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We introduce the notion of common conditional expectation to inves-
tigate Birkhoff’s ergodic theorem and subadditive ergodic theorem for in-
variant upper probabilities. If, in addition, the upper probability is ergodic,
we construct an invariant probability to characterize the limit of the ergodic
mean. Moreover, this skeleton probability is the unique ergodic probability in
the core of the upper probability, that is equal to all probabilities in the core
on all invariant sets. We have the following applications of these two theo-
rems:

e provide a strong law of large numbers for ergodic stationary sequence on
upper probability spaces;

e prove the multiplicative ergodic theorem on upper probability spaces;

e establish a criterion for the ergodicity of upper probabilities in terms of in-
dependence.

Furthermore, we introduce and study weak mixing for capacity preserving
systems. Using the skeleton idea, we also provide several characterizations of
weak mixing for invariant upper probabilities.

Finally, we provide examples of ergodic and weakly mixing capacity
preserving systems. As applications, we obtain new results in the classi-
cal ergodic theory, e.g., in characterizing dynamical properties on probabil-
ity preserving systems, such as weak mixing, periodicity. Moreover, we use
our results in the nonlinear theory to deduce the asymptotic independence,
Birkhoff’s type ergodic theorem, subadditive ergodic theorem, and multi-
plicative ergodic theorem for non-invariant probabilities.
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1. Introduction. Ergodic theory is a branch of mathematics that focuses on studying the
behaviour of a given probability preserving system (2, 7, P,T'), where (€2, F, P) is a prob-
ability space (i.e., () is a nonempty set, F is a o-algebra on 2, and P is a probability on F),
and T : 2 — Q is a measurable transformation such that P(T~'A) = P(A) for any A € F.
One of the key theorems in ergodic theory is Birkhoft’s Ergodic Theorem [5], which pro-
vided a rigorous mathematical framework to investigate the Boltzmann Ergodic Hypothesis,
that is, for a closed system, the time averages of a physical quantity over long periods would
converge to the ensemble average. Furthermore, it has many connections with other fields
apart from ergodic theory, for example, number theory (c.f. Einsiedler and Ward [19] and
Furstenberg [24]), stationary process (c.f. Doob [17]), and harmonic analysis (c.f. Rosenblatt
and Wierdl [39]). Afterward, in order to address the conjecture for subadditive stochastic pro-
cesses raised by Hammersley and Welsh [27], Kingman [29, 30] extended Birkhoff’s Ergodic
Theorem to subadditive sequences, which became known as the subadditive ergodic theorem.
Meanwhile, it also has many other applications, for example, the study of the multiplicative
ergodic theorem by Oseledec [34].

As research in ergodic theory has progressed, many generalizations and applications of
these two theorems have been obtained. However, a majority of this research has focused on
probability preserving systems. In real-world scenarios, it is often the case that we cannot
find an ideal situation where the probability can be determined exactly. For example, it has
been shown that the classical probability theory on measurable space may not be sufficient for
modelling such situations, as in economics (c.f. Billot [4], Marinacci and Montrucchio[33],
and Schmeidler [42]) and statistics (c.f. Walley [45]). To address this challenge, capacities
(or non-additive probabilities) and nonlinear expectations are used as a tool to model het-
erogeneous environments, such as financial markets where biassed beliefs of future price
movements drive decisions of the stock market participants and create ambiguous volatility.
Moreover, the following example is well known in number theory.
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EXAMPLE 1. Recall the definition of upper density for a subset A of Z, given by

d(A) =limsu
( ) n—>oop 2n+1
where |A| denotes the number of elements of A. Let T': Z — Z,x — x + 1 and 27 be the
family consisting of all subsets of Z. Then (Z, 22 d,T) is a capacity preserving system, but
not a probability preserving system, as d is not additive.

[AN[=n,n]|,

Thus, the study of dynamical systems on a capacity space is a natural and necessary ex-
tension. Due to the loss of additivity, many classical results in probability theory and ergodic
theory may fail. So far, there are only two main works on invariant capacities by Cerreia-
Vioglio, Maccheroni and Marinacci [9] and Feng, Wu and Zhao [21], and one work on in-
variant sublinear expectations by Feng and Zhao [22]. In this paper, we focus on invariant
capacities. Following ideas in classical ergodic theory, we call (€2, F, u,T) a capacity pre-
serving system if (€2, F) is a measurable space, T : {2 — (2 is a measurable transformation
and p is a (T'-)invariant capacity (see Definition 2.10). In this paper, we mainly consider a
special type of capacity, namely the upper probabilities (see (6) for definition).

Firstly, we introduce the concept of common conditional expectation (see Definition 2.15)
to study the ergodic theory on capacity spaces. In particular, given a standard measurable
space (€2, F), and a measurable transformation 7" :  — 2, we prove that for any bounded
J-measurable function f, there exists a bounded Z-measurable function g; : 2 — R such
that for any T'-invariant probability P on (2, F),

(1) Ep(f|Z) =gy, P-almost surely,

where Z={A€ F:T 1A= A} and Ep(f | Z) is the conditional expectation of f with re-
spect to the o-algebra Z and the probability P. The conditional expectations for G-Brownian
motion were introduced by Peng [36], and Bartl’s definition of conditional sublinear expec-
tation can be found in [3]. In addition, the usual conditional expectation with respect to a
o—algebra 7 offers an alternative way to define conditional expectations for certain upper
expectations relative to a special o—algebra. More specifically, given a subset A of invariant
probabilities, let E = supp. 5 Ep be the upper expectation with respect to A. Then we can

define the nonlinear conditional expectation for E with respect to Z by

E(f|T)=g ¢ for any bounded F-measurable function f.

It is easy to verify that E[1 4 - E[f|Z]] = E[14 - f] for any A € Z. Moreover, we show that for
any upper probability V, if V' is T-invariant then

n—1

VO\ {wen: Tim 37 f(Tiw) = gy(w)}) =0,
=0

where g is the common conditional expectation obtained in (1) (see Theorem 3.1).

Feng, Wu, and Zhao [21] introduced a definition of ergodicity of capacities to describe
the inability to decompose the system into disjoint subsystems inspired by the ergodicity of
sublinear expectations [22] as follows: Given a capacity preserving system (2, F, u,T), p is
said to be ergodic (with respect to T") if for any B € 7 the following two conditions hold:

(i) p(B)=0oru(B)=1
(i) p(B)=0or u(Q\ B)=0.
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They provided a number of equivalent characterizations of the ergodicity, especially, in terms
of the spectral properties of transformation operator whose eigenvalue 1 being simple was
proved. This leads to the result that an invariant upper probability V is ergodic with respect
to T" if and only if for any bounded F-measurable function f, there exists a constant ¢y € R
such that V(Q\ {w € Q:lim,, o0 1 S f(T'w) = ¢f}) = 0. When V is a probability, we
know that ¢y = [ fdV by Birkhoff’s ergodic theorem for probabilities. However, the uncer-
tainty of the upper probability V" results in the loss of information about this constant c¢. In
this paper, we demonstrate what this constant is. In fact, one of the main results can be stated
as follows:

The first main result (Theorem 3.2 and Theorem 3.3). Let (2, F,V,T) be a capacity
preserving system, where V' is an upper probability. Then V' is ergodic with respect to T if
and only if there exists a unique ergodic probability ¢ on F such that Q(A) < V(A) for any
A € F and Q(B) = V(B) for any B € Z. Moreover, these are equivalent to that there exists
an ergodic probability ) on F with respect to 7" such that for any f € L'(Q, F,Q),

n—1
V(Q\{weQ: lim % > f(Tiw) = /fdQ}) =0.
=0

This suggests that the above requirement for ergodicity is not redundant. Meanwhile, the
definition of ergodicity that p(Z) € {0, 1} suggested by [9] cannot imply that the uniqueness
of such () and thus the irreducibility of the dynamical system cannot hold. The invariant
probability () is called an invariant skeleton and satisfies P|z = Q|7 for any P € core(V)
(see (7) for the definition).

Recall that the strong law of large numbers for processes on probability spaces can be
obtained from Birkhoff’s ergodic theorem. We extend this result to upper probability spaces,
that is, for any ergodic stationary process {Y}, }»en on an upper probability space (2, F, V),
there exists a probability @ on (2, F) such that lim,, % Sor Y= [Y1dQ almost surely
(see Theorem 3.12).

As another application of the first main result, motivated by the ergodic theory of prob-
ability preserving systems, we provide a characterization for ergodicity of upper probabil-
ities in terms of independence as follows (see Theorem 4.3): Let (2, F,V,T) be a capac-
ity preserving system, where V is an upper probability. Then V is ergodic if and only if
there exists an ergodic probability ) on F such that V(A) = Q(A) for any A € Z, and
limy, o0 [ 2300 £ (g0 TP)dV = [ fdV [ gdQ for any bounded F-measurable functions
f,g with g > 0, where the integral with respect to the capacity is the Choquet integral (see
(9) for definition).

In addition to ergodicity, the concept of mixing plays a fundamental role in understanding
the behaviour of probability preserving systems. Weak mixing, a type of mixing that exhibits
a certain level of randomness and unpredictability, is an important tool for understanding the
properties of dynamical systems and has connections to the theory of unique ergodicity and
rigidity (refer to the book by Glasner [26]). Meanwhile, the study of weak mixing has impor-
tant implications for a range of research fields, including number theory and combinatorics
(we refer to Einsiedler and Ward [19] and Furstenberg [24]). Therefore, studying weak mix-
ing for capacity preserving systems is also critical for capacities. In this paper, we introduce
the definition of weak mixing for capacity preserving systems and study its properties. It is
well known that an invariant probability is weakly mixing if and only if the product proba-
bility of itself is ergodic. Naturally, we want to have a similar characterization for capacities.
However, Carathéodory’s extension theorem from an algebra to a o-algebra is not true for
capacities (see [15, Chapter 12] for example). To address this issue, we provide a means
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to define the product of two upper probabilities and show that the unique invariant skele-
ton of a weakly mixing upper probability is a weakly mixing probability (see Lemma 5.7).
Moreover, we prove that weak mixing for an invariant upper probability is equivalent to the
ergodicity of the product upper probability of itself (see Theorem 5.10). More specifically,
let (2, F,V,T') be an invertible capacity preserving system, where V' is an upper probability.
Then the following statements are equivalent:

(1) V is weakly mixing with respect to 7T’

(ii) for any invertible capacity preserving system (', 7', V', T") with V' being an er-
godic upper probability, V' x V" is ergodic with respect to T' x T”;

(iii)) V x V is ergodic with respectto 7" x T'.

As a corollary, we extend Birkhoff’s ergodic theorem along polynomial subsequences
to weakly mixing upper probability spaces (see Corollary 5.8). That is, let (Q,F,V,T)
be a weakly mixing upper probability space, and let p(x) be a polynomial with integer
coefficients. Then there exists a weakly mixing probability () on F such that for any
ferL (QF,Q),r>1,

V(Q\{wen: JL%Oiif(Tp(i)w) = /fdQ}) =0.
=1

We also provide some examples of ergodic and weakly mixing capacity preserving sys-
tems by concave distortion of ergodic and weakly mixing probability preserving systems.
Meanwhile, we show that a subadditive weakly mixing capacity must be ergodic, and we
provide examples to show that the reverse is not true. As applications, for an ergodic prob-
ability preserving system (2, F, P,T'), we establish lower and upper bounds to the limit
limy, o0 & Sy PY2(BNTC) for any B,C € F, and we utilize this limit to obtain new
characterizations of the systems of

(i) weak mixing (see Proposition 6.2): P is weakly mixing if and only if

1 n—1 ) )
— /2 iy _ pl/2 1/2 )
Jim ~ Z;P (BNT~'C) = PY*(B)PY*(C) for any B,C € F;
1=
(ii) periodic (see Proposition 6.3): there exists B € F with P(B) > 0 such that for any
ccB,
1 n—1
N 1/2 —iy _ pl/2
Jim — Z;P (BNT~'C) = PY*(B)P(C)
1=
if and only if there exist € N and distinct points wy,...,w, € Q such that P({w;}) = %,
i=1,2,...,7.

Further applications of the nonlinear theory are for non-invariant probabilities (linear),
namely, for a probability space ({2, F, P) and an invertible measurable map 7 : ) — €.
The programme of studying an ergodic theory for non-invariant probabilities was initiated
in Hurewicz [28]. The main result obtained was Birkhoff’s law of large numbers on the
convergence of pathwise average of a function along P almost every trajectory. In this paper,
with the help of the nonlinear ergodic theory of upper probabilities, we push the study of
this problem further, of which the main results are briefly described as follows. Suppose
that lim,, oo % Z?:_ol P o T~ exists, that is, the limit lim,,_, o % Z?:_()l P(T*A) exists for
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any A € F. Denote the limit by Q(A) for each A € F. By the Vitali-Hahn—Saks theorem
(see Lemma 2.2), () is a probability measure and it is easy to verify that () is invariant.
Furthermore, if () is

(i) ergodic (see Theorem 4.7) then for any f € L'(Q, F,Q),

1 n—1 '

) Jim ~ Z_; f(T'w) = / fdQ for P-as. w € Q,
and

1 n—1 ‘
3) Jim ~ ;} P(BNT~'C) = P(B)Q(C) for any B,C € F;

(il) weakly mixing (see Theorem 5.19) then
1 n—1 '

(4) Jim ~ ; |P(BNT~'C) — P(B)Q(C)|* =0 forany B,C € F,

and for any f € B(2,F), there exists a subset J = J; of N with D(J) = 0 (see Definition
5.13) such that

(5) lim / foTmdP = / £dQ.

n¢Jn—o00

Moreover, we can prove that (2) and (3) are equivalent and both are equivalent to () being
ergodic; and (4) and (5) are equivalent and both are equivalent to ) being weakly mixing.

Finally, as a further extension of Birkhoff’s ergodic theorem for capacities, we extend
Kingman’s subadditive ergodic theorem to upper probability spaces by taking advantage of
the common conditional expectation.
The second main result (Theorem 7.1). Let (2, F) be a standard measurable space, 7T :
2 — Q be a measurable transformation, and V' be an invariant upper probability. Suppose
that { f,, }nen is a sequence of F-measurable functions satisfying the following conditions:

(i) there exists A > 0 such that —An < f,,(w) < An forany n € N, and w € Q;

(i) foreachm,n e N, V(Q\{w e Q: frim(w) < fo(w) + fin(T"w)}) = 0.

Then there exists a bounded T-invariant F-measurable function f* such that

VO fweQ: lim L) = F(@)}) =0

Note that f* can be represented by the common conditional expectations of { fy, } nen.

As an application of this theorem, we extend the Furstenberg-Kesten theorem [25] from
probability spaces to upper probability spaces. Moreover, we use this extension to prove the
multiplicative ergodic theorem on upper probability spaces (see Theorem 7.5). Meanwhile,
we also provide the subadditive ergodic theorem (see Theorem 7.3) and the multiplicative
ergodic theorem (see Theorem 7.6) for a class of non-invariant probabilities.

