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ABSTRACT. Motivated by the nonlinear thermodynamic formalism introduced
by Buzzi, Klonecker, and Leplaideur [4], we define the nonlinear metric mean
dimension, designed to capture refined complexity beyond the reach of topolog-
ical pressure. Our approach is explicitly convex-analytic: we formulate the non-
linear pressure and its scaled counterparts as convex, monotone, translation-
equivariant functionals on spaces of energies, and we derive two variational
principles via standard tools from convex analysis. Within this framework we
also establish existence results for nonlinear equilibrium measures and present
examples illustrating the scope and limitations of the theory.

1. Introduction. The nonlinear thermodynamical formalism was formalized and
explored by J. Buzzi, B. Kloeckner and R. Leplaideur in [4]. The authors considered
a dynamics f : X — X, a continuous map & : M(X) — R (named energy) on the
space of probability measures and defined the nonlinear pressure as

I (1) = h(p) + E(),

for any 1 € My(X). When E(u) = [ ¢ dp, for some ¢ € CY(X), it is the classical
linear pressure. Under suitable hypotheses, they showed the following variational

principle
Htgop (X, f) = sup HS (:u) (1)
HEM(X)
(see Section 2 for the definition of II£, (X, f)). The quantity I, (X, f) is called

the nonlinear topological pressure and defined in terms of the topological properties
of space X. In addition to the variational principle (1), the authors obtained some
classical results of thermodynamical formalism theory as existence of equilibrium
measures and properties of the equilibrium measures sets. Using this new approach,
the authors expanded the results of [13, 14]. This techniques can deal with known
cases (Curie-Weiss and Potts models) as well as with new examples (metastable
phase transition). Recently, the work [2] introduced the nonlinear thermodynamical
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formalism in higher-dimensional case and [10] established a connection between the
nonlinear thermodynamical formalism theory and rotation theory.

However when examining the variational principle formula (1) for the nonlinear
pressure, a crucial limitation is observed: it relies on the metric entropy h(p). Given
the compactness of the space M(X) and the existence of a vast class of systems
whose topological entropy is infinite (for instance, they form a C°-generic set in the
space of homeomorphisms of a compact manifold [28] with dimension greater than
one), the traditional approach becomes inadequate for measuring the complexity of
these systems. This gap motivates the present study: it is necessary to consider a
notion of nonlinear pressure that is effective for high-complexity systems. Therefore,
introducing a nonlinear pressure that takes into account the metric mean dimension
is a natural way to extend the nonlinear thermodynamical formalism to systems
with infinite topological entropy, where the metric mean dimension serves as the
discriminatory topological invariant.

The notion of metric mean dimension was introduced by Lindenstrauss and Weiss
in [17], as metric-dependent analog of the mean dimension, another topological in-
variant of high-complexity maps which was introduced by Gromov [7]. The defini-
tion of metric mean dimension is a fusion of the definitions of topological entropy and
Minkowski dimension and it provides a powerful method to obtain upper bounds on
mean dimension. It has several applications, such as it was used in [25] for solving a
problem, proposed by Gromov in [7], to estimate the mean dimension of a dynami-
cal system in holomorphic curve theory . It also has an application to the study of
expansive group actions [22]. Moreover, the metric mean dimension turned out to
be useful in several contexts like in the study of compression [6, 8, 9, 18, 19, 20].

Inspired by these works, we extend the notion of nonlinear topological pressure
to setting of dynamical systems with positive metric mean dimension. As in the
case of the linear topological pressure, in [5] it was proved that the metric mean
dimension with potential satisfies a variational principle. Examples of maps with
infinite nonlinear topological pressure may be easily constructed and because of this,
we believe that such a notion represents an interesting contribution to the study
of continuous dynamics. We present several examples, and prove that, in certain
setting, the nonlinear metric mean dimension can be computed via a variational
principle.

Notice that unlike the metric mean dimension, finite nonlinear topological pres-
sure does not necessarily imply that the nonlinear metric mean dimension vanishes
(see Subsection 6.4). This fact was discuss in [4, Subsection 1.3], where the authors
needed to use a property over the ergodic measures called abundance of ergodic
measures (see also [2, 10]). In our work, for the sake of a cleaner presentation,
we replace that hypothesis by assuming convexity of the energy functions. This as-
sumption guarantees abundance of ergodic measures , though it does not, in general,
imply entropy—density (see, e.g., [4, Section 1.3]).

This manuscript is organized as follows. In Section 2, we introduce many defini-
tions. In Section 3, we present the main results. In Section 4, we present the proofs
of the main results. In Section 5, we discuss a way to obtain equilibrium measures
via variational principle. In Section 6, we give some examples.

2. Preliminaries.
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2.1. Basic notation. Throughout this work, we denote topological dynamical sys-
tem by (X, f), where X is a compact metric space and f is a continuous map on
X. Given n € N, let d,,(z,2) = maxo<i<n—1d(fi(z), f{(2z)) be the Bowen metric.
It is well known that d,, is indeed a metric and generates the same topology as d.
Furthermore, given € > 0, n € N and a point x € X, we define the (n, )-dynamical
balls of radius € and length n around z € X as

Bu(z,e) ={z € X : dn(z,2) < e}

Given K C X, we say that E C K is an (n, £)—separated subset of K if d,,(x, z) >
¢ for every x,z € E with © # 2. Moreover, we say that a set FF C K is an (n,¢)-
spanning set of K if K C |J,cp Bn(x,¢). Given n € N and ¢ > 0, let us denote by
s(f,n,e) the maximal cardinality of all (n,e)-separated subsets of X by f, and by
r(f,n,e) the minimal cardinality of all (n,e)-spanning subsets of X by f. Due to
the compactness of X, they are finite for any n € N and € > 0.

In order to fix the notation,

o M(X) endowed with the weak*—topology;
o M(X) is the set of f—invariant probability measures on X;
° M;Tg (X) is the subset of all ergodic f—invariant measures on X.

A function £ : M(X) — R which is continuous in the weak*—topology is an
energy. A particular case of energy occurs when, given a continuous function & :
X — R (called potential), it can be written as £(u) = F(u(y)), for some continuous
function F': I — R defined on interval I D ¢(X). In this, we say that £ is an energy
with potential. Moreover, an energy & is said convez if

e [uaww) < [eware. 2)

For instance, all energy £ with potential is convex whenever F' is. In particular, for
F(z) =z, i.e., in the linear case.

2.2. Metric mean dimension. We recall the definition of metric mean dimension
in [15, 17].

Definition 2.1. The upper metric mean dimension of f with respect to d is given
by

h
mdimyy (X, 1 d) = lim sup (4, 6),
ce—o0 |logel

where )
h(f,e) =limsup — log s(f,n,e).
n

n — oo

Similarly, the lower metric mean dimension of f with respect to d is given by

' .. h(fe)
mdimy (X,ﬂd) = liminf |logel”

In the case when mdim,, (X  fs d) = mdimy (X  fs d) this common value is

called the metric mean dimension of f with respect to d and is denoted simply by
mdimyy (X, 7 d).

