =s}.

For each fixed ¢ € A, every v € ¥° is assigned exactly one index s(c,v) € Ry.
Thus these sets are pairwise disjoint and cover 7 °, so

(5.4) YO = |_| Ve
SERy

By the definition of B°, BS (o) = Hpes=v} — {goo=v}, and for v € 75 . this
entry is nonzero by the choice of s(c,v). Therefore ¥; . C {pes, ges}- Notice
also that if pes = ges, then 7. = 0.

If v = pes, the occurrence (cs,+) is among those used to define I(v), and
hence I(v) C locp(csz), and hence d(v) < ordp(esx). Similarly, if v = g,
then I(v) C locp(esy) and hence d(v) < ordp(csy). So

Z d(v) < ordp(esx) + ordp(csy).
'Ue/y/s,c
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By (5.4), summing over ¢ € A and applying the assumed order bounds for
each s € Ry, one has

ALY S dw) =D > d(v)

vEY° c€A s€ERy vEY; e

< Z Z(OrdD(CSl') + ordp(csy))

SERg ceA
<) 2alA| = 2a| Alro.
sERy

For the strict inequality, apply (5.2) to each s € Ry; the final identity uses
|Ro| = 7o. Dividing by |A| gives

Z d(v) < 2ars.
veY°

It remains to estimate the values occurring only outside the core. For each
v e ¥\ ¥, choose a non-loop site u,, € H \ H° and one of its two endpoints
at which v occurs. This gives an injective map

Y\NY° — (H\ H°) x {+,-}.
Hence
(VNP <2/H\ H|.
Since d(v) < J — 1 for every v € ¥, we obtain
D dw) <2(J - 1)|H\ H°|. O
veEY\V°

5.4. Construction of the perturbation and exclusion of collisions.
We return to the hypotheses of Proposition 4.2. The proof first chooses F
and defines the perturbation family. It then describes failed recognition by
finitely many types of equations and applies Lemma 5.1.

Proof of Proposition 4.2. Since a < m/2, choose ng > 0 such that

-2
(5.5) 2] — D < = . e
Amenability of G gives a nonempty finite set F' with e € F' such that
(5.6) > [cFAF| <np|F|  and  |F|> — .
ceA
Set

H:=AF, H°:=()cF,  bp:=[H\H°|
ceEA
Since e € A, one has

H\ H° C | J(cFAF).
ceA
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Indeed, let g€ H\ H®. If g ¢ F, then g € ¢cF'\ F for some c€ A. If g€ F,
then g ¢ H° gives g € F'\ cF for some ¢ € A. In either case g € cFAF.
Consequently,
br <Y [cFAF| < np|F|.
ceEA
It follows from (5.6) that bp < nr|F|. Together with (5.5) and the lower
bound on |F|, this gives

-2
(5.7) 2] — Db +1< 2 ; 4 F.
More explicitly, the lower bound on |F| gives 1 < (m—2a)|F|/4, and therefore
-2 -2
2J — by +1<2(J — Vnp|F|+1 < 2 v Yrl+1< X > dyall

For each £ € A, choose a continuous function p; : X — [0, 1] such that
(5.8) pe =1 on Ky, supp p¢ C Oy.
For t € F and £ € A, define
bee(2) = pe(t™'2), ze X,

This is continuous.
Choose an integer dy > 2|H| — 1, and let &y, : A/~ — RM7dv be the
Veronese map (see Subsection 2.2). Denote P := |F||A| + |A|Mq, and

E:X =R E(2) = ((bee(2) oerxas (Pay ($(c2))een) , 2z € X.
For © = (M), ...,00™) € (RP)™, define
(5.9) go(2); = fu(2); + (E(2),09), 1<j<m.

We shall show that the set of © for which (4.3) fails has nowhere dense
closure.
Fix e A ze Ky,andy € X \Oy. For se Fand1<j<m,(5.9) gives

go(s2); — qo(sy); = fu(sz); — fulsy); + (E(sz) — E(sy), 89).

Thus a collision gives linear equations in the vectors ). We now describe
their coefficients. For s € F', define the anchor row

As(z,y) = (bt,k(SfU) - bt,k(sy))(t,k)eFxA'

Since x € Ky, (5.8) gives b ¢(sx) = 1, since by ¢(sx) = pe(s™Lsz) = py(x).