The structure of the paper is as follows. In Section 2, we recall some basic notions and
prove some basic properties that we use in this paper. In Section 3, we study Birkhoff’s er-
godic theorem for upper probabilities, and prove a strong law of large numbers for processes
on capacity spaces. In Section 4, we provide characterizations for ergodicity of upper prob-
abilities in terms of independence. In Section 5, we introduce the notion of weak mixing for
capacity preserving systems, and provide a number of their characterizations. In Section 6,
we will study some examples including some applications to probability preserving systems.
In Section 7, we investigate subadditive ergodic theorem for upper probabilities and prove
the multiplicative ergodic theorem on upper probability spaces.
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2. Preliminaries. In this paper, we denote by N, Z, Z, R, Ry and C the set of all
natural numbers, natural numbers with 0, integers, real numbers, non-negative real numbers
and complex numbers, respectively.

Let (2, F) be a measurable space. Denote by B(€2, F) the set of all bounded and F-
measurable functions from € to R. For a subset A of 2, write 2\ A as A°.

If 2 is a topological space, then we denote by 5(£2) the Borel o-algebra on 2. A measur-
able space (€2, F) is said to be standard if there exists a complete and separable metric space
X such that (Q,F) is isomorphic to (X, B(X)), that is, there exists a bijection f: Q — X
such that for any £ C 2, we have E € F if and only if f(E) € B(X). Note that in this paper,
unless stated otherwise, we do not require measurable space (€2, F) is standard.

2.1. Set functions and Choquet integrals. Let (€2, F) be a measurable space. Recall that
a set function p: F — [0,1] is

* acapacity if u(0) =0, (Q) =1, and u(A) < u(B) for all A, B € F such that A C B;

e concave if (AU B) 4+ u(ANB) < pu(A)+ u(B) forall A, B € F;

* subadditive if (AU B) < p(A) + p(B) for all A, B € F with AN B = (;

* additive if u(AU B) = u(A) + u(B) forall A, B € F with AN B =0;

o o-additive if (U, Ayn) = > 07 w(Ay) for all {4, }nen C F with A; N A; = ( for any
UENE

* continuous from below if lim,, ,~ 1 (4,,) =1 for A4,, T §;

* continuous from above if lim,, o, 1t (A,,) = 0 for A,, | 0;

* continuous if it is both continuous from below and above;

* a probability if it is a o-additive capacity.

Denote by A(£, F) the set of all additive capacities on (€2, F), and by A?(Q2, F) the set of
all probabilities on (£2, F). We endow both sets with the weak* topology'. Given a sub-o-
algebra 7' of F, denote by u|# the capacity u restricted to F'. Given P € A(Q, F), we
denote

L"(Q,F,P)= {f:Q—HR:fis F-measurable and || f||, p := </|f]7"dP> < oo}, r>1

and
L>®(Q,F,P)={f:Q—R: fis F-measurable and || f||oo,p < 00},

where || f|oo,p :=inf{C' > 0:|f(w)| < C for P-a:s. w € Q}.
A capacity is called an upper probability if there exists a compact subset A of A7 (£, F)
in the weak* topology such that

(6) V(A)= max P(A), forany A€ F.

In this case, for any A € F, there exists P € A such that V(A) = P(A). Given a sub-o-
algebra F' of F, it is easy to check that V| is also an upper probability.
The core of a capacity u is defined by

(7) core(u) ={P € A(Q,F): P(A) < u(A) forany A € F}.

We remark that for a general capacity u, core(u) may be empty. If it is not empty, then
core(y) is compact in the weak* topology (see [33, Proposition 4.2] for example).

IRecall that a net {Pa} ey converges to P, in the weak* topology if and only if Po(A) — P(A) for all
A € F (see [9, Page 3382] for more details).



Let V = suppcp P be an upper probability, where A C A?(2, F) is compact. Then by
standard results (see [9, pp. 3382-3383], [21, Lemma 2.2(ii)], or as a direct corollary of
Lemma 5.2), V' is continuous from above, and hence A C core(V) C A7(Q2, F). Since
core(V) is itself compact, we may equivalently write
) V= su P

Pecore(V)
Conversely, if V' is a capacity that is both concave and continuous from above, then V' admits
the representation V' = Sup pccope(vy £ With core(V) C A%(€2, F) compact, and hence V is
an upper probability.

DEFINITION 2.1. In a capacity space (£2,.F,u), we say that a statement holds for u-
almost surely (p-a.s. for short) if it holds on a set A € F with p(A€) = 0.

The following result can be found in [18, III. 7.2, Theorem 2 and Corollary §].

LEMMA 2.2 (Vitali-Hahn-Saks). Let (2, F) be a measurable space, and { P, }ncn be
a sequence of probabilities. Suppose that for any A € F the limit lim,_,o P,(A) = Q(A)
exists. Then Q) is a probability. If we further suppose that each P, is absolutely continuous
with respect to the probability Q), then the absolute continuity of the P, with respect to @)
is uniform in n € N, that is, for any € > 0 there exists § > 0 such that for any A € F, if
Q(A) <6 then P,(A) < eforalln e N.

Next, we recall Choquet integral introduced by Choquet [12]. A capacity u induces Cho-

quet integral, defined by
) 0
O [ rau= [ atwe: fw) =i [ wensf@) =0 - na
—0o0

for all F-measurable functions f, where the integrals on the right-hand side are the Lebesgue
integrals. If u is additive, then the Choquet integral reduces to the standard additive integral.

The following result can be checked by definitions.

PROPOSITION 2.3. Let (2, F,u) be a capacity space, f and g be two F-measurable
functions. Then

(i) (Positive homogeneity): [, afdu=a [ fdu for each v > 0.
(ii) (Translation invariance): [(f + alq)du = [, fdu+ o for each a € R.
(iii) (Monotonicity): fQ fdu> fQ gduif f > g.

If there is no ambiguity, we will omit €2, and write [, as [ for simplicity.
The following result provides a dominated convergence theorem in a capacity space with
respect to Choquet integral, which was proved in [21, Lemma 2.2].

LEMMA 2.4. Let pu be a continuous subadditive capacity on (Q,F). For any F-
measurable functions { f, }nen, g and h with g < f,, <h for eachn € N, and [ gdy, [ hdp
being finite, if f, — f p-a.s. then

lim fndu:/fd,u.
n—oo
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2.2. Invariant probabilities and capacities. In this section, we fix a measurable space
(©,F) and a measurable transformation 7" from 2 to itself. Denote by M (T") the set of all
(T-)invariant probabilities on (£2, F). An invariant probability P is said to be ergodic if and
only if P(Z) = {0,1}. We denote by M*(T") the set of all ergodic probabilities on (2, F).
Furthermore, if P x P is ergodic with respect to 7" x T', then P is said to be weakly mixing
with respect to 7". Denote by M"™(T") the set of all weak mixing probabilities on (€2, F).

For convenience of use, we list the following well-known results.

THEOREM 2.5 (Birkhoff’s ergodic theorem [5]). Let (Q, F,P,T) be a probability pre-
serving system. For any f € L' (Q, F, P),

n—00 N, 4

n—1
lim 37 f(T%) =Ep(f | T)(w)
1=0

for P-a.s. w € Q, and Ep(f | Z) is the conditional expectation of f with respect to the o-
algebra T. If in addition, P is ergodic then Ep(f |Z) =Ep(f), P-a.s.

THEOREM 2.6 (Subadditive ergodic theorem [29, 30]). Let (2, F, P,T) be a probability
preserving system. Suppose that { f, }nen is a sequence of F-measurable functions satisfying
the following conditions:

(i) [fildP < oo;

(i) foreachk,neN, foip < fn+ froT", P-a.s.
Then there exists a T-invariant function ¢ : 2 — R such that
1
lim —f, = ¢, P-a.s.
n—oo N
Moreover, the function ¢ is given by
1 1
=inf —Ep(f, |Z = lim —Ep(f,|Z h Q.
O(w) = inf ~Ep(fu| T)(w) = lim ~Ep(fa | T)(w) for cachw €

The following result is obtained by Bourgain [6, Theorem 1].

THEOREM 2.7. Let (Q,F, P, T) be a probability preserving system, and let p(x) be a
polynomial with integer coefficients. If f € L™ (Q, F, P), r > 1, then the limit

1 :
im — p(i) j -
nhlEO - Zl F(TPMw) exists for P-a.s. w € .

Furthermore, if T is weakly mixing, then the limit is equal to [ fdP, for P-a.s. w € .

The following result should be standard, but we were unable to locate a clear reference to
it. Thus, we provide a proof.

LEMMA 2.8. Let (2, F) be a measurable space, and let T : Q) — Q be a measurable
transformation. Given P,Q € M(T) if P(A) = Q(A) for any A € T, then P = Q.

PROOF. For any bounded measurable function f, by Theorem 2.5, one has that

n—1

P({we: lim -3 f(T') =Ep(f | )w)}) =1
=0
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and

n—1

QUwes lim =3 f(T'w) =Bo(f | D)) = 1.
1=0

Since {w € Q: limy, o0 2 S0 f(T'w) = Ep(f | Z)(w)} € Z and Plz = Q
that

7, it follows

n—1
Qwen: lim -3 f(Tw) =Ep(f | @)} =1
=0

Thus, Ep(f | Z) =Eq(f | Z), Q-as. Since P|z = Q|7 and Ep(f | Z) are Z-measurable, it
follows that

[ #ar= [Ea(s 1 Dar = [Ea(f 1140~ [ Eo(s | D@~ [ rdq

The proof is complete as f is arbitrary. O

REMARK 2.9. Given two probabilities P and @, they are said to be singular if there
exist two disjoint subsets B, C' € F with Q = BU C such that P(C) =0 and Q(B) = 0. By
Lemma 2.8, it is easy to check that for any P,Q € M(T) with P # @, P is singular with

Q.

DEFINITION 2.10. Let (Q,F,u) be a capacity space and 7" be a measurable transfor-
mation from  to itself. Then (2, F, u,T) is called a capacity preserving system if y is
T-invariant, that is, for each A € F, u(A) = u(T-1A).

Recall that a T-invariant capacity p is ergodic if for any A € Z, u(A) € {0,1} and p(A) =
0 or u(A€) = 0. If in addition, we suppose that y is subadditive, then it is ergodic if and only
if forany A € Z, u(A) =0 or p(A°) =0.

The following result is a characterization of ergodicity for subadditive capacities via mea-
surable functions.

LEMMA 2.11 (Theorem 4.4 in [21]). Let (0, F,u, T) be a capacity preserving system.
If p is subadditive and continuous then the following three statements are equivalent:

(1) p is ergodic;
(ii) if f € B(2, F) is T-invariant then f is constant p-a.s.;
(iii) if f: Q — R is F-measurable and T-invariant p-a.s. then f is constant p-a.s.

Note that (iii) = (ii) = (i) does not need the continuity of L.

We recall a version of Birkhoff’s ergodic theorem for ergodic upper probabilities [21,
Theorem 4.5].

THEOREM 2.12.  Let (2, F,V,T) be a capacity preserving system, where V' is an upper
probability. Then V' is ergodic with respect to T if and only if for any f € B(2,F), there
exists a unique cy € R such that

n—1

1 i
nlg)gonz_%f(T w) =cy for V-a.s. w € Q.
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LEMMA 2.13.  Ler (Q,F,V,T) be a capacity preserving system, where V' is an upper
probability. Then

(i) for any P € core(V), there exists a unique P € M(T) N core(V) such that P|z =
Plz;

(i) given A € F, if for any P € core(V), P(A) =0, then V (A) = 0.

PROOF. The existence of P in the first statement was proved in Corollary 1 of [9], and the
uniqueness is obtained in Lemma 2.8.

Fix any A € F satisfying for any P € core(V), P(A) = 0. Let A =%, U2 T FA.
Then by the invariance of P, one deduces that

P(A) < i P(T7'A)=0
=1

for any P € core(V). Since Up2 T~* A decreases to A as n — oo, it follows that T *A = A,
that is, A € Z. This, together with (i), implies that P(A) =0 for any P € core(V). Thus, it

follows from (8) that V' (A) = 0 holds. Then, by the invariance of V,
V(A)= li_>m V(I ™A) =1lim sup/ lp-npdV < /lim sup lyp-nadV =V (A) =0,
n—oo n—oo n—o0

where the inequality is obtained from [47, Corollary 9.5]. The proof is complete. O

REMARK 2.14. In the following, the invariant probability P given in the above lemma
is called the invariant skeleton of P € core(V').

2.3. Common conditional expectations. In this subsection, we introduce the notion of
common conditional expectation as follows.

DEFINITION 2.15. Let (€2, F) be a measurable space, and H be a sub-o-algebra of F.
Given a subset A C A?(Q, F) and f € B(f2,F), an H{-measurable function g is said to be
the common conditional expectation of f with respect to H for A if

Ep(f|H) =gy, P-as.

for any P € A, where Ep(f | 1) is the conditional expectation of f with respect to H for P.

The following result shows that there exists a common conditional expectation with respect
to Z for all invariant probabilities on a standard measurable space. That is,

LEMMA 2.16. Let (52, F) be a standard measurable space, and let T' : ) — ) be mea-
surable. Then for any f € B(Q,F), there exists an L-measurable function g5 € B(§2, F)
such that for any P € M(T), g5 € L*(Q,Z, P), and

Ep(f|Z) =gy P-as.

PROOEF. Since (2, F) is a standard measurable space, let F be a countable generating
algebra of F. For any I’ € F, let

n—1

o1 ; .
GF)={weQ: nlgl;o - 2 1p(T'w) exists}
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and let

G(F)= mFe]:‘G(F)‘

For w € G(F) and F € F, define

n—1

.1 i
Pu(F) =nlggon§1F(T w)-

It is easy to check that p,, is nonnegative, normalized (i.e., p,,(€2) = 1), and finitely additive
on F. Since the space is standard, by Carathéodory’s extension theorem, for any w € G (.7:" ),
p., can be extended to a probability on F, uniquely. We still denote them by p,,.

Note that p,,(F') is independent of P € M(T), since it is a pointwise limit. Fix any P €
M(T). By Theorem 2.5, one has that P(G(F)) = 1, and for any F € F,

po(F)=Ep(lp|Z)(w) for P-a.s. w € G(F).
Thus, for any F' € F,
po(F)=Ep(lp|Z)(w) for P-a.s. w € .

Note that for P-a.s. w € Q, Ep(1p | Z)(w) is also nonnegative, normalized, and finitely ad-
ditive on F. By the uniqueness of the extension, one has for P-a.s. w € (1,

pw(F)=Ep(1p|Z)(w) for any F € F.

Furthermore, by the standard argument for approximating a measurable function by simple
functions, one has that for P-a.s. w € €,

(10) /Q fdp. = Ep(f | T)(w) for any f € B2, F).

Let gp(w) = [, fdp, if w e G(F), and otherwise gf(w) = 0. By (10) and the arbitrariness
of P € M(T), gy is desired. O

REMARK 2.17. The above result can be deduced from the results in [35, 44]. We give
our proof for the sake of readability of this paper.