Remark 2.2. Recall that the topological entropy of the map f is given by
hiop(f) = lim h(f,e).
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Consequently, mdimy (X fs d) = mdimy, (X s d) = 0 whenever the topological
entropy of f is finite. In particular, the metric mean dimension is a suitable quantity

to study systems with infinite topological entropy. For more on these quantities see
[16, 17, 23, 26] and references therein.

2.3. Measure theoretic metric mean dimension. We introduce now some def-
initions for measure theoretic metric mean dimension inspired in [5, 21, 27].

2.3.1. Katok-measure theoretic metric mean dimension. The notion of measure the-
oretic metric mean dimension that we consider here is the one introduced in [5].

Given p € M§?(X), e > 0 and ¢ € (0,1), let us denote by N,(e,d,n) the
minimal number (g, n)-balls needed to cover a set of y-measure bigger than 1 — 6.
Then, we define

. 1
hff(f,e, ) = limsup - log N, (e, d,n)

n—oo

where the superscript “K” in hff (f,e,0) stands for “Katok”, since this quantity
comes from the description of the metric entropy given by Katok (see [11]).

The previous notion can be extended to non-ergodic probability measures in
M(X) via integration: given p € My(X), define

hff(faea(s) :/ hﬁ(f,{-:,(;) dp,u(m)a (3)
M;rg(X)
where p = fMerg(X) m dP,(m) is the ergodic decomposition of p. Observe that, by
s

the definition, the map m — hX (£, ¢, d) is measurable and integrable. Consequently,
the function

pe Mp(X) = hfi(fe0)
is also affine.

Definition 2.3. Given § € (0,1), we define the map Hf: M;(X) — R by

hE (f,e,8
Hgf(f, p) = sup lim sup M
(pe)e€EM(p) =0 [log g]

; (4)

where M () stands for the space of sequences of probability measures in M ¢(X)
which converge to p in the weak*-topology

By [5, Theorem C],

mdimyg (X, 1, d) = max H(f((ﬂ 1)
HEMST(X)

Remark 2.4. It is important to notice that hff(f, g,0) can be defined in terms of
(e,n)-spanning sets. More precisely,

1
hff(f, €,0) = limsup — logb, (¢, d,n),
n—oo N

where b, (g, d,n) denotes the minimal cardinality of a (¢, n)-spanning set contained
in a set of y-measure bigger than 1 — 4.
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2.3.2. Kolmogorov-Sinai measure theoretic metric mean dimension. Let pn € My(X).
We say that £ = {C4,...,Cy} is a measurable partition of X if every C; is a mea-
surable set, p (X \ Ui?:lCi) =0 and pu(C; NCj) = 0 for every ¢ # j. The entropy
of £ with respect to u is given by

k

Hy(§) = = Y n(C:)log(u(Cy))-

i=1
Given a measurable partition £, we consider £" = \/;:01 f~7¢. Then, the metric
entropy of (f, n) with respect to £ is given by

. 1 n
hu(fag) = lim 7HM(€ )

n—4oo N

Definition 2.5. The Kolmogorov-Sinai measure theoretic metric mean dimension
is defined as
1
Hmdimy (X, f,d) =limsup —— sup  inf h,(f,§),
e—0 |loge| peM;(X) l€l<e

where |£] denotes the diameter of the partition £ and the infimum is taken over
all finite measurable partitions of X satisfying |¢| < €. Moreover, we consider the
quantity

nf b (F
H(f,p)= sup limsup infiei<e . (f,€)
(e)e€EM(p) €—0 |log e]

2.3.3. Brin-Katok measure theoretic metric mean dimension. Firstly, we recall the
Brin-Katok entropy in [12]. Let p € M¢(X). Now, fix € > 0 and for each z € X,
define

. 1
th(f, x,e) = limsup - log p(Bn(z, €)).

n—o0

If i is ergodic we have that
hE(f ) = gig%hff((f,x,e) = h,(f), for pae reX.

Definition 2.6. The Brin-Katok measure theoretic metric mean dimension is given

by
hBK €
HBE(f ) = sup limsupﬁ.
(He)e€EM(p) €0 | log&:\

However, it is possible to define HZX in more general sense. Using the ergodic
decomposition theorem we can define, for any v € M (X),

WEK (f,e) = /  BBK(f.e) dBy(m),
MS(X)

where v = fMerg(X) m dP,(m) is the ergodic decomposition of p (since h2X(f, z,¢)
s

is f-invariant, and then, m a.e. constant).
Remark 2.7. By [5, Theorem C] and [24, Lemma 3.1}, we can prove that
mdim (X, £,d) = sup {HF () : o € My (X))}
=sup{H(f,p) : p € My(X)}
=sup {HPX(f,p) : p€ My(X)} .
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2.3.4. Nonlinear pressure. For every x € X and n € N, we consider the empirical
measure defined by

1 n—1
A: = ﬁ Z(Sfi(m),
=0

where J, is the Dirac-measure at the mass point y € X. In particular, A}(p) =
% wo(x) is the averaged Birkhoff sum, for every potential ¢. We recall that an
energy is a continuous function &£ : M(X) — R, where M(X) is the space of all
Borel probability measures on X with weak*-topology. Given any energy &, we
define the nonlinear weight of order n of a finite set S C X and the nonlinear
partition function as

w(8) = 3 AN and  ((e,n) = supwa(S),
s
T€S
where the supremum is taken over all (¢,n)-separated sets S. An (e,n)-separated
set S is said to be adapted if it realizes the maximum in ((e, n).
Given a continuous function f : X — X, and an energy &, the nonlinear topo-
logical pressure is defined by

1
Hfop(f) = lim limsup — log {(e, n).

e=0 nsco N

For every u € My (X), the nonlinear pressure is given by

I8 (f, ) = h(f, 1) + E(),

where h(f, 1) is the measure theoretic entropy of f with respect to pu.
In [4, Theorem A] the authors proved that for systems with abundance of ergodic
measures, the following variational principle
sup  TI(f, 1) =TI, ().
HeEM(X)
it holds.

3. Main results. Building on the abstract framework of [3, 5], we develop a theory
of nonlinear pressure. More precisely, for general pressure functionals and for the
e—pressure, we establish variational principles in which the nonlinearity is encoded
by energy functionals £. We also introduce and investigate nonlinear metric mean
dimension and nonlinear box metric mean dimension, and we apply the abstract
framework to derive several results.

3.1. Nonlinear pressure functions and variational principle. Initially, we
consider the Banach spaces of energy functions given by

B(X) :={€: M(X) — R: £ is continuous in the weak* —topology},
B.(X) :={€ € B(X) : £ is convex},
where both sets are endowed with the norm |[|€|| = sup,ec aq(x) [€(p)]- Notice that,
M(X) is compact in the weak*— topology and we can see B(X) as the space C°(Y))
of the continuous functions defined in Y = M(X).