If by (sz) # 0, then py(t~1sz) # 0 and hence sz € tOy C tU and sz € sU.
The pairwise disjointness of (tU);cr gives t = s, and then x € O N Oy. Since
the closures of the O;’s are pairwise disjoint, k = £. Therefore

(5.10) (b, (57)) (1) eFxn = €(s,0)-

Here e(, ) € RF*A denotes the standard coordinate vector indexed by (s, £).
Suppose first that by ;(sy) =0 s,t € F, k € A. Then Ag(x,y) = e(s ) for
every s € F', so these rows are linearly independent. Suppose instead that
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at least one of the displayed coefficients is nonzero. Choose sg,tg € F' and
k € A such that b ,(soy) > 0, and denote

(5.11) h:= salto e F7'F, v:=h"ty € Oy, B := pr(v) € (0,1].

Here p(v) = by, x(soy) > 0 and spy = tov. Thus y = hv. If by 1 (s'y) # 0,
then s’y = t'v for some v' € Op. By Lemma 5.4 and (4.2),

(5.12) v =, s = h, and K =k.
Thus the only possible nonzero anchor coefficient at sy is the coordinate
(sh,k); it occurs exactly when sh € F| and its value is 5. Indeed, (5.12)

applies to every nonzero coefficient, so its indices must satisfy t = sh and
k' = k. When sh € F,

bshk(sy) = pr((sh) "' sy) = pr(h™'y) = pr(v) = B.
Hence

6e(shk)7 ShEF,
5.13 Az, y) = e(op — :
(5.3 (#9) = un {07 e

We now encode, with exact notation, the finitely many discrete records
that can be produced by pairs (z,y) € Ky x (X \ Op). Let &y := H x {+, —}.
For such a pair define, for v € H,

Eoll =pluz), &Y = P(uy),
and
1Y :=locp(ux), 1Y = locp (uy).
Define an equivalence relation ~;, on &y by

(ua G) ~ry (ul7 UI) — = ggc,y

u,o w,o!

The pair also determines a discrete anchor type 745 ,, which is the symbol ()
if all the coefficients by 1, (sy), s,t € F', k € A, vanish; otherwise (5.12) gives a
unique pair (k,h) € A x F~'F, and we set 74, = (k, h). In the latter case
(k,h) # (¢,e). Indeed, if k = ¢ and h = e, then y = v € Oy, contrary to the
choice of y. Thus, in the subcase k = ¢, this condition is simply h # e. We
call 7, , = () the no-hit case and 7, = (k, h) the hit case. Geometrically,
be :(sy) > 0 exactly when sy € t{z € X : pr(z) > 0}.

Define

w(l, z,y) = (57 (Is,’g)(u,a)egga Ny 77570[:71/)
and let
Q:={wll,z,y): e, x € Ky, ye X\ Oy}.

The set Q is finite. Indeed, ¢ ranges over the finite set A; each I,,;’d is one
of the finitely many nonempty subsets of {1,...,J}; there are only finitely
many equivalence relations on the finite set &77; and the anchor type belongs
to the finite set {0} U (A x F'F).

Fix w € Q. Write its components as

W= (gW? (Izt},a)(u,a)eéal{a ~w, Tw) s
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and let C,(u,0) := [(u,0)]~, denote the corresponding equivalence class.
Since w is produced by an actual pair, for all s € F'

Z(\IE"H] —-1)= Zordp(cs:r;) < alA|,

(5.14) ceA ceA
> (1 | —1) = ordp(esy) < alAl.
ceA ceA

Define the set of non-loop sites of w by
Ny ={ue H:Cy(u,+) # Cyu(u,—)}.
Let
6. = {Cy(u,0):ue AN, oce{+,—}}
be the set of equivalence classes that occur at a non-loop site, and denote
¢, :={Cu(u,0) :ue M,NH? oe{+,—}}
For C € €, define
L(C)= () I, du(C):=|L(C)—1
(u,0)eC

The set I,,(C) is nonempty. Indeed, choose a pair (x,y) producing w, and let
€5 be the common value of &4 for (u,0) € C. Since £5Y € A1, choose j
with (£5Y); > 0. For every (u,o) € C, membership in A implies j € I7 .
Hence j € I,(C), proving nonemptiness. Then

&le [ Awm, =ALc):
(u,0)€C
Consequently,
dw(C) = dim Alw(C) > 0.
Define the matrix B, with rows indexed by s € F' and columns indexed
by (¢,C) € A x €5, by
(5.15) (B2)s,(.0) = L{Cu(es,)=C} = H{Cu(es,—)=C}>

and set 7, := rank B.
As in the proof of Lemma 5.5, every column of B is nonzero. Since A # (),

ro=0 << €5;=0.
Lemma 5.5, together with (5.14), gives
(5.16) > du(C) < 2arg, +2(J — 1)bp.
CE(@”W

All quantities in this inequality depend only on w, not on the chosen pair
producing it.
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We now define a semialgebraic parameter space for the state values associ-
ated with the fixed record w. Let

(5.17) Sy =< (20)cew, € H Ap, () : Zc # Zcr whenever C # C'
Cetw

If €, = 0, the product in (5.17) is understood to be a singleton.