3. Birkhoff’s ergodic theorem for capacities. In the study of probability preserving
systems, Birkhoff’s ergodic theorem plays a crucial role in understanding complex systems.
It characterizes the ergodicity of a system and connects with the time average of a test func-
tion along the dynamical system with the invariant probability. Upper probabilities are a nat-
ural generalization of probabilities and have important applications in areas such as decision
theory and risk analysis. In this section, we continue the work of Feng, Wu and Zhao [21] in
extending Birkhoff’s ergodic theorem to upper probabilities. By studying it, we gain a deeper
understanding of the dynamics of these more general systems. As an application, we pro-
vide a strong law of large numbers for stationary and ergodic sequences on upper probability
spaces.

3.1. Birkhoff’s ergodic theorem for invariant upper probabilities. In this section, we use
common conditional expectations to represent the limit of ergodic mean for invariant upper
probabilities.
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THEOREM 3.1.  Let (2, F) be a standard measurable space, T : 2 — ) be a measurable
transformation, and V' be an invariant upper probability. Then for any f € B(Q), F),

n—1

T 1 7,0\ — [
Vi lim o3 I(T') =576} =0
1=
where gy is the common conditional expectation of f given as in Lemma 2.16.

PROOF. For any P € core(V'), let P be the invariant skeleton of P. Since P € M(T), it
follows from classical Birkhoff’s ergodic theorem that

n—1

Tim % ; F(T'w) = Ep(f | T)(w) for P-ass.w € Q.

By Lemma 2.16, we have that E(f | Z)(w) = gy (w) for P-ass. w € . Since the set {w €
Q:limy, o0 1 Z?:_Ol (T'w) = g¢(w)} € Z, for any P € core(V),

P({wen: lim 13" F(Tw) = gy(w)))
=0
— P(we: lm 137 (i) = g @)y =0
=0

Thus, from (8),

n—1

Vi{wen: lim 13" () = gy(w)})
1=0

n—1
1 . o
:Pefgg;%v)P({wGQ-nlggon;f(T w) = g7(w)}) =0,

proving this result. 0

3.2. Birkhoff’s ergodic theorem for ergodic upper probabilities. In this section, we finish
the proof of our first main result, whose proof is divided into Theorems 3.2 and 3.3.
For the sake of presentation in the following proofs of this section, we denote

n—1
. 1 % _
Qpa={we Q.nlggonzof(T w) =a} for f € B(Q, F),a €R.

Now we prove the first statement in our first main result as follows.

THEOREM 3.2. Let (0, F,V,T) be a capacity preserving system. If V' is an upper prob-
ability, then V' is ergodic if and only if there exists a (unique) Q € M(T) N core(V') such
that for any P € core(V),

P(A)=Q(A) forany A€ T.
PROOF. (=) Let P € core(V)NM(T) be the invariant skeleton of P € core(V') obtained

from Lemma 2.13.
Step 1. Prove that P € M*(T") for any P € core(V).
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Fix any A € Z. It suffices to prove P(A) =0 or 1. As P € core(V), one has P(A) <
V(A). Since V is ergodic and subadditive, it follows that either

V(A)=0o0r V(A% =0.

If V(A) =0, then P(A) = 0; if V(A°) =0, then P(A°) < V(A°) =0 and hence P(A) =1.
This shows that 15(14) =0 or 1, proving Step 1.

Step 2. Prove the existence of Q).

Givenany A € F, by Theorem 2.12, there exists a unique c4 € R such that V((Q1, ¢,)¢) =
0. Thus,

(11) P(Q,c,)=1forany P € core(V).

On the other hand, by Step 1, Pe ME(T), which together with the classical Birkhoff’s
ergodic theorem implies that

~

(12) P(Q P(A)) =1 for any P € core(V).

1A7

Comparing (11) and (12), one has
P(A) = ¢4 for any P € core(V).
Define Q(A) = c4 for any A € F. Thus, for any P € core(V),

Q(A)=ca=P(A) forany A € F,

that is, Q = P for any P € core(V'). This together with Step 1, implies that Q € M¢(T) N
core(V'). The existence of ) has been proved.

Step 3. Prove that () is the unique invariant probability in core(V).

We assume that Q' € M(T') N core(V'). By Step 2, it follows that for any P € core(V),
P|z = Q|z. In particular, Q(A) = Q'(A) for any A € Z, which together with Lemma 2.8
implies that Q = Q.

(<) For any A € Z, we have Q(A) =0 or 1, as @ is ergodic. This implies that either
P(A)=0forany P € core(V), or P(A) =1 for any P € core(V). In the first case, V(A) =
0. In the second case, P(A¢) =0 for any P € core(V'), and hence V(A) =1 and V(A¢) =0.
As A € T is arbitrary, we finish the proof. O

Now we prove the second statement in our first main result, which provides more infor-
mation about the constant ¢y in Theorem 2.12 to overcome the uncertainty caused by upper
probabilities.

THEOREM 3.3. Let (0, F,V,T) be a capacity preserving system, where V' is an upper
probability. Then V' is ergodic with respect to T if and only if there exists a unique @) €
ME(T) Ncore(V) such that for any f € L' (2, F,Q),

' 1 n—1 . B
(13) nlg]g() - iz:%f(T w) = /fdeor V-a.s.we.

PROOF. (<) Consider A € Z, then Q(A) =0 or Q(A) =1, as @ € M*(T). Note that if
Q(A) =0 then

n—1

: 1 % c
QlA,Q(A):{wEQ:nlgrolonzglA(Tw):O}:{wGQ:lA(w):O}:A.
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By (13), one has V' (A4) = V((21, g(a))¢) = 0. Meanwhile, if Q(A) =1 then
QlA,Q(A) = {w e 1A(w) = 1} =A.

Similarly, by (13), we have V(A¢) = V((Q4, g(a))¢) = 0. Thus, we find that V/(A) = 0 or
V(A°) =0 for any A € Z. Hence, V is ergodic.

(=) Let Q@ € M®(T') N core(V) be the ergodic probability obtained by Theorem 3.2.
Since @ is ergodic, we have that for any f € L'(Q,F,Q), Q((Qy,f rag)°) = 0. Since
the set Qy rrqq € Z, it follows that P((Qy fraq)°) = 0forany P € core(V). Thus,
V((y, [ £dQ)°) = 0. The proof is completed, as the uniqueness can be established by an
argument similar to that of Theorem 3.2. O

In classical ergodic theory, probability invariance seems to play an essential role. To break
this restriction, in his seminal paper [28], Hurewicz initiated an interesting problem of investi-
gating Birkhoff’s ergodic theorem under non-invariant probabilities, and provided a sufficient
condition involving non-wandering sets. But progress along this line did not go very far and
only a limited number of results have been achieved since then.

As a consequence of Theorem 3.3, in the next result, we provide a condition in terms of
an upper probability for Birkhoff’s ergodic theorem to hold for a non-invariant probability.
Beginning with this preliminary result, with the help of further results on ergodic theory
of upper probabilities that we obtain in this paper later, we are able to push the ergodic
theory of non-invariant probability a very big step by considering types of ergodic theorems.
Moreover, we will be able to construct an invariant upper probability and invariant skeleton
from the non-invariant probability and measurable transformation. Consequently, we obtain
a number of results, including averaging asymptotic independence, long-time independence,
subadditive ergodic theorem and multiplicative ergodic theorem, with no need of referring
to the upper probability. See Remark 4.6, Theorem 4.7, Theorem 5.19, Theorem 7.3 and
Theorem 7.6 for details.

COROLLARY 3.4. Let (2, F, P) be a probability space and 7": {2 — €2 be a measurable
transformation. If there exists an upper probability V' on (2, F) such that V' is ergodic with
respect to 7', and P € core(V), then there exists a unique ergodic probability @ € M¢(T) N
core(V) on (£, F) such that for any f € L*(Q, F,Q),

n—1
1 iy
nh_)rr;on;f(T w) —/fdQ, for P-a.s. w € Q.

REMARK 3.5. (i) The limit lim,, oo L 32770 f(T7w) is a pathwise limit for f €
B(Q,F), so it does not depend on the choice of the upper probabilities. In fact, if V'
is another ergodic upper probability such that P € core(V’), and @' is the correspond-
ing ergodic probability in M®(T) N core(V’), then Q' = @, as by Corollary 3.4, we have
[ fdQ = [ fdQ’ for any f € B(,F).

(i1) We will provide further results in constructing an appropriate upper probability V'
and the ergodic probability () for a class of probabilities on (€2, F).

Let us see a concrete example of Birkhoff’s ergodic theorem for non-invariant probability.
More examples can be found in Section 6.
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EXAMPLE 2. Let 2 =[0,2), where [0,2) is regarded as a representative set of the com-

pact space R/(2Z), and B(£2) be the Borel o-algebra on 2. Given an irrational number «,
define T,, : 2 — 2 by

_J((z+a)mod1)+1, 2€l0,1),
Ta(m)—{x—l, z€[l,2).

For each ¢ = 1, 2, define

Py(A):=P;(ANJi—1,i)), forany A € B(f),
where P; is the Lebesgue measure on [i — 1,4), and the upper probability is defined by
(14) V = max{ Py, Py}.

First, it is not difficult to check that Py, P, € core(V'), and V is T-invariant. Note that the
probability () := %(Pl + Py) is ergodic with respect to T, by the observation that for any
AeT, T;2AN[i —1,i)) = ANi — 1,i) for i = 1,2, and the ergodicity of the irrational
rotation on the torus with respect to the Lebesgue measure. Note that for any A € F, if
Q(A) =0then P;(A) =0,i=1,2, and hence V(A) = 0. In particular, for any P € core(V),
P|z = Q|z, as Q(Z) = {0,1}. By Theorem 3.2, it follows that V' is ergodic. The ergodicity
of V' was obtained in Example 4.6 of [20] by a different argument. By Corollary 3.4, we
have Birkhoff’s ergodic theorem for the probabilities Py and Ps, but both P; and P, are not
invariant with respect to 7Ty,.

The following corollary shows the core structure of any ergodic upper probability. The
first statement strengthens the result in Theorem 3.2.

COROLLARY 3.6. If V is an ergodic upper probability on a measurable space (2, F)
with respect to a measurable transformation 7" : Q@ — €, then core(V) N M(T') = core(V) N
ME(T) has only one element, denoted by (). Moreover, for any A € F,

Q(A) =0 if and only if V(A) = 0.
In particular, V(A) = Q(A) forany A € T.

PROOF. From Theorem 3.2, there exists a unique probability @ € core(V)) N M€(T') that
satisfies Q|7 = P|z for any P € core(V). If there exists Q' € core(V) N M(T), then Q is
the invariant skeleton of @', which together with Lemma 2.8 implies that Q = @', proving
the first statement.

Now we prove the second statement. Given A € F, if V(A) =0, then Q(A) =0, as Q €
core(V'). Conversely, suppose that QQ(A) = 0. By Theorem 3.2, it follows that for any P €
core(V), P|z = Q|z, which, together with (i) of Lemma 2.13, implies

P =Q forany P € core(V).
In particular, P(A) = Q(A) =0 for any P € core(V'). Thus, by (ii) of Lemma 2.13, we have
V(A)=0. O

Finally, we consider invariant upper probabilities on a class of special measurable spaces.

COROLLARY 3.7. Let (2, F) be a measurable space, and let 7" : {2 — ) be a measurable
transformation. If (€2, F) is uniquely ergodic with respect to 7T, that is, M(T") = {Q}, then
each invariant upper probability is ergodic.
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PROOF. Fix an invariant upper probability V on (92, F) . Let P be the invariant skeleton
of P & core(V). Since (2, F) is uniquely ergodic with respect to T', it follows that P = Q
for any P € core(V). It is well known that if M(7") has only one element, then M(T") =
ME(T'), and hence, ) € M*(T). By Theorem 3.2, it is easy to see that V' is ergodic. O

In the closing part of this subsection, we extend the Krylov—Bogolyubov existence the-
orem from probabilities to upper probabilities and show that the class of invariant upper
probabilities is strictly larger.

Let (£2,d) be a compact metric space and 7" :  — 2 a continuous map. By the Krylov—
Bogolyubov theorem (see, for instance, [46, Corollary 6.9.1]) there exists at least one T'-
invariant ergodic probability P on ). Because every probability is, in particular, an upper
probability, this yields an ergodic upper probability. Hence, the Krylov—Bogolyubov theo-
rem also holds for upper probability. Moreover, Theorem 3.2 shows that the existence of an
ergodic upper probability already guarantees the existence of an ergodic probability (in its
core). Therefore, the existence of an ergodic upper probability and the existence of an er-
godic probability are equivalent. But we have the following nontrivial extension to Krylov—
Bogolyubov theorem.

COROLLARY 3.8. If7T:Q — Qisacontinuous transformation of a compact metric space
Q, then the set of ergodic upper probabilities is nonempty.

Moreover, if (2, T) is nontrivial?, then the set of ergodic upper probabilities is uncount-
able.

PROOF. We have already shown that the set of ergodic probabilities is nonempty.

We now prove that for nontrivial systems, the class of ergodic upper probabilities is
uncountable. Fix an ergodic probability measure P that is not a Dirac measure, and con-
sider a concave, strictly increasing, continuous function f : [0, 1] — [0,1] with f(0) =0 and
f(1) = 1. Define

Vi(A):=f(P(4)), AeF.

Then V; is an ergodic upper probability that is not a probability measure (see Example 4
for details). Since the collection of such functions f has uncountable cardinality, so does the
corresponding collection of upper probabilities. This completes the proof. O

The following example shows that even if a system admits only one ergodic probability
measure, it can still possess uncountably many ergodic upper probabilities.

EXAMPLE 3. Let Q =[0,1), where [0, 1) is regarded as a representative set of the com-
pact space R/Z. Given an irrational number «, define R,, : 2 — Q) by
To(xz) = (x + o) mod 1.

It is well known that the system (2, R,) admits a unique ergodic measure m, namely the
Lebesgue measure. However, by Corollary 3.8, it has uncountably many ergodic upper prob-
abilities.

A system (€2, 7") is said to be trivial if every invariant set consists of fixed points of T'.
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3.3. Ergodicity of stationary processes on capacity spaces. In classical probability the-
ory, the notion of stationary stochastic process is one possible generalization of indepen-
dent identically distributed random variables. Recently, it was defined on capacity spaces by
Cerreia-Vioglio, Maccheroni and Marinacci [9] as follows.

DEFINITION 3.9. Given a capacity space (€2, .F, ), a stochastic process {Y,}, oy is
called to be stationary if for each n € N,k € Z, and Borel subset A of R¥+1,

p{we: (Ya(w),...,Yoqk(w)) € A}) =p({weQ: (Yot (w),..., Yoq14k(w)) € A}).

In classical probability theory, independent identically distributed random variables form
a stationary sequence. However, in the context of capacity theory, this result does not hold in
general. A counterexample can be found in Example 2.1 of [21].

A stationary ergodic process is a type of stochastic process that has been extensively stud-
ied in the fields of probability theory, statistics, and information theory. As it conforms to the
ergodic theorem, there exists a strong law of large numbers for stationary ergodic stochastic
sequences on probability spaces (see [17, Theorem 2.1 of Chapter X] for example). More
recently, Feng, Wu and Zhao extended this result to upper probability spaces [21, Theorem
5.1].