We denote by M, (X) the set of finitely additive probability measures endowed
with the total variation norm (see [3, Subsection 2.1]). This set is compact in the
weak* —topology and M(X) C M, (X). In the next, we define the pressure function
as [3] and [5].
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Definition 3.1. A map T : B(X) — R is called a pressure function if it satisfies
° MODOtOHiCityZ E1 <& = T(gl) < T((€2), A 81752 S B(X),

e Translation invariance: T(€ +¢) =T(E) +¢, VE € B(X),V c € R;

o Convexity: T(t&; + (1 — 1)) <Y (EL) + (1 — )Y (E2),VE1, & € B(X),V t €
(0,1).

The following example shows that the nonlinear topological pressure introduced

in [4] is a nonlinear pressure function.

Example 3.2. Given K C X a closed subset, an energy £ and £ > 0 we consider

S(K, f,d,E e,n):= sup{ Z (B2 Cis a (e,n)-separated set of K},
z€eC
and
1
P(K, f,d,€) = lim limsup — log S(K, f,d,,E,&,n).
e=0 pyco N

The family P(X, f,d, ) is a scaled pressure function. In fact, it is not difficult to see
that the function P(X, f,d,-) is monotone and convex. The translation invariance
is from

S(K, f7 d,g +c ¢, n) = sup { Z en(é’«kc)(A;)}

zeC
= Sup{ Z eng(Aa‘)} . ecn’
zelC

where the supremum are taken over all (e, n)—separated set, and hence

P(K, f,d,€+c)=P(K,f,d¢E) —&—limsupl(cn)

n—oo T

= P(K, f,d,€) +c.

First, we present a variational principle of pressure functions inspired in [3]. We
emphasize that to obtain the equality in the variational principle we need to assume
convexity for the energy functions (see (2)).

Theorem A. Let (X,d) be a compact metric space and Y : B(X) — R be a pressure
function. Then

TE) > swp  {H+EW)}, (5)
PHEM(X)

where H(p) = SIEI.IA{ E(u) and Ay :={€ € B(X) : Y(=E&) < 0}. Moreover, restrict-
T
ing the pressure function T' restricted to set B.(X), follows that

T(E) = swp {H()+EW}, (6)

HEM 4 (X)
with H*(p) = EIEI}L{ E(p) and Ay = {€ € B.(X) : T(=&) < 0}. Indeed, H* is
e

limited above by Y(0), concave, upper semi-continuous and for every p € Mq(X)
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satisfies
M= ot {TE) ~ G} (7)

Notice that, from (6) we obtain that H* is limited above Y(0). Indeed, it is
concave, because it is an infimum of concave functions. Moreover, H* is upper semi
continuous due the continuity of energy functions &£.

3.2. Scaled pressure functions and variational principle. Now, we present
the definition of scaled pressure functions as [5].

Definition 3.3. We say that a map I' : B(X) — R is a scaled pressure function if
there exists a constant a > 0 such that I' satisfies

e Monotonicity: & < & = F(gl) < F(SQ), VE&,E € B(X),
e Scaled translation invariance: T'(E +¢) =T'(€) + ac, V € € B(X),V c € R;

o Convexity: I'(t€1+(1—t)E2) < tT(&1)+(1—6)[(Ez),VE1,E2 € B(X)VE € (0,1).

For instance, any pressure function is a scaled pressure function with constant
a=1.

Remark 3.4. If T is a scaled pressure function with constant «, then T =T'/a is a
pressure function. The monotonicity and convexity for I'/« is straightforward from
this properties of I'. Moreover, for any £ € B(X) and ¢ € R

T(E+0) = F(é‘;—c) _ I'(&) + ca

" =T(€)+ec.

Example 3.5. Given K C X a closed subset, an energy £ and € > 0 we consider

S(K, f,d,E,e,n) = sup{ Z eMllosele(Az) . ¢ s a (e,n) — separated Set},
zeC

and

P(K, f,d,E¢)= limsupllogS(K, fidn, E e,n).

n—oo T

For each 0 < e < 1, the family (P(X, f,d, -, &))o<e<1 is a scaled pressure functions
with constant log(1/¢). In fact, it is not difficult to see that the monotonicity and
convexity of (P(X, f,d,-,€))o<e<1. Moreover,

S(K, f,d,€+c,e,n) = sup { Z em! 1°g€(5+c)(A:)}

zel
= sup { Z e"‘ logEE(A;L)} . ecn\ 1(:»g5|7
zel
where the supremum are taken over all (e, n)—separated set. Therefore

1
P(K, f,d,€+ce)=P(K,f,d,E )+ limsup —cn|loge|

n—soo N

=P(K, f,d,E,¢e) + clog(1/e).
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The above example also motivates the study of scaled pressure functionals with
scale log(1/¢), since the family (P(X, f,d, -, 5))0<E<1 naturally underlies the defini-
tion of the nonlinear upper metric mean dimension. Similar to [5], we will say that a
family T' := (I'.)p<e<1 is an e—scaled pressure function if satisfies the scaled trans-
lation invariance with respect to the constant oo = log(1/e). The next definition
was given in [5].

Definition 3.6. The nonlinear upper metric mean dimension of a family of e—scaled
pressure functions T = (T¢)g<e<1 is defined as

(8)

The following result gives a variational principle to the nonlinear upper metric
mean dimensions for families of e—pressure functions and, it is a direct consequence
of Theorem A and Remark 3.4.

S r
1€ mdimy (1", d) = lim sup e(é) .
ce—o0 |loge]

Theorem B. Let (X,d) be a compact metric space and T' := (I'c)o<e<1 be a
e—pressure functions defined on B.(X) and such that TI¥mdimy (T, d) < o0o. Then

M mdimy (T, d) = L {B(w) + e}, (9)

where H(u) = Signép E(p) and Hr := {£ € B.(X) : I ¥mdimy (I‘,d) < 0}.
Moreover, the map H is concave, upper semi-continuous, bounded from above by
I%mdimy; (I‘,d) (here O denotes the energy € = 0) and satisfies for every p €
M. (X)

B =, inf {HEMM (r,d) - 5(@}. (10)

3.3. Nonlinear metric mean dimension. Given K C X a closed subset, an
energy £ and € > 0 we recall

S(K, f,d,E,e,n) = sup{ Z el1osel€(A2) . ¢ is an (n, e)-separated set of K},
zeC
and
1
P(K, f,d,E,e) =limsup — log S(K, f,d,,E,e,n).
n—oo N

Definition 3.7. The nonlinear upper metric mean dimension of a closed subset K
on X is given as

(11)

We also can define the nonlinear metric mean dimension by spanning set. It is
not hard to check as £ is continuous, then these two definitions are equivalent.