The space S, is semialgebraic. Indeed, every Ay (¢ is cut out by linear
equalities and inequalities, while zo # z¢ is equivalent to Z;»Izl(zcyi —
zevi)? > 0. Each coordinate z¢ belongs to A 1.(C), Whose dimension is d,,(C').
Since Sy C [[oey, AL (c), it follows that (using (5.16))

(5.18) dimS, < Y d,(C) < 2ary +2(J — 1)bp.
Cebwn
Define
{0}7 Tw = (bv
Jo =
(0,1], 7, = (k,h) for some (k,h),

and set
Zy, =8, X Jy.
A point of Z, will be denoted by
(=(z0), z=(20)ces.-
By (5.18),
(5.19) dim Z,, < 2ar,, +2(J — 1)bp + dim J,, < 2ar,, + 2(J — 1)bp + 1.
Define the affine map

J
f* AR — - L f*(z) = quizi.
i=1

Then f, = f* o). For ( = (z, ) € Z,, define the anchor matrix A, (5), with
rows indexed by s € F' and columns indexed by (t,v) € F' x A, as follows. If
To = 0, set

(5.20) Au(0)s(t) = 1{(t,0)=(s,00)}-

If 7, = (ku, hy), set

(5.21) Au(B)st) = Lta)=(s,t0)} = B Lsho e FYL{(t0)=(shw ko) }-

Define the Veronese matrix V,,(z), with rows indexed by s € F' and columns
indexed by (c,a) € A x Ajgq,, by

(5.22) Vo(@)se0) = 2 (Lcu(est)=ct — 1Cu(eso)=c1) 28
Ce%,

Finally, define
My(Q) = [Au(B) | Viu(2)] € Matyp)x p(R),
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and, for 1 < j < m, define ¢, ; : Z, — R by

-~

(5.23) cwi(Qs = Y (Lcus)=cy = Lcus)—cy) F(20);.
CEC@;

Classes occurring only at loop sites are absent from %, by definition. Moreover,
if C,(u,+) = Cy,(u, —), the two indicators in (5.22) and (5.23) cancel.

The maps M,, and ¢, j are semialgebraic. Indeed, (5.20) is constant, (5.21)
is affine in 3, (5.22) is polynomial in the coordinates of the z¢’s, and (5.23)
is affine in those coordinates because ﬁ is affine.

To relate these formulas to an actual pair, let (x,y) € Ky, x (X \ Op,)
produce w. For each C' € %, let z5Y be the common value of &5 for
(u,0) € C. These values are pairwise distinct and belong to Ay (¢y. In the
no-hit case denote %Y := 0; in a hit case let %Y = py_(v) be defined as in
(5.11). Denote

¢ = (25" )cen, B°Y) € Zun
For se€ F',ce A, and o € A ,, the defining sum for the Veronese block
gives
Vo259, ey = (e52)” — t(esy).
Indeed, if the endpoint classes at cs differ, the two indicators select their

respective values; if they agree, both sides vanish. Likewise, the anchor
formulas and the reversed order of the indicators in the right-hand side give

Ao (B s () = bew(s7) = bew(sy),  cwj(CT)s = filsy)j — fu(s2);.

Here z2°Y = (24Y)cey,,, and the coordinate labeled (¢, o) in Z(sx) is (csz)®.
Hence the two blocks recover the coefficients of the scalar collision equations
above.

By (5.10), (5.13), and the definitions of the endpoint classes, the row of
M,,(¢™Y) indexed by s is exactly Z(sx) — Z(sy), while ¢,, ;((*Y)s = fi(sy); —
f«(sx);. Consequently, the collision equations

go(st) = qo(sy)  (s€F)

are equivalent, in the j-th output coordinate, to
(5.24) M, (¢5)0Y) = ¢, ;(¢%Y),  1<j<m.