In this section, we use Theorem 3.3 to obtain a stronger result. Let (RY,5(C)) denote the
space of sequences endowed with the o-algebra generated by the set of all cylinders C. Any
set C € C is called a cylinder, which has the following form

C={x=(x1,22,23,...): (x1,...,2,) E H},

where n € Nand H € B (R"™). It is well known that C is an algebra. We consider the left shift
transformation 7" : RY — RY defined by

T(x) =T (x1,22,3,...) = (22,23, 24,...) forany x = (z1,29,73,...) € RY.
The stochastic process {Y;,},,c, induces a measurable map from (Q, F) to (RY,o(C)) by
w—Y(w) =Y (w),Y2(w),Ys3(w),...) forany w e €.
Define py : 0(C) — [0, 1] by
(15) py (C) = p (Y ~H(C)) forany C € (C).

It is easy to check that pvy is a capacity on o(C) and py is continuous/convex/concave
if 41 is continuous/convex/concave respectively, as Y 1 (o2, Cy,) = U2, Y 1 (C,) and
Y (L, Cr) =N, Y H(Cy), forany {Cr},en € 0(C).

The following result was obtained in Proposition 5.1 of [21] to establish the relation be-
tween dynamical systems and stationary stochastic processes on a capacity space.

PROPOSITION 3.10. Let Y = {Y,,}, .y be a stochastic process on the capacity space
(Q, F, u), where p is continuous. Then Y is stationary if and only if py is T-invariant.

Similar to the ergodicity of stochastic processes on probability spaces, Feng, Wu and Zhao
[21] introduced the ergodicity of stochastic processes on capacity spaces as follows.

DEFINITION 3.11. The stationary stochastic process Y on a capacity space (2, F, ) is
called ergodic if the left shift transformation 7 is ergodic with respect to py .

Now we give the strong law of large numbers for ergodic stationary stochastic sequences
on an upper probability space.



ERGODICITY AND MIXING OF INVARIANT CAPACITIES AND APPLICATIONS 19

THEOREM 3.12.  Let V be an upper probability on a measurable space (2, F). Given a
bounded stationary process Y = {Y;, }nen on the capacity space (0, F, V), if Y is ergodic,
then there exists () € core(V') such that

1 n
lim — ), :/YldQ, V-a.s.
=1

n—oo n

REMARK 3.13. There are many references on strong law of large numbers for capacities
under different definitions, see, for example [9-11, 14, 32, 37]. In particular, Feng, Wu and
Zhao [21] replaced the independent identically distributed hypothesis by stationarity and
ergodicity. It was obtained in [21] that there exists a constant ¢ such that

R
nlggo - z;Yz' =c¢, V-as.
1=

By strengthening Birkhoft’s ergodic theorem for capacity preserving systems, in the follow-
ing, we obtain a probability @ € core(V) such that ¢ = [ Y1dQ. Moreover, if V' is a proba-
bility, then core(V') = {V'}, and so this result is the classical strong law of large numbers in
ergodic theory for probabilities (see [31, Page 24] for example).

Before proving Theorem 3.12, we prove a lemma.

LEMMA 3.14. Let V be an upper probability on a measurable space (2, F), and let
Y = {Y,, }nen be a bounded stationary process on a capacity space (2, F,V'). Then for any

P € core(Vy), there exists P' € core(V) such that

(16) P(C)=P(Y"Y(C)) for any C € 5(C).

PROOF. Let Y™ =Y !(¢(C)). It can be verified directly from the definition that J)> is a
o-algebra. As the argument is standard, we omit the proof.

Now let Vy be defined as in (15). Then Vy is an upper probability as well. Indeed,
as YL (U2, C) = U2, Y1 (Ca) and YL (2, Ca) = (2, YL (C), for any
{Cn}pen € 0(C), we have that Vy is continuous, which together with the fact that Vy(C) =
MaX pecore(V) P(Y~'C) for any C € F, implies that Vy is an upper probability.

Fix P € core(Vy). As Vy is an upper probability, it follows that P is a probability on a(C).
For any A € >, let C4 € o(C) such that A = Y~ !(C4). Define a set function P* : Y —
[0,1] via

P*(A) = P(Cy) forany A € Y.

First, we prove that the notion is well-defined, i.e., for any A € Y°°, if there exist C'4, 6’1’4 S
o(C) such that A =Y 1 (Cy) =Y 1(C",) then P(CAAC')) =0, where CAAC"; = (Ca \
C")) U (Cy\ Cy4). Indeed, since P € core(Vy), one has that

P(CAACY) <V (CAAC!) < Ve (Ca N (CY)E) + Va(Cly N (CA)Y)
=V((Y'Ca) N (Y H(CW))) + V(YY) N (Y H(CA)))
V(AN A®) + V(AN A°) =0,

proving this definition is well-defined.
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Now we prove that P* is a probability on )°°: First, it is easy to check that P*(()) =0
and P*(£2) = 1. Next we only need to prove the o-additivity of P*. Fix any {4, }nen C Y
with A; N A; = () for any ¢ # j. Then

P(C4,NCa,) <W(Ca,NCA) =V (Y 104,NY104,) = V(A;NA;j) =0, forany i # j,

which together with the fact that U3, A; = Y1 (U2, C4,) implies that
P*(UR,4;) = P(UX,C4,) Z P(Ca) =) P (A)
i=1

Moreover, by the construction, it is easy to check that P(C') = P(Y~1(C)) for any C € ¢(C).
To finish the proof, now we only need to prove P* can be extended to a probability P’ on
F such that P’|y~ = P* and P’ € core(V). Define a functional I on B(£2,F) by

I(f)= sup /fdP, for any f € B(Q2, F).
Pecore(V)

By the linearity of integrals of probabilities P € core(V), it is easy to check that I(f + g) <
I(f)+ I(g) for any f,g € B(Q2,F) and I(\f) = M (f) for any A >0 and f € B(Q,F),
ie., I is a sublinear functional on B(§, F). As J(f) := [ fdP* is a linear functional on
B(2,Y>) with J(f) < I(f) for any f € B(£2,Y*°) and B(£,Y*°) is a linear subspace
of B(£2,F), it follows from Hahn-Banach dominated extension theorem that there exists a
bounded linear functional J’ on B(£2, F) such that

(17) J'(f)=J(f), forany B(Q,Y*),
and
(18) J'(f) <I(f), forany f € B(Q,F).

By Riesz representation theorem (see [1, Lemma 14.3] for example), there exists P’ €
A(Q, F) such that J'(f) = [ fdP' for any f € B(Q,F).

Now we prove that P’ is desired. By (18), we have that for any A € F, P'(A) <I(14) =
V(A), and hence P’ € core(V). In particular, P’ is a probability on (Q,F), as V is an
upper probablhty From (17), for any A € Y*°, one deduces that P’(A) = P*(A), and hence
P(C) = P*(Y~1(C)) = P'(Y~1(C)) for any C € ¢(C). The proof is completed. O

With the help of the above lemma, we are able to prove Theorem 3.12.
PROOF OF THEOREM 3.12. By Proposition 3.10, Vy is the left shift transformation 7'-
invariant. Define f : RY — Rby f(x) = f (21,22, 73,...) = x1, forany x = (21,22, 73,...) €

]lfliN. Since Vy is ergodic with respect to 7', then by Theorem 3.3 we deduce that there exists
Q € core(Vy) N M®(T') such that

lim — Z f(T'x) /fd@ for Vy-a.s. x € RY.

Notice that £ Y% | 2, =1 Z?;o (Tx) for each n € N, we have

Y ! ({XERN: lim 1ixi:/fd@}> :{weﬂ lim — /fdQ}
n%oonizl n%oon
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Thus,
1 ~
nlggl@ - 2_1 Yi(w) = /fdQ for V-a.s. w € Q.

By Lemma 3.14, there exists Q € core(V) such that Q(A) = Q(Y 'A) for any A €
B(RY).Thus,

/RN fdQZ/RNfdQ (Y—l):/Qf(Y)dQ:/ledQ

proving the theorem. O

4. Ergodicity in terms of independence. In this section, we characterize the ergodicity
of upper probabilities in terms of independence. As a reminder, the ergodicity of an invariant
probability measure can be characterized as follows (see, for example, (2.31) in [19]).

PROPOSITION 4.1.  Let (2, F, P,T) be a probability preserving system. Then P is er-
godic if and only if

n—oo

n—1
lim /i Z 1g-(1coT")dP = P(B)P(C) for any B,C € F.
=0

4.1. Upper probabilities versus probabilities in terms of independence. The following
proposition shows that for an ergodic upper probability, it satisfies a corresponding result in
Proposition 4.1 if and only if it is a probability.

PROPOSITION 4.2. Let (2, F,V,T) be a capacity preserving system, where V' is an
ergodic upper probability. Then the following two statements are equivalent:

(i) limy oo [ 1370 15 - (1¢ 0 THdV = V(B)V(C) for any B,C € F;
(i) V is a probability.

PROOF. (ii) = (i). This is obtained by Proposition 4.1.
(i) = (ii). Let Q@ € M®(T') N core(V') be the measure obtained in Theorem 3.2. Fix any
B,C € F. By Theorem 3.3, one has that

n—1
: 1 A
Jim — ; 1p-(1coTH=Q(C)-1p, V-as.

This combined with Lemma 2.4 implies that

1 n—1 )
lim /nle (1¢ o THdV =V (B)Q(C).
=0

n—oo

Taking B = (2, then V(B) = 1, and hence by (i), Q(C) = V(C). The proof is completed, as
C € F is arbitrary. O
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4.2. Characterizations of ergodicity of upper probabilities by weak independence. In
this subsection, we provide the following characterization of ergodicity in terms of “weak”
independence.

THEOREM 4.3. Let (0, F,V,T) be a capacity preserving system, where V' is an upper
probability. Then the following four statements are equivalent:

(1) V is ergodic,

(ii) there exists @) € core(V) N M(T) such that V(A) = Q(A) for any A € Z, and

‘ 1 n—1 . B
s 155 e o) ()
forany f,g € B(), F) such that g > 0,

(iii) there exists ) € core(V') N M(T) such that

1 n—1 '
lim / S3 " 1s- (oo TV = V(B)Q(C)
i=0

n—o0
forany B,C € F;

(iv) there exists @ € A%(2, F) such that V|7 < Q|1 (i.e., for any A€ L if Q(A) =
then V(A) =0) and

n—o0

(19) liminf/iZLg (1¢ 0o THAV > V(B)Q(C) for any B,C € F.
=0

PROOF. (i) = (ii). Suppose that V' is ergodic. Given f,g € B(Q2, F) with g >0, as V is
an upper probability, and there exists M > 0 such that

-M < — Zf w) < M foreachw € Qandn € N,

it follows from Lemma 2.4 and Theorem 3.3 that there exists Q) € M®(T") N core(V') such
that

iy ;gﬂmg(mwvw ~ [ (s faa@) avir = ( [ fdv) ([ sa).

which finishes the proof of (ii).

(ii) = (iii). This is obtained by taking f =1p and g = 1¢.

(iii) = (iv). It suffices to prove that V|7 < @Q|z. In fact, for any A € Z with Q(A) =0, we
have

n—oo

0=V(Q)Q hm/ ZIQ (140THdV =V (A),

proving (iv).
(iv) = (i). Given A € 7, it suffices to prove that V(A) =0 or V(A¢) = 0. Indeed, let
B=Aand C = A°in (19). Note that A° € Z, s0 1 g4c o T" =1 4, then we obtain that
QA9 V(A4) <0.

If V(A then Q(A®) = 0, which, with the assumption that V|7 < Q|z, implies that
V(A€) =0. Thus, V is ergodic. O
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Moreover, we provide a characterization of ergodicity of an upper probability via the
asymptotic independence of probabilities in its core.

THEOREM 4.4. Let (0, F,V,T) be a capacity preserving system, where V' is an upper
probability. Then the following statements are equivalent:

(1) V is ergodic;

(ii) there exists Q € core(V) N ME(T) such that for any P € core(V),
n—1

lim + Z P(BNT~'C) = P(B)Q(C) for any B,C € F;
1=0

n—00 N, 4

(iii) there exists Q) € core(V') N M(T) such that for any P € core(V),
n—1

(20) lim ~ > P(BNT'C)=P(B)Q(C) forany B,C € F.
1=0

n—00 N, 4

PROOF. (i) = (ii). This is a direct consequence of Theorem 3.3 and dominated conver-
gence theorem.

(ii) = (iii). It is trivial.

(iii) = (i). By (20), one has for any P € core(V),
(21) P(A)=P(A)Q(A), forany A€ T.

Firstly, we prove that @ is ergodic. Indeed, for any A € Z, if V(A) =0 then Q(A) = 0.
If V(A) > 0, then there exists P € core(V) such that P(A) > 0. It follows from (21) that
Q(A) = 1. Therefore, @ is ergodic.

Next, we prove that Q|7 = P|z for any P € core(V). Fix any P € core(V) and A € 7.
As @ is ergodic, Q(A) =0 or 1. By (21), if Q(A) =0 then P(A) =0.If Q(A) = 1, then by
applying (21) on A¢, we have P(A€) = 0, therefore P(A) =1 = Q(A). Thus, Q|z = P|z for
any P € core(V'), which together with Theorem 3.2, implies that V' is ergodic. O

4.3. Applications: weak independence for non-invariant probabilities in terms of the in-
variant skeleton. In Corollary 3.4, Birkhoff’s ergodic theorem for non-invariant probabili-
ties was discussed. The following corollary as a direct consequence of the proof of Theorem
4.4 provides a further result in this direction as the asymptotic independence on large time
average.

COROLLARY 4.5. Let (92, F, P) be a probability space, and let T : 2 — 2 be a measur-
able transformation. If there exists an upper probability V on (€2, F) such that V' is ergodic
with respect to 7', and P € core(V), then

n—1

(22) lim 3" P(BAT~C) = P(B)Q(C) for any B,C € F.
=0

n—00 1, 4

In particular,

n—1

1 L
@) Jm 2 PeTT =0
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REMARK 4.6. (1) Formula (23) gives the construction of the ergodic probability
Q € M®(T) N core(V) as the average of {P o T"}2°, under the assumption that there
exists an ergodic upper probability V' with P € core(V).

(i) From the proof of Proposition 4.2, under the assumption that an upper probability
mentioned in (i) exists, then the large time average lim,, o ;- 1 Yoo L ptop—i = (Q for all
P’ € core(V) independent of what P’ is used as long as P’ € core(V)

(iii) If T is invertible, then the o-algebra of invariant subsets with respect to T is equal
to that with respect to 71, If () defined by (23) is ergodic with respect to 7', then Q is also
ergodic with respect to 7!, Thus, lim,, % Z;‘Zol PoT!=(Q on F, which together with
(23) implies that

'l_
= S o
m,n>0

(iv) Instead of starting with a given ergodic upper probability, let us consider a probability
space (2, F, P) and an invertible measurable transformation 7" : {2 — . Suppose that the
limit (23) exists, denoted by (). Then by Vitali-Hahn-Saks’s theorem (Lemma 2.2), we have
that @ is a probability. It is obvious that Q) € M(T) and P|z = Q|z. If we further assume
that @ is ergodic, by the classical Birkhoft’s ergodic theorem for invertible transformations,

we have that
n

1 %
n-‘,—lﬁzn—;)go m Zm 1A(T OJ) = Q(A), for Q-a.s. w e .
Denote
~ 1 n :

Then 2 € Z, and so P(Q) = Q(ﬁ) = 1. It follows that (24) holds true without referring to an
upper probability beforehand.