If we take the energy with potential £(u) = F(u(yp)), where F(z) = z, we obtain
the definition of the upper metric mean dimension introduced in [5] Moreover, if
€ =0, we have the usual definition of metric mean dimension (see [17]). Moreover,
considering the family of e-scaled pressure functions I' = (P(X, f,d, &, €))o<e<1, We
have that

T P(K, f.d,€
€mdimy (K, /,d) = lm P(K f.d..c)
e—=0 |10g €|

€ mdimy (r,d) — ¥ mdimy (X, 1, d).
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We also define the nonlinear measure theoretical metric mean dimension of any
measure @ € My(X) as

WEH(f,n) = H(f, 1) + E(), (12)
where H(f, ) is defined as in Section 2.
Remark 3.8. By the definition, positive nonlinear measure theoretical metric mean
dimension imply infinity nonlinear pressure.
It is possible to consider another versions of the nonlinear measure theoretic met-

ric mean dimension by another types of measure theoretic entropy (see definitions
in Section 2) as

IEH;E (f, ) = Hi (f.p0) + E(), for 6 € (0,1),
TEHPE(f, ) = HPR(f, ) + €(p).-
By [24] it is not difficult to see that

sup  T°H(f,pu) = sup TEHS(fp)=  sup  TEHPR(f p).
pneEMp(X) pneEM;p(X) pneEMp(X)

3.4. Nonlinear upper metric mean dimension. With the help of Theorems A
and B, we extend several results of [4] to the setting of nonlinear upper metric mean

dimension. Our first statement provides an alternative variational representation.
Define

HfHmdimy (X, f,d) := limsup ——  sup inf h,(f,&) + |loge|& ,
(X fd) = Timsup o sup { it ha(£,) + Nogel €60}

and, for ¢ € (0,1),

1
S mdimy (X, f,d) := limsup ——  sup {hllf(f,s,é) + |logel E(w)}-
e—o | logel PEM ;(X)

Theorem C. Let f: X — X be a continuous map on a compact space X, and let
E: My(X) — R be an energy. Then

M€ Hmdimy (X, f,d) = IEmdimy (X, f,d).
If, in addition, £ is convex, then
e mdimy (X, f,d) = TEHmdimy (X, f,d) = T§mdimy (X, f,d). (13)

In the next, we present a variational principle by the nonlinear upper metric
mean dimension setting.

Theorem D. Let (X, d) be a compact metric space and f : X — X be a continuous
map such that I¥mdimy; (X, f,d) < oco. Then, for every § € (0,1) and energy
€ e B.(X)

TI€ mdimy (X, f,d): sup  TIEHE(f, ).
HEM§(X)

Remark 3.9. If the energy is not convex, the conclusion may fail. Moreover —
unlike the (linear) metric mean dimension — finite, nonlinear topological pressure
does not necessarily imply that the nonlinear metric mean dimension vanishes, it
can be negative (see Section 6.4).

As an immediate consequence of Theorem D we have the following:
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Corollary A. Let f : X — X be a continuous map of a compact space and let
€ M(X) — R be a conver energy. Then there exists at least one nonlinear
equilibrium measure.

3.5. Nonlinear upper mean box dimension. Let X = [0,1], and set Y := X2
endowed with the product (Tychonoff) metric

D((un)nez, (Un)nez) = Z

neEZ

d(up,vy)
2In|

For a subshift S C Y, Gutman and Spiewak [8] introduced the upper mean box
dimension by

N di (S
mding(S) = lim ms(m(S)
n—oo n

where 7, denotes the projection onto the first n coordinates and dimpg <7Tn(8>) is
computed with respect to || - | on [0, 1]", and also proved

mdim s (S, o, D) < mdimp(S). (14)

In what follows we extend the previous result to the nonlinear metric mean
dimension.

Fix a continuous energy £ : M(X) — R, and for m,n e Nand z_,,,,...,2, € X
define the empirical measure

A (T, Tp) = _ Z Oz, s

and

An(xlv s 737”) =

S|
INg
&

Let 7 : Y — X be the projection to the first coordinate, 7 ((In)nez) = a1, It
induces an energy € : M(Y) — R by &(u) = E((m1)«p). In particular, for any
T = (xn)nGZ S Ya

E(AT) = E(Alar, ., 2n)),

n_ 1 n—1 )
where AL = = > """ 05i(a)- . . '
Based on this, we now introduce the nonlinear upper mean box dimension as

¢ mdimp(S) = limsup — limsup —— log inf Z enllogelé(Al@r,.on)) |
n—soo N es0 |loge] E (x1,...,xn)EE

where E is taken over all e-spanning subsets of 7,,(S). It is easy to see that if £ = 0,
then
M mdimp(S) = mdimp(S).

We say that the energy £ on X is subadditive if for all n,m € N and all concaten-
able words u € m,(S), v € Ty (S) with wv € mp1m (S),

(n4+m)E(Amin(w)) < nE(Ay(u)) + mE(Ap(v)).
Remark 3.10. We notice that if the energy is convex or linear, it is subadditive.

Finally we have the following extension of the result of [8]:
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Theorem E. Let S C [0,1]% be a subshift and £ is a subadditive energy. Then
HémdimM(S, 0, D) < T¥mdimp(S).

4. Proofs of the main results. Before we start the proofs we recall the definition
of the Wasserstein metric on M(X). For any pi,ps € M(X), let the following
Wasserstein metric be

W (1, p2) = sup {p1(f) — p2(f): f 1-Lipschitz function X — R}.

By “Kantorovich duality”, the definition above is equivalent to

Wiir,z) = { [ atep) an(e): m € o)}

where d is the metric on X and I'(u1, pe) is the set of Borel probability measures on
X x X with marginals p1 and ug (called of transport plans). The weak*—topology
on M(X) is induced by Wasserstein metric due to the compactness of X, and holds
that

W, p2) < diam(X) |1 — pizlpy 5
where || - ||Tv is the total variation norm.

The following result is from the Birkhoff’s ergodic theorem (see e.g. [4, Lemma
2.1]).

Lemma 4.1. Let pn € My¢(X) be ergodic. Then for p-almost all x € X, we have
A — 11 in the weak*—topology.

4.1. Proof of Theorem A. For any fixed £ € B(X), we will first show that
T(E) > sup  {H(w) +Ew) .

PEM(X)

Consider & = T(€) — &, for every pressure function Y. By translation invariance,
we have T(—&) = T(£ —T(€)) =0 and so £ € Ay. Therefore, for any p € My(X)

H(p) < E(p) = T(E) — E(p),

proving the inequality.
To prove the second part of the theorem, given any energy £ € B¢(X), we will
find a measure p* € M, (X) such that

T(E) < H* (') + E(u").

Notice that, it suffices to prove for T(£) = 0, because the general case follows taking
€ — T (&) and using the translation invariance of Y.