To apply Lemma 5.1, we need the parameter-space dimension to be smaller
than m times the rank of the collision matrix. We establish two lower bounds
for that rank. From (5.20)— (5.21), the anchor rows have exactly the forms
already analyzed in (5.13). If 7, = (), they are the standard basis rows. If
Tw = (kw, hy) and k,, # £, retaining only the columns (¢,4,), t € F, gives

(Aw(ﬁ)&(tlw))s,teF = (1{5:t})s,t€F =1ip)-

Indeed, none of the negative terms occurs in these columns. Thus these rows
are linearly independent. If k, = ¢, then h, # e, and Lemma 5.3, with e;
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identified with e g ), gives rank at least |F'|/2 for every 8 € (0, 1]. Hence,
for every ¢ € Z,,,

F a
(5.25) rank A, (5) > ‘2’, rank M, (¢) > ’2’
Since the rank of M, may vary, define its rank strata by
Zyyr :={C € Z, : rank M,(¢) =}, 0<r<|F|

The rank strata are semialgebraic by the minor conditions for rank, and form
a finite partition of Z, after empty pieces are omitted. Since €2 is finite, there
are at most |Q|(]F| + 1) nonempty strata in total. On each stratum we must
prove dim Z,,, < mr. The anchor estimate gives r > |F|/2; we also need
r > g to control the term 2ary, in (5.19). We obtain this second bound from
the Veronese block.

Fix z € S, and suppose that A = (\s)ser € R satisfies ATV, (z) = 0.
For every ¢ € A, this gives the vector identity

Z (Z As(Lgc (est)=C} — 1{Cw(cs,—)0})> D4y, (2¢) = 0.

Ce%. \seF

There are at most 2| H| classes in 6, the points (z¢)cey, are pairwise distinct
by (5.17), and dy > 2|H| — 1. Therefore Lemma 5.2 implies that the vectors
4, (2¢), C € 6, are linearly independent. It follows that

D A (Lcu(es)=c} = L{Cues,—=c}) =0
seF

for every ¢ € A and every C € %,,. In particular, using (5.15), ATBS = 0.
Thus

ker (Vw(z)T) C ker((BfJ)T).

For a p x ¢ matrix C, the rank nullity formula gives rank C' = p —dimker CT.
Both matrices above have |F| rows, so

rank V,,(z) = |F| — dimker V,,(z)"
(5.26) > |F| — dimker(B2)T
=rank B], =1,,.

Since M,,(¢) contains both the anchor and Veronese column blocks, if r :=
rank M, ((), then (5.25) and (5.26) give

F
(5.27) 7 > max {rfj, |2|} .

Fix a nonempty rank stratum Z,, ,. By (5.27), r > r2, and r > |F'|/2. The
first inequality controls the main term in (5.19); the second and (5.7) give

2

2
2ar° < 2ar,  2(J — Dbp+ 1< ——"2|F| < (m — 2a)r.
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Here a > 0 follows from (4.1), since the face dimensions are nonnegative, and
m — 2a > 0. Consequently,
dim Z,,, < 2ar;, +2(J — 1)bp +1

5.28
(5.28) < 2ar + (m — 2a)r = mr.

For w € 2 and every nonempty rank stratum Z,, ., define
B, :=1{6¢€ (RY)™: 3 € Z,, such that
M (Q)0Y) = cuj(¢) V1 < j < m}.

By Lemma 5.1 and (5.28), each B, , is semialgebraic and has nowhere dense
closure in (R)™. Since Q is finite and each M, has only finitely many
possible ranks, the set

B .= U U B, has nowhere dense closure.
weN 0<r<|F|
Zr 0
Suppose that there are £ € A, z € Ky, and y € X \ O, such that ¢ (z) =
qg(y). The pair determines the record w = w(f,z,y) € Q and the point
(™Y € Z,, constructed above. Let r = rank M, ((*¥). By (5.24), © € B,,» C
B. Consequently, if © ¢ B, then no such actual collision occurs, and hence

65(Ke)Nas(X\O) =0 (Cen).

Since B has empty interior, every neighbourhood of the origin in (RF)™
contains a parameter outside B.

Finally, f.(X) is a compact subset of (0,1)™, and Z(X) is bounded. Hence
go — fx uniformly as © — 0. We may therefore choose © ¢ B sufficiently
close to the origin that

lge — filloo <& and  go(X) C[0,1]™.

Set ¢ := go. Since e € A, the affine term f,(z) is determined by ¢“(z). The
formula (5.9) therefore defines a continuous map

. AJfl A % 0.1 F~1xA R™
Q:( : —
such that

—1
a(2) = Q" (2), " (2)).
Together with (5.8), this also proves the assertions of Remark 4.3. u
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