However, we can construct an upper probability under above assumptions. Let us begin
with a claim that P o T" is absolutely continuous with respect to ) for each i € Z. Indeed,
for any A € F with Q(A) =0, then Q(A>®) =0, where A =UX__T'A. As A® €7, it
follows that for any 7 € Z,

P(T'A) < P(T'A%) = P(A%) = Q(4%) =0,

proving this claim. Define

1 - ,
- - g >
Am,n m+n+1iZmPOT =0
and
(25) V(A)= sup {Ann(A)} foreach Aec F.
m,n€ly

Now by Vitali-Hahn-Saks’s theorem again, for any € > 0, there exists d > 0 such that for
any A € F if Q(A) < then A\, ,(A) < € for all m,n € Z. Thus, it is easy to check that
V' is continuous, so V' is an upper probability. From the definition of V/, it follows that V is
T-invariant. Then (2, F,V,T') is an upper probability preserving system. Moreover, if @ is
ergodic, then V is also ergodic.
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(v) Note that if we have no additional condition on @) then the supremum of a family
of probabilities defined as (25) may not be an upper probability. For example, we consider
P = §, for some non-periodic point 2 € €2, and let

Ay ={T'z:|l| > k} for each k € N.

Then Ay decreases to (), as k — oo, and V(Ay) = max;ez 6, (T A) = 1 for each k € N.
Thus, V' is not continuous, and hence it is not an upper probability.

THEOREM 4.7.  Let (0, F, P) be a probability space, and let T : Q — 2 be an invertible
measurable transformation. Suppose that the limit lim,,_ % Z?:_ol P oT" exists, denoted
by Q. Then Q € M(T'). Moreover, if Q is ergodic, then

n

1 i
(26) . 35’17128" p—— Z_X_:mP(B NT'C) = P(B)Q(C) forany B,C € F

and for any f € L'(Q, F,Q),

27) ml;nn;lgo ey Z f(T'w /fdeor P-as. weQ.

Conversely, if (26) or (27) holds, then Q) is ergodic. In particular, (26) and (27) are equiva-
lent.

PROOF. Let V be defined by (25). Then V' is an upper probability by the argument in
Remark 4.6 (iv). By the definition of () and the assumption that () is ergodic, we can see that
Q € core(V) N ME(T') and P|z = Q|z. Forany A € Z, as @ is ergodic, Q(A) € {0,1}. So
P(T*A) = Q(A) € {0,1} for any i € Z. Thus, either

P(T"A)=0foralli € Z or P(T"A°) =0 for all i € Z.

Therefore, V' (A) =0 or V(A°) = 0. This implies that V' is ergodic. Then applying Corollary
4.5 and Theorem 3.3 on 7" and T~!, we finish the proof of the first part of this theorem, as
P € core(V).

Now we prove the converse part. If (26) holds, then for any A € Z, when P(A) > 0, we
consider 0 = P(ANA¢) = P(A)Q(A°), and hence QQ(A®) = 0; when P(A) = 0, we consider
0=P(A°NA)=P(A°)Q(A) = Q(A). Thus, Q is ergodic.

If (27) holds, then for any A € Z, one has that 14(w) = Q(A) for P-a.s. w € €. On the
other hand, since 14(w) =1 for all w € A, it follows that if Q(A) > 0, then Q(A) =
Therefore, Q(A) € {0,1} for all A € Z, and hence @ is ergodic. O

REMARK 4.8. In the special case that P is a T-invariant probability, we have V = Q) =
Pand PoT!= P, i € Z, then the results of Theorem 4.7 are results in classical ergodic
theory without any extra condition imposed (e.g. see (1.1.4) in Da Prato and Zabczyk [13]
corresponding to (26) and Birkhoft’s law of large numbers corresponding to (27)). Our results
are sharp in the classical ergodic theory and hold true for possibly non-invariant probabilities.

4.4. Characterizations of ergodicity of continuous concave capacities. In this subsec-
tion, we provide more characterizations of ergodicity of a special type of upper probabilities,
namely, continuous concave capacities. Let us recall an important property of concave capac-
ities.
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LEMMA 4.9 (Proposition 3 in [41]). If p is a concave capacity on a measurable space
(Q,F), then

/fdu: max /fdeorannyB(Q,f).

Pecore(p)
THEOREM 4.10. Let (Q,F,u,T) be a capacity preserving system. If 1 is continuous
from above and concave then the following four statements are equivalent:

(1) pis ergodic;

(ii) there exists Q) € core(p) N M(T) such that i(A) = Q(A) for any A€ T, and

lim ma o TZ
n—00 Pecoré(;t) n Z/f g

= 1 TZ dP = d d
Peg})egc)nggonZ/f go /fu/gQ
forany f,g € B(), F) such that g > 0,

(iii) there exists Q) € core(u) N M(T) such that

nl nl

lim max ZPBﬂTlC) max hmfZPBﬂT i0) = u(B)Q(C)

n—00 Pecore(p) T Pecore(p) n—o0 n

forany B,C € F;

(iv) there exists QQ € A%(Q, F) such that u|r < Q|z and
n—1

liminf — Z,u BNT™'C)> u(B)Q(C) forany B,C € F.

n—oo N

PROOF. (i) = (ii). From [9, Page 3382 and 3383], since p is concave and continuous
from above, it follows that p is an upper probability. Thus, by Theorem 3.2, there exists
Q € M®(T) N core(y) such that for any A € Z, Q(A) = P(A) for any P € core(y). Given
any f,g € B(Q,F) with g > 0, let

n—1

={we: hm —ZgT’ —/ng}.

Applying Birkhoff’s ergodic theorem on the ergodlc probability @, one has Q(A,) =1,
which together with the invariance of A, implies that

(28) P(Ay) =1 forany P € core(p).

By (28) and the dominated convergence theorem, one deduces that

n—1
(29) nlingo;Z/f-(goTi)dP:/fdP/ng for any P € core(p).
=0

Using (28) again, one has M(AC) =0,i.e.,

lim — Zg (T'w /ng for p-a.s. w € Q.

n—oo n,
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This implies that

n—1
nh_g)lo % iz[;f(w)g(Tiw) = f(w) /ng for p-a.s. w € (L.

By Lemma 2.4, we deduce that

Jm [ 2;; f)o(Tw)dnte) = [ sau [ gdq

Meanwhile, by Lemma 4.9, one has that

/ igﬂw)g(cﬂw) — [ Zf aP(w)

Pecore(p)

=l Z/ fl)o(Tw)aPle)

Thus, by (29),
d dQ = 1i
/fu/gQ Jim max Z/f dP(w)
> lim —
- Pergg(u n1—>Hc}o n Z/f dP(w)

zﬂ%gm/ﬁw/ya%i/wg/MQ

which finishes the proof of (ii).
(ii) = (iii). This is obtained by taking f =1p and g = 1¢.
(iii) = (iv). Since
n—1

1n—1 )
P(BNT™iC) < BNTC) forany B,C € F,
X Z ) < n;u( ) for any

it follows from (iii) that

n—1

liminf — Zu (BNT~'C) > liminf max ZP BNT~C) = u(B)Q(C) for any B,C € F.

n—oo n—oo PGCOI'G(

Now we prove ;|7 < Q|z. Indeed, for any A € 7 with Q(A) = 0, by (iii) for B=Q, C = A,
one has 1(A) = max pecore(u) P(A) = Q(A) = 0. This completes the proof of (iv).

(iv) = (1). It can be proved by the same arguments as in the proof of (iv) = (i) in Theorem
4.3. O

5. Weak mixing for capacities. In this section, we provide a formal definition of weak
mixing for capacity preserving systems. In classical ergodic theory, weak mixing has been
extensively studied for probability preserving systems. Naturally, the concept of weak mixing
should play a similar role in characterizing the level of randomness or disorder in capacity
preserving systems.
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5.1. Definition of weak mixing of invariant capacities. In classical ergodic theory, weak
mixing can be characterized by measurable eigenfunctions (see [19] for example). Namely,
for a probability preserving system ({2, F, P,T'), P is weakly mixing if and only if each F-
measurable function f : {2 — C that satisfies f o T = \f, P-a.s. for some A € C, is constant,
P-a.s. It follows that A = 1 is the unique eigenvalue of the transformation operator f + foT
and the eigenvalue is simple. Motivated by this characterization, we state a similar definition
for capacities.

DEFINITION 5.1.  Let (Q,F,u,T) be a capacity preserving system. The capacity u is
called weakly mixing (with respect to 7') if each F-measurable function f : {2 — C satisfying
that f o T = Af, p-a.s. for some X\ € C, is constant, p-a.s.

By Lemma 2.11, it is easy to see that for a subadditive capacity u, weak mixing implies
ergodicity. Examples of weakly mixing capacity preserving systems can be found in Section
6. It is easy to check that given any F-measurable function f that is not zero p-a.s., if there
exists A € C such that f o T = \f, p-a.s., then |A\| = 1. This can be seen from the fact that
the Choquet integral satisfies [ |f|>du= [|f o T|*du=|\? [ |f|*du.

5.2. Weak mixing and ergodicity on the product space of upper probabilities. Recall that
for a probability preserving system (2, F, P,T'), P is weakly mixing if and only if P x P
is ergodic with respect to 1" x 1" (see [19, Theorem 2.36]). This raises a natural question:
is there a similar result for capacity preserving systems? Before answering this question, we
must define the product system of two capacity preserving systems.

We note that from [15, Chapter 12], the Carathéodory’s extension theorem from an alge-
bra to a o-algebra is not true for capacities. However, we have a natural method to define
the product of two upper probabilities as follows: Let V; = maxp,ccore(v;) £% be two upper
probabilities defined on measurable spaces (£2;, F;), i = 1,2, and define

(30) Vix Vo= sup P x P,
(P1,P)€ecore(Vy) xcore(Vz)

where P; x Ps is the product measure of P; and P». It is easy to check that for any A € F;
and B € Fo,
V1 X VQ(A X B) = V1(A) . VQ(B).

Thus, the notion is well defined. We now prove that V; x V5 is an upper probability on
(Q1 x Qo, F1 X F2) by beginning with the following lemma.

LEMMA 5.2. Let (Q,F) be a measurable space, and P C A°(Q2, F). Then P is a
(weak™*-)compact subset of A° (2, F) if and only if there exists A € A% (2, F) with A\(A) <
suppep P(A) for all A € F such that

lim sup P(A)=0.
>\(A)—>0PEI7)3 )

PROOF. By Theorem IV.9.2 and Corollary IV.9.3 of [18], we immediately obtain that P is
a sequentially weakly compact subset of A(€2, F) if and only if there exists A € A7 (£, F)
such that

A(A) < sup P(A) forall Ae F,
PeP

and

lim sup P(A4)=0.
A(A)—>0PGI7)> )
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According to the Eberlein—-Smulian theorem (see [1, p. 241]), the sequential weak compact-
ness of P is equivalent to its weak compactness. Moreover, by [33, Lemma 4.1], the weak
compactness of P is also equivalent to its weak™ compactness. This completes the proof. [

Applying Lemma 5.2 we are able to prove that V; x V5 is an upper probability.

PROPOSITION 5.3. The set core(V}) x core(V>) is a compact subset of A?(Q2, F). In
particular, V; x V, defined as in (30) is an upper probability.

PROOF. Fori = 1,2, since V; is an upper probability, core(V;) is compact. Combined with
Lemma 5.2, this implies that there exists \; € core(V;) such that

lim sup  P;(4;)=0.
)\i(Ai)*}OPiECOI'e(‘/i) Z( Z)

Namely, for any € > 0, there exists § > 0 such that
3D forany A; € F;, Ni(4;) <d = Vi(A;) <e€/2,i=1,2.

Using Lemma 5.2 again, to prove that core(V;) x core(V2) is a compact subset of A7 (€2, F),
it suffices to show that for any € > 0, there exists § > 0 such that

(32) forany A€ Fy x Fa, A X MA(A) <62 = Vi x Vo(A) <e.
To this end, for any z; € €21, denote

Ay, = {x2 € Qy: (z1,20) € A},
By Fubini’s theorem, one has

A1 xAQ(A)z/ A2 (Ag,)dA ().

1

Thus, if A; x Ao(A) < 62, then
- 1 -
M ({1 €01 Mo(Ay,) > 6)) < 5/ No( A, YAy (1) < 0.
Q
By (31), we deduce that
(33) Vil{zy € Q1 Mo(Ay,) > 0}) < €/2.

Thus, for any P; x P € core(V7) x core(V2), using Fubini’s again,

P1 X PQ(A) :/ PQ(Axl)dpl(l‘l)

1

Py(Ay,)dPy(z1) + / ~ Py(Ay,)dPy(x1)
{$1691:P2(A3;1)25/2}

/{{El €Q12P2(Aml )<€/2}

(€))) A
Se/2+/ - Pa(As)dPi(z)
{iEl EQI:A2(A11 )26}

ge/2+V1({x1 S Ql : )\2(14901) > 6})

(33)
<e€/2+¢€/2=c¢.

By the arbitrariness of P; x P, € core(V) X core(Va), (32) holds true.
Moreover, as

V1 X VQ = sup P1 X PQ = max P1 X PQ,
(P1,P;)€ecore(Vy) xcore(Vz) (P1,P2)€core(Vy)xcore(Vz)

it follows that V; x V4 is an upper probability. O
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It follows from V; x V5 being an upper probability that

Vix Vo= max P.
Pecore(Vy xVs)

Note that, generally, core(V7) x core(Va2) C core(V; x Va). For example, in Example 2,
$(Py x Py+ Py x Py) € core(Vi x V3), but not in core(V;) x core(V5).

Consider two capacity preserving systems (21,1, V1, 71) and (Q2, Fa, Vo, To), where V3
and V5 are upper probabilities. Let (€21 x Qo, F1 X Fa, V] x V3) be their product space defined
as above and 77 x TQ : Ql X Qg — Ql X QQ, by (wl,wg) — (lel,TQWQ).

In general, when both V; is T7-invariant and V5 is T»-invariant, we cannot expect their
product V; x V5 to be T x Th-invariant as well. This is because the product of upper proba-
bilities does not satisfy Fubini’s theorem (see, e.g. [15, Proposition 12.1]).

To ensure the (7} x Tb)-invariance of V; x V4, it suffices that both (Qy, F1,V1,T1) and
(Qa, Fa, Vo, Ts) satisfy at least one of the following two conditions (not necessarily the same
for each):

(a) T is invertible and V is T !-invariant;
(b) V is concave.