Assuming & is such that Y(€) = 0, as —(—&) = £ we have that the energy —&
does not belong to the set

By = {€ € B¢(X) : T(=€) < 0}.
The set By is convex and open and then, by geometric Hahn-Banach Theo-
rem version there exists a continuous and not identically zero linear functional
L: B¢(X)— Rso that

L(E) + inf L(£) >0.
EeBy
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It follows from [3, Lemma 3.1] that L is positive and L(1) > 0, where 1 is the
constant function equal to one. Therefore, by Riez-Markov-Kakutani Theorem,
there exists a finitely additive probability measure Pg (note that Pg¢ is a measure
on the set of measures) such that

== /é(ﬂ) dPs(p) < € (u*), for all £ € B¢(X),

where p* = [ i dPe(p) € Mo(X).
Notice that, the set A% _ := {€ +¢: € € Ay} is contained in By, for all € > 0.
Then for all € >0

H*(p*) = inf E(p*) < inf E(p*) < inf E(p*)= inf E(u*) +e

EeAx E€By ey, EeAx
By the arbitrariness of ¢ > 0, H*(u) = 1nf E(p), and so
T
N N . 5. L(c‘,’) 1 . ~
H(p*)+EW) > inf Ep')+—= > —<(L(E)+ inf L&) | >0="T(E).
£eBy (1) © I
To conclude, we are left to prove that

M= b {0E) G0}

Fix any function « satisfying (6) playing the role of #*. Then for every £ € B.(X)
and p € M, (X)

(=€) = afp) — E(p)
which is equivalent to

o) < T (=€) + ().
Hence for all yu € Mq(X)

a(p) < inf {T(—E’) + 5(;@}.

£€B.(X)
As A% C B.(X) and Y(=&) <0, for every £ € A%, we obtain that

a(w) < inf ATE) +EW) ) < nf {T(-E)+E()} < inf, E(w) =M ()

£€B(X)

Taking in particular a = H* in expression above, we conclude that

W=, ot (YO +EW = it {1E) -G},

£€B.(X)
proving so (7) and ending the proof of Theorem. O

4.2. Proof of Theorem C. First, we prove the second equation. Notice that, for
every ¢ € (0,1) and € > 0, in [24, Lemma 3.1], the authors proved that

hE(f,2e) < ‘mf h(f,€) < B (f.e/4,6) < hEE(f.e/64).

for all u € ./\/lerq( ). Then, using the ergodic decomposition for any v € M¢(X),
it follows that

hIE(f,2e) < inf ho (f,€) < B (f,e/4,6) < hJ5(f,€/64),

Therefore, we obtain that

¢ Hmdimy (X, f, d) = T mdimy; (X, f, d). (15)
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Next we prove the first equation. To that end, given any energy &, up € M§™(X)
and § > 0, we define

No(,2,6,m) = inf {S(A, [,d,€,2) : p(4) > 1 - 5}
and

. 1
Pf(é‘,s,é) = limsup — log N,,(€,¢,8,n).

n—oo TN
We can extend the notion above for p € M¢(X) using its ergodic decomposition
K
P (E,e,0) = / PK(&,e,0) dP(m),
M9 (X)

where p1 = [\ era oy m dP,(m). We define
7

PEK(E e, 6
ePE(p):= sup  limsup M
(ne)-eM(n) e—0  |loge]

Remark 4.2. Notice that Pf(é’,e,é) < P(X, f,d,&,¢) and consequently, for all
0 €(0,1) and p € My(X)

11 PK (1) < M€ mdimyy (X, 7, d).

Lemma 4.3. Let v > 0, £ € B(X), p € M7*(X), and 1 > &1 > 02 > d3 > 0.
Then, for all sufficiently small € > 0,
hE(f,e,6 PE(&. 6 hE(f,e,6
n (f 1) + g('u) < o ( 2) < 1w (f 3)
|loge| | log | | log |
If p € My(X) (not necessarily ergodic) and € € B.(X) is convez, then the left-hand
inequality in (16) remains valid.

+ &) + 7. (16)

Proof. Since £ is continuous on the compact space M (X) (with the weak* topol-
ogy), there exists 7 = 7(-y) > 0 such that

W) <20 — [EW) @l <7 (Vv € My(X)). (17)
By Lemma 4.1 there exist Y7 C X and N; € N such that
Y1) >1—-6; and W(AL,u) <7 foralzeY;, n> Ni.

Fix0<e<land 0<d3 < dp < 1. Let Y5 C X satisfy u(Y¥2) > 1—45, and let S
be a minimal (n, )-spanning set of Y3 . Then Y1 NY5 # 0 and pu(Y7 NY3) > 1 — 6.
Let 81 C S be a minimal (n, ¢)-spanning set of Y3 NYs. For each y € Y1 NY5 there
exists € 81 with d(f*(z), fi(y)) < e for 0 < i < n, hence

WAz Ay < LY d(f@). fu) < -
1=0

Combining with W(A}, 1) < 7 and the triangle inequality,
WA n) < e4+7 < 270 (18)
By (17), £(AY) < E(u) + 7, thus
Z enllogelE(A) < |5 | enllogelEW+m) < |5 gnlloselEGm+7),

z€S;
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Taking 1 log, then limsup,,_, ., and using the definitions of PK(E,e,65) and hff (f,¢,5)
yields

Pf(g, g, 52) < hff(f, g, 53)
logel = [loge]
To prove the lower bound, we let Y3 C X satisfy p(Y3) > 1 — 02 and let S’ be an
(n,e)-spanning set of Y3. Let S C &’ be a minimal (n, €)-spanning set of Y1 N Y3.
Arguing as above, for z € S} there is y € Y1 NY3 with W(AZ, u) < 27, hence
E(AT) > E(u) — ~v. Therefore,

S enlloseleAn) 5§ nlloselE N > g (n e, by) el oBeIED ),
reS’ z€eS]

+E(1) +7.

where b,(n,¢,01) denotes the minimal cardinality of an (n,e)-spanning set of a
subset of X with p-measure at least 1 — &,. Taking X log and then limsup,,
gives N N
PiEed) | hyi(fied) e -
|loge] |log €|
For the non-ergodic case, we use the ergodic decomposition. More precisely, if
p = [ mdP,(m) is the ergodic decomposition and £ is convex, then

Pf(635a62) Z /Pnlff(g7€752)dpﬂ(m) Z / (hfi(f,e,(h)—&—\log6|(5(m)—’y)) dPM(m)a

which yields the asserted lower bound after dividing by |log | and applying Jensen’s
inequality. O

We also need the following lemma.
Lemma 4.4. Let & is convex. For any e >0 and ¢ € (0,1),

sup  {hy (f,e,0) +|logel€(u)} = sup  {h;(f,e,8) + [logelE(p)} -
HEM(X) HEM 5 (X)

Proof. We only need to prove that

sup  {hys (f,e,0) + [logel€(w)} > sup  {h;(f,e,0) + |logelE(p)}
HEMSTE(X) neEM; (X)

as the other direction is clear. Indeed, for any p € M;(X), let

y:/ ~ mdP(m)
M™®(X)

be its ergodic decomposition. Then by convexity of £

WK (f,2,8) + |log £|€(u) < / |
M;‘g(X)

RE (f,e,8)dP(m) + |loge|€ (/ mdP(m)>
M

§E(X)
< [ (e 0)+ |logele (m) P
M;rg(X)
< sup  {Bf(f,€,0)+|logelE(u)} -
HEMSTE(X)
The proof is completed by the arbitrariness of p € M¢(X). O

Let us proceed to prove the Theorem C. We recall w,(C) = 3, o enllos=lé(As),
Indeed, we emphasize that the next theorem constitutes an important tool to prove
our results and it was proved in [4, Theorem 2.5].
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Theorem 4.5. Assume that f is continuous and consider € > 0, an increasing
sequence of positive integers (ny)r and a sequence of (€, ny)-separated sets Cy, such

that W converges.
Then there exist partitions Dy = (Dri)1<i<n, of Cx and Iy C [1,Ny] non-
empty sets with the following properties:
i. for every sequence (i) € [ I, every accumulation point ji of (up,mk)k
is T-invariant and

1
hpoe (f,0) + [10g [€ (j100) = lim %}c(c’v)’
k

for every finite partition o of X into subsets of diameter less than & and with
negligible boundaries with respect to fieo-
1. As k — oo,

Z Wiy (Dii) = o(wnk(Ck))

i€ [1,Np]\ Ik

Proof of the Theorem C. We now assume that € is convex to prove (13). From
Lemma 4.3, for any v > 0, £ € B(X), p € M§7(X) and 1 > §; > d, > 0, it follows
that

hf(ﬂa,él) + |10g5\(5(,u) — ’y) < Pf(é‘,e,ég).
Consequently, for every ¢ € (0,1), by Lemma 4.4 and Remark 4.2, one has

lim sup sup {hf(ﬁa,é) + |logel&(pn)} < I mdimy (X, /s d).
c—0  |loge] HEM ;(X)
Let 6 > 0, take a sequence Cj, of (e, ny)-separated sets for some € € (0,1) such
that
lim log w, (Cr)
k—o0 Nk
By Theorem 4.5, for any sequence i, € I and any accumulation point s, of
(1Dy 5, ), for any finite measurable partition with [af <e,

> (I mdimy (X, f, d) —§)|logel.

1 n
B (£, @) + [logel€(pn) > lim ‘0B (Ch)
k—o00 Nk

where |a| is the maximal diameter of elements in «. So,

1 _
o (R (£,6) + [Tog el€(uac) ) = M mdim (X, f£,d) =5,
o (0 7.9+ Nogeleun) ) = R (X, 1
which together with the arbitrariness of § > 0,

limsup ——  sup { inf h,(f,&)+ |10g5|5(u)} > ¢ mdimy (X, f d).
e—0 \10g€| peMy(x) LEl<e

Combining this with (15), we finish the proof. O
4.3. Proof of Theorem D. We start showing the inequality

Mfmdimy (X, f,d) >  sup HEHE(fp).
HEM f(X)

By the first inequality of the Lemma 4.3, we obtain that
TPy (1) = HE\ (f, 1) + E(n), (19)
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for any p € My(X), £ € Bo(X) and 1 > 1 > 62 > 0, which together with Remark
4.2, implies that

() < ot {0 mdimy (X, £,d) - £() b = H(p),

for every § € (0,1) and p € M;(X). Hence by Theorem B, we obtain
Wmdimy (X, f.d) = sup  {H()+E@ | > sup TEHS(f.p),
HEM 4 (X) HeEM ;(X)
proving the first inequality.
To prove the reverse inequality, we construct a measure pg € M y(X) such that
I mdinn (X, f,d) < TEHF(f, po)-
It follows from Theorem C that

fmdimy (X, f,d) = limsup ——  sup {hff(f,sﬁ) + | log 6\5(u)}.
=0 |loge| pEMS™(X)

We can find a sequence (&, )nen of positive real numbers where €, — 0 as n — o

satisfying

I mdimy (X, f,d) = lim ———1 su
n—00 |10g€n| HEMf(X)

K
(B (f,20,0) + [l0g 2l€ () }.
Then, given v > 0, there exists a positive integer N such that for every n > N,
(H‘gmdimM(X, f,d)— 7) < —— sup {hff(f, €n,0) + |10g€n|5(u)}.
[log en| e (x)
Moreover, for every n > N, there exist measures j., € My(X) where
K
BE (f,20,0)
| log(en)|

Taking a subsequence if necessary, we have that the sequence (p.,) converges to
a measure (g € My(X) in the weak*—topology. From Definition 2.3 and the
continuity of energy £ in the weak*—topology, we obtain

hys. (f.en,9)
K im Hen T
H5 (fa ,U'O) 2 nhj};o |10g(€n)‘

Omdimy (X, f,d) —y < +E(pe,)-

> I mdimy (X, f,d) — E(uo) — 27

for every v > 0. Therefore

HgmdlmM(X7 f7 d) < Hg((f7 ,LL()) + E(M0> = HEH({((f7 MO))
ending the proof of the theorem. O
4.4. Proof of Theorem E. We start by showing that, in the case of the shift
space Y = X% and X = [0, 1], the nonlinear metric mean dimension admits a more

canonical expression.
For n € N and € > 0, denote

Z5°P(g) 1= sup Z el logel€(A(zr,..,mn))
(Z1,..,xn)ER

where the supremum ranges over all e-separated sets £ C 7, (S) with respect to
I l|oo on X™.
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Proposition 4.6. Let S C Y be a subshift and & is subadditive. Then

lim sup,,_, ., = log Z5°P(¢)

1€ mdim (S,0,D) = limsup
0 |loge|

Remark 4.7. By the standard argument,

limsup, .. & log Z: (0 limsup,, . 1 log 25 (¢)

lim sup = limsup ,  (20)
30 |loge| 50 |log €|
where

span R
Z3Pai(g) = 1%f Z exp(n|loge| E(A(z1, ..., 2,))) |,

and the infimum runs over all e-spanning sets E C 7, (S) with respect to the norm
|| lloc Oon X™.
Consequently, Proposition 4.6 admits the spanning-set formulation

1
limsup — Z;P%%(¢)
n

M€mdim,y (S, 0, D) = limsup 22
€0 |log €|

To prove Proposition 4.6, we need the following submultiplicative property of
ZyP ().