Indeed, we will prove that both cases satisfy condition (34), as stated in the following lemma.
LEMMA 5.4. Let (Q;, F;,V;, T;), for i = 1,2, be two capacity preserving systems, where

V1 and V5 are upper probabilities. Suppose that for each i = 1,2,

(34) (T;)« core(V;) = core(V;),

where (T;) P; := P; oTi_l. Then the product upper probability Vi x Vs is (Ty x T)-invariant.
PROOF. First, for any i = 1,2, as V} is invariant, for any P; € core(V;) and A; € F;,

P(T; 1 Ai) < VA(T;HAi) = Vi(A)),
which implies that (7). P; € core(V;). Therefore,

(35) (T3)«(core(V7)) C core(Vi),
hence for any P; € core(V;), one has for any A€ Fi x Fo,
Vi x Va(A) > sup (T1).P1 % (T2).P2(A)
(P1,Py)ecore(Vi) xcore(Va)
= sup Py x Py((Ty x Ty) "t A)

(P1,Pz)€Ecore(V;)xcore(Vs)
=V x Vo((T1 % Tg)ilzzl).

where the first equality holds due to the fact that P; and P, are probabilities.
Conversely, ~for any fixed A~ € F1 x F3 and € > 0, there exist P; € core(V;), i = 1,2 such

that P; x Py(A) > Vi x Vo(A) — e. According to (34), for each ¢ = 1,2, there exists Q; €
core(V;) such that

(36) Py = (13)+ Q.
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By Fubini’s theorem for probabilities, one has

Vi % VQ(A) <P x PQ(A) +€

_ / Po(A,, )P (21) + ¢

69 / Po(Aq, )d((T1)uQ1)(w1) + ¢
37 — [ oo )dQu(an) +

69 / (T2)+Qa(Ar, (1)) dQ1 (1) + e,

:/ Q2(((Ty x To) ™ A)a, )dQ: (1) + €

=Q1 x Q2((Ty x T) ' A) +,
where the second-to-last equality holds due to
To € T{lflTl(xl) & (Th(x1),Ta(x2)) € As (z1,22) € (T1 X Tg)flfl.
Combining this with the arbitrariness of € > 0, one deduces that
Vi x Va(A) < Vi x Va((Ty x Ty) L A).

Hence, the proof is complete. O

The following result is a direct consequence of [40, Lemma 3.9] together with the Riesz
representation theorem. For the sake of completeness, we include a proof below.

LEMMA 5.5. Let I : ba(S,%) — R be a linear functional, where
ba(£2, F) := { P:F—>R ‘ P is finitely additive and of bounded variation}.
Then the following two statements are equivalent:
(1) I is continuous with respect to weak*-topology;

(ii) thereis f € B(Q, F) such that for all P € ba(Q, F) we have I(P) = [ fdP.

PROOF. (ii) = (i) is clear. Now we prove (i) = (ii). Given fi,..., f, € B(Q,F) and
T1,...,Tn >0, let

U(fiy-es fuiT1yeeyrn) i ={P €ba(Q,F): ]/deP\ <r;for1 <i<n}.

Since the dual space of B(Q2,F) is ba(f2, F), the Riesz representation theorem (see [18,
Theorem IV.5.1]) implies the collection of sets of the form U(f1,..., fu;7r1,...,7y) forms a
local base of the weak* topology at the origin in ba(2, F); see [16, p. 12].

By the weak*-continuity of I, there exists U := U (f1,..., fn;71,...,75) such that for any
P € U, one has

(38) |I(P)] < 1.



32

In particular, the functional [ satisfies condition (b) in [40, Lemma 3.9], which, in turn,
implies condition (c) in the same lemma. Therefore, there exist coefficients aq,...,a, € R
such that

Zaz / fidP, forall P € ba(f,F).

=1

Letting f:=> 1, a;f;, the proof is complete. O
We now verify that both Case (a) and Case (b) satisfy condition (34).

PROPOSITION 5.6. Let (2, F,V,T) be a capacity preserving system, where V' is an
upper probability. Suppose that the system satisfies either Condition (a) or Condition (b).
Then condition (34) holds.

PROOF. Condition (a). Assume that 7" is invertible and V' is 7"~ !-invariant. Applying an
argument similar to that in (35) to both 7" and T—1, we obtain
T, core(V) C core(V) and (T7'),core(V) C core(V),
which together imply
core(V) =T core(V),
hence (34) holds.

Condition (b). Assume that V' is concave. By Lemma 4.9, one has

:/de: max /fdP
Pecore(V

In particular,
(39) J(foT)=J(f), forany f € B(Q, F).

Suppose, for a contradiction, that there exists () € core(V') \ (T core(V)). It is easy to see
that T core(V) is a convex compact subset of core(V'). Then by Hahn—-Banach separation
theorem, there exists a continuous linear functional [ such that

I(Q)> sup I(P).
PeT, core(V)

By Lemma 5.5, there exists f € B(2, F) such that
/fdQ > sup /fdP = sup /f oTdP.
PET., core(V) Pecore(V)

In particular,

)= [ Q> J(foT),
which contradicts with (39). Thus, it holds (34). ]

In what follows, we focus on the study of weak mixing of upper probabilities. Recall
that M (T) is the set of all weakly mixing probabilities on (2, F). Similarly to Theorem
3.2, the following lemma provides a characterization of the cores of weakly mixing upper
probabilities.
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LEMMA 5.7. Let (Q,F,V,T) be a capacity preserving system, where V is an upper
probability. Then V' is weakly mixing if and only if there exists a (unique) Q@ € M™™(T) N
core(V') such that for any P € core(V'), Plz = Q|1

PROOF. (=) By Theorem 3.2, one has proved that there exists a unique Q € M*(T) N
core(V') such that for any P € core(V'), P|z = Q|z. Thus, we only need to prove that @ is
weakly mixing. To see this, consider an F-measurable function f : 2 — C with foT = \f,
Q-a.s. forsome \ € C. Since Q({w € Q: f(Tw) = Af(w)}¢) = 0and V is ergodic, it follows
from Corollary 3.6 that

V{we: f(Tw) =Af(w)}) =0.

Since V' is weakly mixing, there exists a constant ¢y such that V ({w € Q: f(w) = cf}¢) =0.
Since @ € core(V), one has Q({w € Q : f(w) = ¢f}¢) =0, i.e., f is constant, )-a.s. This
implies Q € M"“™(T).

(<) Consider an F-measurable function f: 2 — C with f oT = Af, V-a.s. for some
constant A € C. Since @ € core(V), it follows that Q({w € Q : f(Tw) = A\f(w)}¢) =0,
which together with the assumption Q € M"*™(T'), implies that there exists a constant c;
such that Q({w € Q : f(w) = c¢}¢) = 0. By Theorem 3.2, then V' is ergodic. Thus, it follows
from Corollary 3.6 that V ({w € Q: f(w) =c¢}¢) =0, ie., f is constant V-a.s. Thus, V' is
weakly mixing. O

As a corollary of Lemma 5.7, we provide a Birkhoft’s ergodic theorem along polynomials
on weakly mixing upper probability spaces.

COROLLARY 5.8. Let (€2, F,V,T) be a capacity preserving system, where V' is a weakly
mixing upper probability, and let p(z) be a polynomial with integer coefficients. Let () be

the unique weakly mixing probability given in Lemma 5.7. Then for f € L"(Q, F,Q),r > 1,
one has that

1 ¢ :
m = P() ) = -
Jim Z;f(T w) /fdQ for V-a.s. w € Q.
PROOF. Since () is weakly mixing, it follows from Theorem 2.7 that
: 1 - % c
Q({Jim >~ £(70w) = [ £aQ)) =0,
i=1

By Corollary 3.6, we have

n—oo N, 4

1 ¢ ,
V({fim > #1700) = [ 1dQ)) =0,
i=1
proving this theorem. O

REMARK 5.9. When r =1 and p(z) = 22, even if V is a weakly mixing probability,
Corollary 5.8 may not hold. In fact, Buczolich and Mauldin [7] proved that it is not true that
given a probability preserving system (2, F, P,T) and f € L(§2, F, P), the ergodicity mean
lim,,— oo % Y fo T™ converges, P-a.s.

We now proceed to establish a correspondence between the weak mixing of a capacity
preserving system and the ergodicity of its product system.
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THEOREM 5.10. Let (2, F,V,T') be a capacity preserving dynamical system, where the
upper probability V satisfies condition (34). Then the following statements are equivalent:

(1) V is weakly mixing with respect to T’;

(ii) For any capacity preserving system (', F', V', T") with V' being an ergodic upper
probability and satisfying condition (34), V' x V' is ergodic with respect to T x T';

(iii) V x V is ergodic with respectto T x T.

PROOF. (i) = (ii). Denote T = {A' € F/: T'"*A'= A} and T ={A € F x F : (T
T')~LA = A}. Applying Lemma 5.7 and Theorem 3.2 on (Q, F,V,T) and (€, F', V’,T’),
respectively, we have that there exists a unique @ € M™“™(T') N core(V') such that for any
P € core(V), P|z = Q|z, and a unique Q' € M*(T") N core(V’) such that for any P’ €
core(V"), Pl =Q'|z.

By contradiction, we assume that V' x V' is not ergodic. Then there exists F' € B() x
', 7) which is not constant, V x V’-a.s. On the other hand, since Q € M™“™(T) and Q' €
ME(T), it follows that Q x @’ is ergodic (see Theorem 2.36 in [19]). Thus, there exists a
constant cp € C such that

F=cp, QxQ-as.

Let

A={(w,o) €Qx N Flw,u)=cr}¢ e Fx F.
Then
(40) VxV'(A)>0and Q x Q'(A) =0

By Fubini’s theorem (a suitable version can be found in [23, Theorem 2.36]), one has that
0=Qx QD)= [13:4Qx Q) = [ @(A)dqw)

where A, = {0 € Q' : (w,w’) € Q x @'} for each w € Q. Thus,
Q'(A,,) =0 for Q-a.s. w € .

By Corollary 3.6, we obtain that for )-a.s. w € 2, V’(ﬁw) = 0. Thus, for Q)-a.s. w € €,
P'(Ay) =0 for any P’ € core(V"). Note that {w € Q2 : P'(A,,) = 0} is an F-measurable set,
as P’ is a probability. Then we deduce that

QU{w e Q: P'(A,)=0}¢) =0, forany P’ € core(V').
Using Corollary 3.6 again, one has that
V{weQ: P'(A,)=0}°) =0, forany P’ € core(V").
Therefore, for any P € core(V),
P(fweQ: P'(A,) =0}) =

Note that every P € core(V) is a o-additive probability. Hence, for any P, P’ € core(V),
the product measure P x P’ is also o-additive. This allows us to apply the standard Fubini’s
theorem, yielding

Px P'(A)= /P’(Zw) dP(w) = 0.
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As (P, P') € core(V') x core(V’) is arbitrary, it follows that

VxV'(A)= sup P x P'(A)=0,
(P,P")ecore(V)xcore(V")

which is a contradiction with (40). Thus, V' x V" is ergodic.
(ii) = (iii). This is trivial.
(iii) = (i). Let f be an F-measurable function with f o T = Af, V-a.s., for some \ € C.
If f =0, V-a.s., there is nothing to prove. So we suppose that
41) V{weQ: f(w)=0}°) >0.
Let
F(wi,ws2) = f(w1) f(w2) for any (wq,ws) € Q x Q.

Then F(Twy,Tws) = |A\2F(wyi,ws) for V x V-as. (w1, ws) € Q x €. Since foT = \f,
V-as., it follows that [ |f o T|dV = |\| [|f|dV. By (41), [|f|dV > 0, and thus, by the
T-invariance of V, we have that |A\| = 1. So F(Tw;,Tws) = F(w;,ws) for V x V-as.
(w1, wz) € Q x Q. Applying Lemma 2.11 on the ergodic upper probability V' x V', one de-
duces that there exists a € C such that I' = a, V x V-a.s. Denote

Q= {(wi,wa) €2 X g s fwr)f(wa) =al}.

Then

(42) V x V(Q°) =0.

By (41), there exists Py € core(V') such that

(43) Po({w € Q: f(w) #0}) > 0.

Now we prove that f = [ fdPy, V-a.s. By contradiction, we assume that V ({w € Q : f(w) =
| fdPy}¢) > 0. In particular, there exists P; € core(V') such that

(44) Pi{weN: f(w) £ / fdPy}) > 0.

Let P = 3Py + 3 P;. Since core(V) is convex, P € core(V). According to (42), we have
P x P() = 1. By Fubini’s theorem, for P-a.s. wy € 2, P(Q,,) = 1, where Q,, = {w; €
Q: (wy,ws) € Q}. By (43), there exists wy € € such that f(ws) # 0 and P(€,,,) = 1. Thus,
for P-a.s. w1 € Q, f(w) = a/m. As P = %Pg + %Pl, it follows that for Py-a.s. wy € Q,

f(w1) =a/ f(w2), which implies that

/ F(w1)dPo(wr) = / (a/ Fla))dPo(w1) = a/F ().

Therefore, f(w1) = f fdPy for P-a.s. wy € 2, and hence it also holds P;-a.s. This is a con-
tradiction with (44). So f = [ fdP,, V-a.s., which shows that V is weakly mixing. U

From Theorem 5.10, we have that in this situation the upper probability V is weakly mix-
ing, and V' x V is ergodic. Applying Lemma 5.7 to V', we obtain a weakly mixing probability
Q@ on (£, F). It follows that the product probability @ x @ is ergodic on (2 x , F x F).
Moreover, Theorem 3.2 applied to V' x V' yields an ergodic probability CNQ on the same product
space. The following result implies that these two probabilities are the same.
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COROLLARY 5.11. Let (92, F,V,T) be a weakly mixing capacity preserving system,
where V' is an upper probability and satisfies condition (34), and @ € M™™(T") N core(V)
be as in Lemma 5.7. Then for any P € core(V x V),

P(A)=Q x Q(A) forany AeT.

Furthermore, M(T x T') N core(V x V) = M(T x T') N core(V x V) = MY™(T) x
MY (T)Ncore(V x V) ={Q x Q}.

PROOF. By Theorem 3.2, there exists a unique Q € M¢(T x T) N core(V x V) such
that for any P € core(V x V), ﬁ|i = @i It is well known that Q@ x Q € M(T x T),
as () is weakly mixing. Due to Lemma 2.8, to prove Q @ x @, we only need to prove
that Q x Q|7 = Q|z. Consider any A € Z, then Q(A) = 0 or 1, as Q is ergodic. If Q(A) =
0, by Corollary 3.6, one has that V' x V(A) = 0, which implies that Q x Q(A ) =0, as
Q x Q € core(V x V). Similarly, if Q(A) = 1, one can prove that Q x Q(A) = 1. Thus,
QxQ|lr= @\ 7, hence this corollary is proved by applying Theorem 3.2. O

5.3. Asymptotic independence and long time convergence in laws. The following result
shows that each element in the core of a weakly mixing upper probability has a kind of
asymptotic independence.