Proposition 4.8. If the energy £ is subadditive, then for everye > 0 andn, m € N,
Zntm(e) < Z3%(e) ZyP(e).

n+m m
Consequently, log Z5°P(g) is subadditive in n, and thus

1 1
lim = log Z5¢P(¢) = inf = log Z%P(¢).
Jim = log Z7 (e) inf ~log Z;; (e)

Proof. Let F C m,4+m(S) be an arbitrary e-separated set (in || - ||oo on [0, 1]"+™).
Write each w € F uniquely as w = uv with u € 7,,(S) and v € 7,,,(S), and set

P:={(u,v): uv € F} C m,(S) X mn(S).

Endow the product with the sup metric doo ((u, v), (v/,v")) := max{||u — '||co, [|[v —
v'||oo}. Then P is e-separated in do, (since |[uv — v'v'||oo > € implies max{|u —
Wloos [lv = v'[|oc} > €).

By subadditivity,

e m) 08| E(An (W) < gllogel E(An(w) . gmllogel EBm() —: F(u) g(v).

Hence

Z e(vl+7rz)\10g5\£(An+m(uv)) < Z f(u)g(v)

uwveF (u,v)eP
We now apply a greedy selection on the first coordinates. From proj; (P) C 7,(S)
build a set E as follows: iteratively pick a point e maximizing f(-) among the

remaining candidates, add e to E, and remove all candidates in the £/2-ball around
e. Then

1. E is €/2-separated,;
2. for every u € proj;(P) there exists e € E with [|u — €|l < /2 and f(u) <

f(e).
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Divide P into disjoint part
P = |_| P, P.:={(u,v) € P: |u—ele <e/2}.
eckE
We claim that for each fixed e € E, the set

Ve :={v € mn(S) : there exists u with (u,v) € P, }

is e-separated in || - [|oo- Indeed, if vy,v2 € V. with ||v; — v3]|ee < &, we may
take (u1,v1), (ug,v2) € Pe; then ||u; — €]l < €/2, s0 ||lu1 — usllee < &, hence
doo ((ul, v1), (ug, ’02)) < g, contradicting the e-separation of P.

Using the fact f(u) < f(e) for (u,v) € P. and the separation of V.,

o fwglv) < fle) Y gv) < fle) ZyP(e).
(u,v)€EP. veVe
Summing over e € E and recalling that E is e-separated,
D fwglv) < ZpPe) Y fle) < ZpP(e) ZyP(e).
(u,v)€P ecE
Taking the supremum over all e-separated F' C 7,44, (S) yields
Zntm(€) < 230 (€) 230 (e).

n+m

The proof is completed. O

The proof follows the argument of Gutman and Spiewak [8], based on their
Lemma 12.1.1, which we recall in the form below. For m < n integers, write
a0 Y — X"+ for the window projection w%((mi)iez) = (Tmy... o). If
m = 1, we denote 7] = m,, for simplicity.

Lemma 4.9. Let S C Y be a subshift. Fizxe > 0 and m € N with 2712 < ¢,
Then for any (8¢,n)-separated set A in (S, D), 71'?4(';?_1)(14) is a e-separated set of
W’jﬁ_l)(g) with |A| = |7T7_LJ(r7:ln—1)(A)\-

Now we are able to prove Proposition 4.6.

Proof of Proposition J.6. By the definitions, one has for any finite A € S,
Z enllogel€(AT) > Z el logelE(A(z1,.an)) (21)
T€EA (®1,..sTn ) ETn(A)

If in addition, assume that m, is injective, then
Z enllogelE(AL) _ Z enl logelE(A(@1,.cn)) (22)
zEA (Il,...,a:n)Eﬂ'n(A)

On the one hand, notice that for z,y € Y, the inequality D, (z,y) < ¢ implies
|7n () — T (y)||oo < 2¢, and hence for each (n,e)-spanning set A of S, m,(A4) is a
2e-spanning set. Thus, (21) implies that

limsup,, _, o, + log Z5P*" (¢)

e mdim s (S, o, D) > limsup
0 |log €|

By (20), one has
limsup,,_, . = log Z5°P (&)

HémdimM (S,0,D) > limsup
c0 | log |
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On the other hand, let E C S be an (8¢, n)-separated set. By Lemma 4.9, the

image sz:l_l)(E) is an e—separated subset of 71'1‘;:1_1)(8) and |E| = |7rfgtnm_1)(E)\

Therefore, using (22), we obtain

Zexp(n|log5|é(Af)) = Z exp(n|loge| E(A(z1, ..., zn))).

IEE cn n+m

(xf(m—l)v~~¢zn+m) _(m_l)(E)
Combining this with the submultiplicativity in Proposition 4.8 yields
> exp(n|loge| £(AL) < Sep (2,7°,-1)(S) ) - Sep (e, w1 (S)) - ZiP(e),
rzel
where Sep(e, A) denotes the maximal cardinality of an e—separated subset of A with
respect to the norm || - |-

Taking the supremum over all (8¢, n)—separated F, then letting n — oo followed
by € — 0, we conclude that

. 1
¥ mdim (S, 0, D) < limsup ——— limsup -~ log Z5°P(¢).
emo0 |loge| nooe

This completes the proof. O
We now prove that (14) also holds for subadditive energies.
Proof of Theorem E. Fix n > 0. Take N € N large enough such that

L. 1 ~ Nllog e (A (w1,sn)) S eape ey
NI o | 2 ) A
L1yeeey TN

Choose g9 > 0 small enough such that

1 -
N log Z3xP(¢) < |loge|(T€ mdimp(S) + n) for 0 < e < .

For any ¢ < €, by Proposition 4.8, one has

1 1 -
lim —log Z;P(e) < N log Z3P(¢) < |loge|(IT¥ mdimp(S) + n)

n—o00 N,

By Proposition 4.6, it holds that
HémdimM(&a, D) < Il mdimp(S) + 7.
The proof is completed from the arbitrariness of n > 0. O

5. Nonlinear equilibrium states. Remembering that u(p) = [ du, we con-
sider the rotation set associated the potential ¢ as

rot() = { ) : € My(X)}.

It is straightforward that rot(y) is a compact and convex subset of R. Now, we
assume that €(u) = F(u(p)), where F is convex and defined in an open set U D
rot(p) of R.
We denote the nonlinear equilibrium measure set as follows
EM = {p € Myp(X): HE(f, 1) + F(u(y)) is maximal},

and we define

R(p) := {u(s@) tpE o@///} C rot(¢p).
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Due to Theorem A, it follows that &4 and R(p) are both nonempty. Using the
upper semicontinuity of map pu — HZX (1), holds that R(y) is a compact set. We
also consider the level set

M(z) = {p € Ms(X): pu(p) = 2}

Definition 5.1. Given a continuous dynamical system f : X — X with potential
o, the finite-dimensional metric mean dimension function HY : R — RU {—o0} is
defined as

Hf (2) := sup HF(f,p).
e M(z)

for any ¢ € [0,1].
Remark 5.2. Given any z € rot(y), we have that there exists u € My(X) such
that pu(p) = 2. Thus M(z) # . Moreover, M(z) is compact and there exists

p € M(z) maximizing HE by upper semicontinuity. Therefore, the function HE is
well defined.

Remark 5.3. We notice that for a fixed a € R, if f : X — X is continuous and
satisfies the specification property then, by [1],

HE (a) = mdimy (Ka,f, d),

where K, = {x € X :limy o0 2 30 o(fil)) = a}, for any continuous potential
¢ : X — R. This shows that the function HX () is related with the multifractal
formalism induced by the metric mean dimension.

Consider the function
P(z) := Hf(z) + F(2).

From Remark 5.2, one has

P(z) < sup {H(f((ﬂu) +F(u(¢))}- (23)
HEMf(X)

By the following proposition, it is possible to obtain equilibrium measures using

the function P(z) = HEX(z) + F(z). Thus, combining this proposition with the

Theorem A, we obtain a tool to compute the nonlinear metric mean dimension

H¢mdim(X, f,d) as we illustrate in next section.

Proposition 5.4. z € R(p) if only if z € rot(p) mazimizes the function P(z).
In this case,

P(z) = sup {Hf(fvu)wLF(u(so))}-

HEMf(X)

Proof. Assume that z € rot(y). Then, there exists a measure p € &4 such that
1(p) = z. Then, as p is an equilibrium measure, we obtain that

P(z) = H§ (2) + F(2) > Hi* (f, 1) + F(u(p)) = e {H(f((ﬁ 1) + F(u(w))}-

Thus, combining this with (23), one has z maximize the function P(z).
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On the other hand, let z € rot(¢) that maximize P(z). By Remark 5.2, there
exists some p € M(z) such that HEX (2) = HE(f, ). Then

H (2) + F(2) — Hy* (f, 1) + F(u()) = sup {H(f{(f,uHF(u(so))}

HEM(X)

Therefore, i € &4 and consequently, we conclude that p € R(p). O

6. Examples.

6.1. Shifts on compact homogeneous alphabets. Let (X,d) be a compact
metric space and consider Y = X and the distance on Y given by

D). () ) = sup 2ntn)
neN P
for some p > 1 fixed. In this case we have that if X is so that for any open subset
U C X, dimp(U) = dimp(X), then, by [5, Theorem 8.1], the metric mean dimension
of any shift-invariant probability measure is given by
HE(f, ) = dimp(X), for every § € (0,1) and p € M, (Y).

Consequently by Theorem D, the variational principle in this setting is reduced to
the analysis of the energy map £. Moreover, we have that

sup  E(u) = M€ mdimyy (XN,O‘, Dp) — dimp(X).
HEM(X)

)

6.2. Shifts on non-homogeneous compact alphabets. Let X = {O}U{% 'n e N}.
If we consider the space Y = XV we have that X does not satisfy the condition
presented in the previous example. Moreover, by [5] it is possible to conclude that

. 1
Hg((f, 5{0N}) = dlmB(X) = 5,
but for every x # 0

6.3. Phase transitions. Let ¢ : [0,1] — [0,1] be given by g(z) = |1 — |3z — 1H
and the sequence (a,)nen, on interval [0,1) where ag = 0 and a, = Y j_; =5p-
For each n € N, we take the interval J,, = [an—1,a,] and let T,, : J,, — [0,1] be
the unique increasing affine map from J,, into [0, 1]. We define f : [0, 1] = [0,1] as
flx) =T togoT,(x)ifx € J,, and T(1) = 1. It was proved in [5, Example 10.3]
that
Hy* (f, 1) = n({1}),

for all 4 € My([0,1]) and Hf is maximized by Dirac measure d(;. Now, we
take the energy £(u) = F(u(y)), with F(z) := —182%, for every 8 > 0, and the
potential ¢ : [0,1] — R given by ¢(z) = z. We want to maximize the function
P(z) =HE(2) + F(2).

For any z € [0,1]. We consider invariant measures p € M(z), i.e., such that
[ pdp = z and maximize HE (f, 1) with respect this measures. Fix any z € (0,1).
Notice that, the measure p = 201 + (1 — 2)dy belongs to M(z). Then

H (2) > H;* (f,n) = p({1}) = =.
On the other hand, any ergodic measure p assigns full measure to some interval
[an—1,an), ie. p(lan—1,a,)) = 1. Consequently, HE (u) = p({1}) = 0, for all
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p € M§I(X). Indeed, we can write any v € My([0,1]) \ {61} non ergodic as
v = z6 + (1 — 2)p, with p({1}) = 0. Consequently, any invariant measure v =
201 + (1 — 2)p, with p({1}) = 0, maximizes HE on M(z) and so, HX (2) = 2. It is
not difficult to see that HE (0) = 0 and HE (1) = 1.

Now, given 8 > 0, we are left with maximizing the function

65(2) = HE(2) + F(2) = 2 — %522.

for z € [0,1]. Consider the cases:

(1) if 0 < 8 < 1, the maximum is attained in z = 1. Thus, the unique equilibrium
measure is ¢ = 0; and I mdimy (X, f,d) = 2;

(ii) for each B > 1, a simply computation gives that z = % is the unique critical
point of ¢g and it is a maximum. Therefore, the unique equilibrium measure is

V:;61+(1—;)u,

with ({1}) = 0 and we can conclude
1
=35

6.4. Finite nonlinear topological pressure does not imply zero nonlinear
metric mean dimension. In the classical (linear) setting, if a topological dynam-
ical system (X, f) has finite topological entropy, then its metric mean dimension is
zero. The following example shows that this implication may fail in the nonlinear
framework.

Let X = {p,q} and let f fix both points. Define ¢ € C(X) by ¢(p) = 1 and
#(q) = —1, and set the energy

E(p) == F(u(¢)) with F(z)=—2°.
Then My(X) = {td, + (1 — )4, : t € [0,1]} and M®(X) = {Jp, d4}. We have:
e h,(f) =0 for every v € Ms(X), hence HE(f,v) =0 for every v;
e £(0,) = £(8y) = —1 and, more generally, (¢, + (1 — t)d,) = —(2t — 1) <0
with sup, £(v) = 0.
Since the only orbits are the fixed points p and ¢, all empirical measures along orbits
equal either §, or dq, so

Hfop(X7 f) = HgmdlmM(Xa fa d) = -1

1€ mdimy (X, £, d)

Consequently, a finite nonlinear topological pressure does NOT imply that the
nonlinear metric mean dimension is zero (indeed, it can be negative in this example).
Meanwhile, one has

sup  (HE(f,v) +E&(v)) = 0> T¥mdimy (X, f,d).
veEM;(X)

This shows that the convexity of energies is necessary.

Let us end this paper with a question.

Question 1. Is there any condition on the phase space or on the potential (or on
both of them) under which finite nonlinear pressure implies zero nonlinear metric
mean dimension?
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