THEOREM 5.12.  Let (2, F,V,T) be a capacity preserving system, where V' is an upper
probability and satisfies condition (34). Then the following three statements are equivalent:

(1) V is weakly mixing;

(ii) there exists Q € core(V) N M™™(T') such that for any P € core(V),

n—1

lim 1 Z |P(BNT™'C) — P(B)Q(C)|* =0 forany B,C € F.
=0

n—oo N

(iii) there exists () € core(V') N M(T) such that for any P € core(V),

n—1

(45) lim 1 Z |P(BNT~'C) — P(B)Q(C)|> =0 for any B,C € F.

n—o0 N 4

PROOF. (i) = (ii). Combining Corollary 4.5 and Corollary 5.11, one deduces that there
exists () € core(V) N M®™(T') such that for any P € core(V),

n—1
lim > P(BNTC)

n—oon 4

(46)

n—1
nlgxgoﬁ ZP x P((Bx B)N(T xT)"{(C x C)) = P(B)?Q(C)?

for any B,C € F. Thus, using Corollary 4.5 again, we have that for any B,C € F,

n—1

1
lim n;rP BNT'C)—P(B)Q(C)
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1 n—1 . 9 n—1 .
= lim ~ ; P(BNT™'C)? — lim - ; P(BNT~'C)P(B)Q(C) + P(B)*Q(C)?

=P(B)*Q(C)* = 2P(B)*Q(C)* + P(B)*Q(C)* =0,
where the last equation is obtained by (46).

(ii) = (iii). This is trivial.

(iii) = (i). Since @ € core(V'), it follows from (45) that

n—1

lim ~ 3 Q(BATC) — Q(B)Q(C)? =0 for any B, C € F.
=0

n—00 N, 4

By [46, Theorem 1.21], we have that () is weakly mixing. For any P € core(V) and A € Z,
taking B = and C' = A, we have Q(C) = P(C). This shows that

P|z = Q|1 for any P € core(V).
By Lemma 5.7, we know that V' is weakly mixing. The proof is completed. O

DEFINITION 5.13. A subset J of N, we define the upper density of J by

— JNA{1,2,...
D(.]):limsup‘ {1,2,...,n}
n—o00 n
and the lower density by
1,2,...
D(J) = timing 1702
n—oo n

In particular, if D(J) = D(J), we call the set .J has natural density, denoted by D(.J).

Finally, we use an equivalent characterization to end this section. We recall that from
Theorems 1.20 and 1.23 in [46], given any weakly mixing probability preserving system
(Q,F,Q,T), for any f,g € L*(Q, F,Q), there exists a subset Jy, of N with D(Jy,) =0
such that

) im [ (70190 = [ aQ [ gaq.

ng¢Js 4,n—r00

We change this slightly for our needs.

LEMMA 5.14.  Let (Q, F,Q,T) be a weakly mixing probability preserving system, where
(2, F) is standard. Then for any f € L>°(Q, F,Q), there exists a subset J = Jy of N such
that

Jim [(£o1) 9d0= [ £4Q [ gaq. forany g€ L'@.7.Q)
n¢J,n—o00
PROOF. Fix f € L™®(Q,F,Q). Since (2, F) is standard, we can find {gm,}men C

L?(2, F,Q) such that it is a dense subset of L!(Q, F,Q). By (47), for each m € N, there
exists Jp, C N with D(J,,) = 0 such that

(48) im[(ro1")gnd@= [ 14 [ gnda.
né¢Jpm,n—00

Let J;,, = U, J; for each m € N. Then D(J},) =0 and J}, C J}, . for each m € N. Thus,

for any m € N, there exists N,,, € N such that for any N > N,,, |J;, N [1,N]|/N < 1/m. Let

J = U;::I(Jr/n N [Nm—1+1,Np,]).
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Then for any K € N, there exists m € N such that N,, +1 < K < N, 41, and hence J N
1, K] C J,,N[1,K].Thus, YK < 1 /i, which shows that D(.J) = 0. Meanwhile, by the
construction of J and (48), one has for any m € N,

i [ (701" gndQ = [ £4Q [ gniQ.

n¢Jn—o0

Since f € L*®(Q,F,Q), L := max{||f|lcc,0,1} < co. For any g € L*(Q, F,Q), there
exists a subsequence {¢m }men Of {gm }men such that limy, o ||¢m — gl/1,0 = 0. Thus, for
any € > 0, there exists M > 0 such that for any m > M, ||¢m — g//1,¢ < €/(4L). Therefore,

| [(re)-ga@~ | 1aQ [ gaa

< [(ro1) (9= amdQl + | [ (70T aniQ - [ £dQ [ 4nddl
+1 [ 14Q [ (@ - 9)d0Q)

€

SL‘4€L+|/(foT”)‘qmdQ—/fdQ/qmdQ+L-4L

§6/2+I/(foT”)-qmdQ—/fdQ/qmdQ,
which shows that

iimsup | [ (701" -9dQ - [ 7dQ [ gaQ| <e/2

n¢Jn—o00

Letting e — 0, one has that

i [ (7017 9iQ= [ £aQ [ gdc.

n¢Jn—o0

The proof is completed, as g € L!(Q, F, Q) is arbitrary. O

REMARK 5.15.  If the measurable space (€2, F) is not standard, then by a similar argu-
ment, we can prove a weaker result: for any f € L*(Q, F,Q) and g € L' (2, F,Q), there
exists a subset J = Jy , of N such that

im [ (01" 9iQ= [ faQ [ gac.

né¢Jn—oo

THEOREM 5.16. Let (2, F,V,T) be a capacity preserving system, where (2, F) is stan-
dard and V' is an upper probability. Then V is weakly mixing if and only if there exists
Q € MY™(T) N core(V) such that for any f € L>(Q2, F,Q), there exists a subset J = J¢
of N with D(J) = 0 such that for any g € L>(Q, F,Q),

(49) lim (foT™)-gdP = /fdQ /gdeor any P € core(V).

n¢Jn—o00

PROOF. (=) Since V is weakly mixing, it follows from Lemma 5.7, there exists () €
M¥™(T) N core(V') such that P|z = Q|7 for all P € core(V'). By Corollary 3.6, we have
that for any A € F with Q(A) =0, one has that V(A) =0, and hence P(A) = 0 for any
P € core(V'). This means that P < () for any P € core(V).



ERGODICITY AND MIXING OF INVARIANT CAPACITIES AND APPLICATIONS 39

Fix any P € core(V). As P < @, let h = % € LY(Q, F,Q) be the Radon-Nikodym
derivative of P with respect to ). Note that for any g € L>(Q, F,Q), g - h € L*(Q, F, Q).
By Lemma 5.14, one has that for any f € L*°(€2, F,(Q), there exists a subset J = Jy of N
with D(J) = 0 such that for any g € L*°(Q, F,Q),

lim (foT™)-gdP= lim (foT™) - (g-h)dQ

n¢Jn—oo n¢Jn—o0

:/fdQ/g-th:/fdQ/gdP:/fdQ/gdP.

(<) Forany A € F, consider f =14 and g = 1 in (49). We have that for any P € core(V),
Q(A)= lim P(T"A)< limsup V(T™"A)=V(A).

ngJ, n—o0 n¢J, n—oo
This shows that ) € core(V'). From Lemma 5.7, it suffices to prove that for any P € core(V),
P|z = Q|z. This is clear by taking f =14 forany A € Z and g =1 in (49). O

REMARK 5.17.  According to Remark 5.15, if the measurable space (€2, F) is not stan-
dard, we have the following result: V' is weakly mixing if and only if there exists @) €
MU™(T) N core(V') such that for any f,g € L>°(Q,F,(Q) and P € core(V), there exists
asubset J = Jy g p of N with D(J) = 0 such that

lim (foT”)-gdP:/fdQ/gdP.

n¢Jn—oo

5.4. Applications: asymptotic independence and convergence in laws for non-invariant
probabilities. In this subsection, we investigate recurrent and ergodic theorems for non-
invariant probabilities. Let us begin with the following lemma.

LEMMA 5.18. Under the same conditions as in Theorem 4.7, for any € > 0, there exists
d > 0 such that for any f,g € L*(Q, F,Q) if || f — gll1,0 < then

If— gl

1,poT-m < €, foranym € 7.

PROOF. By the construction of @), we have P o T~™ < @ for every m € Z.. Hence, if
h e L>*(Q,F,Q) satisfies

Q({w: |h(w)| > M}) =0
for some M > 0, then also
P(T=™{w: |h(w)| > M}) = (PoT~™) ({w: [h(w)] > M}) =0.
Choosing M = ||h||sc,q@ + 9 With an arbitrary 6 > 0 gives
|h(w)| < ||h|loo,g + 9, PoT ™-as.
Because d > 0 is arbitrary, letting § — 0 yields
(50) 11|00, Por—m < ||h]|0c,q, for every m € Z...

By Remark 4.6 (iv), for any € > 0 there exists 8’ > 0 such that for any A € F with Q(A) <
5,
€
(I llo.@ + llglloo.@)

P(T™™A) < 5 , foranym € Z..
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Letd = %. If || f — gll1,0 < 0, then

QA < (2/e)- /A 1~ gldQ < (2/6) - IIf — gllio < (2/c) -6 <,

where Ac ={w € Q:|f(w) — g(w)| > €/2}. Thus,

([ flloe.@ + [19lloc.@)
This, together with (50), implies that for each m € Z .,

P(T™™A.) < 5 , forany m € Z..

1f = gll1,por-m :/A |f —g|ld(PoT™™)+ ; |f —gld(PoT™™)

€

+¢/2
1 £lloo. + llglloo.)

<(Iflloo.@ + llglloc.@) - o

<e

I

proving the lemma. 0

THEOREM 5.19. Under the same conditions in Theorem 4.7, the following statements
are equivalent:

(1) Q is weakly mixing;

(i) hmnmggo e > [P(BNT™IC) = P(B)Q(C)|* = 0 for any B,C € F;

(iii) for any f,g € L*(), F,Q), there exists a subset J = Jy 4 of N with D(J) = 0 such
that

(51) lim (foT”)-gdP:/fdQ/gdP.

n¢Jn—oo

Moreover, these equivalent statements can imply that letting p(x) be a polynomial with inte-
ger coefficients, then for any f € L"(Q, F,Q), r > 1,

lim 1 Z f(Tp(i)w) = /fdeor P-a.s. we .
=1

n—00 N, 4

PROOF. (i) = (ii). Let V be defined by (25). Under the assumptions of this theorem,
Q € MY™(T) Ncore(V) such that Q|7 = V|7, and so V' is also weakly mixing. Applying a
similar argument of (iii) in Remark 4.6 on Theorem 5.12, we obtain (ii).

(ii) = (iii). It follows from [46, Theorem 1.20] that (ii) is equivalent to that for any B, C' €
F, there exists a subset Jp ¢ of N such that lim, ¢, . nosec P(BNT"C) = P(B)Q(C).
It turns out that for any simple functions f, g there exists a subset J¢ , of N such that

ng(,}yig{?Hm/(foTn) .gdP:/fdQ/gdp_

Now we prove the above equation holds for any f,g € L>®(Q,F,Q). Given f,g €
L™ (Q, F,Q), there exists two increasing sequences of simple functions {fi}ren and
{9k } ken such that

I ~ flhio=1i —glho=0.
kin;lonfk flho kljgoﬂgk gl
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By Lemma 5.18, for any € > 0, there exists K > 0 such that

€ €
(52)  |fx = flh,por— < 57— llgx — gll1,p < 57— forany m € Z .,
8”9”00,62 8HfHoo,Q
and
(53) Ifx - fllio < =—\ || ho<=—
K — 1,Q > y WK — 9111,Q = 57— -
2= §llgloe @ = 8] f o

Since fx and gx are simple functions, we have that

im [ (o) gudP = [ fdQ [ guar

NEJf e g g N0

Thus, there exists Ng > 0 such that for any n ¢ Jy, ;. and n > N

(54 | [ieo ) gudp - [ fidQ- [ grapl<ess
Since P < @, one has that ||h||s,p < |||ec,q for any F-measurable function h. Indeed, as

Q({w € Q: h(w) > ||h|loo,q}) =0, it follows that P({w € 2 : h(w) > ||h|l«,q}) =0, and
hence [|A||oo,p < [|h||s0,@- Thus, we have that for any n ¢ Jy, 4, and n > N,

| [rorm)-gir~ [ gaq- [ gap)
<| [(ro1) gaP - [(ro17)- gudp
+’/(foTn)'ngP—/(fK0Tn)'ngP\

+| [uor grap— [ ficdq- [ gar

—|-]/deQ~/ngP—/deQ-/gdP!
+|/deQ-/gdP/fdQ~/gdP|

< fls@ - llg = grllrp + llgllso,@ - I f = fx
+€/8+ | flloc g —9xllp +gllcq - If — frlhq
<e/8+¢/8+¢€¢/8+¢/8+¢€/8 <e.

1,PoT—m

Similar to the construction of the subset with zero density in Lemma 5.14, we can prove (iii).

(iii) = (i). Firstly, we prove that @) is ergodic. Indeed, for any A € Z, if P(A) > 0, letting
f=14cand g=14in (51), we have that 0 = P(AN A¢) = Q(A®)P(A), which implies that
Q(A®) =0;if P(A) =0, letting f =14 and g = 1 4. in (51), we have that Q(A) = 0. Thus,
Q(A) € {0,1}, and hence Q is ergodic.

Now we prove @ is weakly mixing. Fix any F-measurable function h with [|h|dQ > 0
such that h o T'= \h, Q-a.s. for some A € C\ {0}. Since @ is ergodic and |A| = 1, it follows
that || is constant, Q-a.s. In particular, h € L>°(Q2, F, Q). Taking f = # and g = hin (51),
one has that

. " h
(55) lim A" = / Wd@ / hdP.

n—oo,n¢Jy g
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Since || = 1, we write A = €% for some 6 € R. If € Q \ {0}, then {\"},,ez, is a peri-
odic sequence with a period of ¢ > 1, and hence for any constant ¢ € C there is no subset
J of N with D(J) = 0 such that lim,,_, ,¢; A" = ¢, which is a contradiction with (55).
If § ¢ Q, it is well known that {\"}, ¢z, is equidistributed in [0,1) (see for example [19,
Theorem 1.4]). Thus, for any constant ¢ € C there is no subset J of N with D(.J) = 0 such
that lim,, o, n¢s A" = ¢, which is also a contradiction with (55). Thus, A =1, and hence
hoT = f, -a.s., which implies that f is constant, (J-a.s., as ) is ergodic. Therefore, @ is
weakly mixing.

The last statement is a direct corollary of Corollary 5.8. O

REMARK 5.20. Mirroring Remark 4.8, in the case that P is an invariant probability, all
the three results in the above theorem are exactly the same as the results in classical ergodic
theory without extra condition. So our results in the case that P is an invariant probability
are sharp and hold true for a class of non-invariant probabilities.

6. Further applications to invariant probabilities. In this section, we see examples of
ergodic and weakly mixing capacity preserving systems, and provide applications for invari-
ant probabilities.

6.1. Distortions of invariant probabilities and their applications in characterization of
weakly mixing and periodic probabilities. The first example shows that each ergodic (resp.
weakly mixing) probability preserving system can give rise to a non-trivial ergodic (resp.
weakly mixing) upper probability. Then the ergodic theory of upper probabilities leads to
some new results on the classical ergodic theory for probability preserving systems.

EXAMPLE 4. Let (Q2,F, P,T) be a probability preserving system. Given a strictly in-
creasing continuous concave function f : [0,1] — [0,1] with f(0) =0 and f(1) =1, de-
fine a concave distortion of P with respect to f by V(A) := f(P(A)) for any A € F
(see [8] for more properties about this type of capacities). Note that for any A, B € F,
P(ANB)<P(A),P(B) < P(AU B). By the property of concave functions,

f(P(ANB))+ f(P(AUB)) < f(P(A)) + f(P(B)),

which shows that V is concave capacity. It is easy to see that V; is also T'-invariant. Mean-
while, it is continuous by the continuity of the function f and the probability P. By the
choice of f, we have that f(P(A)) > P(A) for any A € F, hence P € core(Vy). If the sys-
tem (Q, F, P,T) is ergodic (resp. weakly mixing), it is easy to see from the definition of V
that V¢|z = P|z. So by Theorem 3.2 (resp. Lemma 5.7), we have that V7 is also ergodic (resp.
weakly mixing).

Thus, all results can apply to the capacity preserving system (€2, 7, V;,T'). Some of them
are new and striking to the classical theory. We can see some of them in the following.

In particular, we suppose that P is an ergodic probability and consider f(z) = v/z. Ap-
plying (iv) of Theorem 4.10 on V, we have
1 n—1
liminf — Y " PY?(BNT~'C) > P'/*(B)P(C) forany B,C € F.
n—oo n i—0
Meanwhile, by the concavity of the function f(x) = zl/ 2 >0, one has that for any B,C €
F,

n—oo N

n—1 n—1 1/2
lim sup ! > PABNTTC) < ( lim % > P(Bn T@)) = PY2(B)PY?(0).
=0 =0
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Thus, for any B,C € F,

n—1

1/2 L 1/2 i
PY2(B)P(C) <hnn3£fnzgp (BNT~C)
(56) '

n—1

< limsup — ZP1/2 (BNT~'C) < PY4(B)PY*(0).

n—oo N e

REMARK 6.1. Under the assumption that P is ergodic, the limit lim,, % Z?’;Ol P(BN
T~'C) exists, but the limit lim, o £ Z?:_ol PY2(BNT~'C) may not exist. In fact, for
a general sequence {a;}ien C [0, 1], even if the limit lim,_, % Yo, a; exists, we may
not be able to obtain the limit lim,,_, o + ZZ 14, 1/2 exists. For example, we consider the
sequence {a; }icy defined viaa; = 1/4 itie (22k=1 22K a; = 1/2if i € (2%F, 22’““] is even;
a; = 0if i € (22%,22k+1] 5 0dd for each k € N. In the following, we consider 2 > | a; and
1 Z? 1 11/ ? instead for convenience of notation in this special example. By computation,

limy, o0 + =3 iy a; = 1/4, but the limit limy, 00 + =3 a’? does not exist, as

i=1%
22 / k Lk
1/2 2i 2i— 1 2i—1 2i—2
lim — — lim — (S (2% 2 SN (92l g
Jim e D = i o (Zz 1452 5 >)
1,1
3 6V2
but
Ay 1 (& 1¢n 1
: 12 _ 2% _o2i-1y 1N L 2041 o2
Jim 22k+1 Za Jm oo (;2(2 2 )"'2;; 2(2 2 )>
1,
6 3v2

Thus, the lim inf and the lim sup in (56) may not be equal.

The following two propositions show that the limit of Cesaro summation % Z?;ol P12 (BN
T-C), forn € N, B,C € F, is closely related to the complexity of the dynamical system.
Firstly, we characterize the weak mixing probability preserving systems by the limit is equal
to the upper bound in (56).

PROPOSITION 6.2. Let (2, F,P,T) be a probability preserving system. Then the fol-
lowing three statements are equivalent:

(i) P is weakly mixing;
(i) for any 7 > 0, lim, oo L 2770 PT(BNT~'C) = P"(B)P"(C) for any B,C € F;

(iii) for any B,C € F, lim, 00 L 32070 P(BNT~C) = P(B)P(C), and there exists
r=rp,c € (0,1/2] such that lim,_, = S0 P(BNT~'C) = P"(B)P"(0).

In particular, P is weakly mixing if and only if P is ergodic and lim,,_,o. + Zn ' P/2(B 2(Bn
T-'C) = PY2(B)P'/2(C) for any B,C € F.
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PROOF. (i) = (ii). Given any B, C € F, it is well known that (see [46, Theorem 1.21] for
example) there exists a subset J = Jp ¢ C N with nature density D(J) = 0 such that

lim P(BNT "C)=P(B)P(C),

n¢Jn—o0
which implies that for any r > 0,
lim P"(BNT"C)=P'(B)P"(C),

n¢Jn—oo

which implies (ii).
(i1) = (iii). This is trivial.
(iii) = (i). Given any B, C € F, suppose that there exists r =5 ¢ € (0,1/2] such that

n—1

lim % Z; P (BNT~'C)=P"(B)P"(C).
Then we have the following claim.
Cram 1. lim Ly s PU2(BNTC) = PV2(B)PY2(C).
PROOF OF THE CLAIM. By Holder inequality and the first statement of (iii), we have
lim sup 1 nzl P2(BNT7'C) < lim (1 nzl P(BN T‘ZC)> 1/2 = PY2(B)PY?(0).
n—oo M0 e\ o

Using Holder inequality again, we have that
n—1

P"(B)P"(C) = lim ! > P(BNT'C)
=0

n—oo N 4

1 n—1 2r

< Timinf — 1/2 —i o 1=2r

< hnn_lgoréf - (2]—7 (BNT C)) n
1=

which implies that
n—1
| 1/2 —i 1/2 1/2
— >
hnnl}gfn EOP (BNT™'C) > PY*(B)P=(C).

Now we finish the proof of the claim. O

The above claim, together with the first statement of (iii), implies that

n—1
: l 1/2 —i _ pl/2 1/2 2
nlggon;(zﬂ (BNT~'C) — PY*(B)PY%(C))
1n—1 1n—1
. = —1 N 1/2 —1 1/2 1/2
= lim_ ngP(BﬂT 0) 2H;P (BNT~‘C)PY?(B)PY?(C) + P(B)P(C)

=0.
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Thus,
i - S(P(B NT~'C) - P(B)P(C))?
T
<4 lim © ni(Pl/ 2(BNT~'C) — P/*(B)P'*(C))? =0.
e i
As B, C € F are arbitrary, by [46, Theorem 1.17], we finish the proof. O

Conversely, if the Cesaro summation above-mentioned converges to the lower bound in
(56), then the system is simple. That is,

PROPOSITION 6.3. Let (2, F, P,T) be an ergodic probability preserving system, where
(Q, F) is a standard measurable space. Then the following two statements are equivalent:

(i) there exists B € F with P(B) > 0 such that for any C' € F with C C B,

n—o0o 1 4

n—1
(57) lim > PYVA(BNT'C)=P'*(B)P(C);
=0

(ii) P is a periodic probability, i.e., there exist » € N and distinct points wy, ... ,w, € {2
such that P({w;}) =1, i=1,2,...,7.

In this case, r = ﬁ e N.

PROOF. (i) = (i). Let B = {w1}. Then we only need to check (57). Note that PY2(Bn
T—'B) =1//r, if i = kr for some k € N, otherwise P*/2(BNT~*B) = 0. Thus,

n—1
1 , 1
li f§ P2(BNT'B)=>.— = PY2(B)P(B).

—_

(i) = (ii). Let B be as in assumption (i). Fix any C' € F with C' C B. Let

_ (P(BATC)\'? ,
a; = (P(B)) foreachi € Zy.

Then 0 < a; <1 for any 7 € Z. . From the assumption (57) and P being ergodic,
1 n—1 1 n—1
. o IR | 2
nlggo - 2% =P(C)= nlgrl;o - 2@1.
1= 7=

So lim,,— 0o % Z?:_ol a;(1 — a;) = 0. Thus, by Theorem 1.20 in [46], there exists a subset
J C Z4 with natural density D(.J) = 1 such that
li 1-— =0.
TLGJ}&OO an( an)
If P(C) > 0 then there exists a subset J; C J with positive natural density such that
lim a, =1, thatis,

neJy,n—o00

lim P(BNT "C)=P(B).

neJy,n—o00
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This implies P(C) = P(B). If this is not true, note that
P(BNT™"C)< P(C)<P(B).

This is a contradiction. Thus, P(C) = P(B). As C € F with C C B is arbitrary, it fol-
lows that B is an atom. Since (€2, F) is standard, it follows that each atom is a single-
ton, denoted by B = {w} for some w € (2. Since P(UX,T{w}) <1, and T is measure-
preserving, so there exists a smallest integer r € N such that 7"w = w. Since P is ergodic,
and {w,Tw,...,T" 1w} is an invariant set, it follows that

P{w,Tw,...,T" 'w})=1.

Let w; =T 'w for i =1,2,...,r. Then P(w;) =1 = P(w) = P(B) fori=1,2,...,r.In
particular, r = ﬁ. O

More generally, we have the following. The proof is similar to that of (56) using the con-
cavity of the function f, so it is omitted.

PROPOSITION 6.4. Let (2, F, P,T) be a probability preserving system and f : [0,1] —
[0,1] be an increasing concave continuous function with f(0) =0 and f(1) = 1. Then for
any B,C € F,

F(P(B)P(C) <liminf~ 3 f(P(BNTC))

n—1

<timsup 3" f(P(BAT™0)) < [(P(B)P(C)).
=0

n—oo

6.2. Counter example of ergodic capacity preserving system in number theory without
Birkhoff’s law of large numbers. In this subsection, we will prove that the law of large
numbers does not hold for any invariant capacity on (Z,2%) with respect to T : Z — Z,n —
n + 1. For convenience, we denote by [m,n] = {m,m+1,...,n}, forany m <n € Z.

Given any capacity preserving system (Z,2%, i, T), we prove that Birkhoff’s ergodic the-
orem does not hold for i. By contradiction, if it holds, then for any A C Z, there exist B C Z
with pu(B€) =0 (i.e., B # 0)) and ¢ > 0 such that for any m € B,

] ' 1n—1 .
nl;rgozn+1\Aﬂ[m—n,m—l—n”:nlglgonzglA(Tm):c.
1=
Thus,
lim —— | AN [=n,n]| =
tm ANl =e

This means that the natural density of any subset A of Z exists. However, it is not true, for
example, that the set A = 22 [2%",22"1] does not have a natural density. This can be seen
as

i ‘Aﬁ [_n’n” . ‘Aﬁ [_22n+1722n+1” o 22n+1 o 22n _ 1
P TN Rl Tt 22042 || noeo 22042 41 4
but
AN[- AN[—22n 92n 92n—1 1
liminf A0l g A2 2T . e 2L

nooo  2n+ 1 Tonmoo 220l 4] Tapnee 220l 41 4



ERGODICITY AND MIXING OF INVARIANT CAPACITIES AND APPLICATIONS 47

REMARK 6.5. As a corollary of Theorem 3.3 and the above consequence, there is no
T-ergodic upper probability on (Z, 2%).

Now we study some well-known concrete examples of capacities on (Z, 27), but they are in
fact not upper probabilities. Firstly, we prove d in Example 1, introduced in the Introduction,
is an ergodic subadditive capacity.

EXAMPLE 5. We recall the capacity preserving system (Z, 2%, d, T) defined in Example
1. Now we prove that d is ergodic with respect to 7. Note that T 'A={n€Z:n+1¢
A}. There are only two possible sets A = () and A = Z satisfying T~*A = A. In particular,
d(A) =0ord(A) =1 and d(A°) = 0, proving the ergodicity of d. But consider Ay = [k, )
for all k € N. Then Ay, | 0, but for any fixed k € N, d(Ay) = 1/2. Thus, d is not continuous
from above. Meanwhile, we consider By, = [—k, k] for each k € N. Then Ay, 1 Z, but for any

fixed k € N, d(Ay) = 0. Thus, d is not continuous from below. So the subadditive capacity d
is not an upper probability.

Recall that a continuous concave capacity must be an upper probability, and hence if it is
ergodic then Birkhoff’s ergodic theorem holds. The following example shows that there exists
an ergodic concave capacity which is continuous from below such that Birkhoff’s ergodic
theorem does not hold.

EXAMPLE 6. LetT :Z — Z, x — x + 1, and 2% be the family consisting of all subsets
of Z. Define

14 = max Oy,
neL

where ¢, is the Dirac measure for n € Z. Then it is easy to check that p is an invariant con-
cave capacity continuous from below, and in particular (Z, 2%, u, T') is a capacity preserving
system. The ergodicity of i can be obtained by the same argument in Example 5. However,
by the same argument as in Example 5, p is not continuous from above, and hence p is also
not an upper probability.

6.3. Examples: ergodicity but not weak mixing. We recall that a weakly mixing subaddi-
tive capacity must be ergodic. In the case for probabilities, there are many examples showing
that an ergodic probability may not be weakly mixing (for example, irrational rotations on
the torus). Now we provide some examples for more general capacities.

EXAMPLE 7. Let (Z,2%, 1, T) be the ergodic system in Example 6. We claim that 1 is
not weakly mixing. To see this, we consider the measurable function f(n) = A" on Z, where
A € Cwith [A\| =1.Then f(Tn) = f(n+1) = Af(n) for each n € Z. Since f is not constant,
it follows that u is not weakly mixing.

EXAMPLE 8. Given N € N, let (Qi,]-"i,P,-) for i =1,2,..., N be probability spaces,
and let
it (0, Fi) = (g1 mod N> Fit1( mod N))
be invertible measurable maps satisfying
P; Oﬂ-z‘_l — 4%+1( mod N)-

We then define a measurable transformation S : Qn — € so that (Q NS FN, Py, S) is a
weakly mixing probability preserving system (see [38] for examples).
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Let Q= Uﬁ:le ;. We equip €2 with the o-algebra
F = {ACQ:AﬂQiG]—}foreachizl,...,N},
and define 7": 2 — (2 by
Tlw) = i (w), we;,1=1,2,...,N -1,
TFN(S(W)), w € Qy.
Foreach:=1,2,..., N, let
pz(A) =P (AﬂQZ), forany A € F,
and define the upper probability

V = max P,
1<i<N
Note that for any A € F,
(58) AN — N (ANQy),  i=1,2,...,N -1,
STy (ANQy), i=N.

Thus, V' is T-invariant. Indeed, for any A € F,
V(T 1A) P(T 'ANQ)

= Imax
1<i<N
= max{lgrir%%{fl PZ(W,L_I(A N Qi+1)), PN(Sflﬂ'R,l (A N Ql))}

:max{ max 1P¢+1(Aﬂ Qi+l)7P1(A N Ql)}

1<i<N-—
=V (A).

Next, we prove that V' is ergodic. Using (58) again, we know that for A € F with T-1A =
A,

-1 .
L(ANQ),  i=12,.. N1,
(59) Ain:{”@ (ANQir),

S_lwx,l(A NQy), i=N.
Since each 7; is invertible, it follows from (59) that

ANQn =Sy (An)) =S a7yt (ANQN)) =S H AN Q).
Because (Q N, Fn, Py, S ) is weakly mixing, any S-invariant set in Fx has Py-measure 0
or 1. Hence
pN(A) = PN(A N QN) S {0, 1}.

On the other hand, using F; o 7TZ~_1 = P41, fori=1,2,..., N — 1 together with (59), one
shows

PI(ANQ) =P (] (ANQ)) = P (ANQ) =+ = Py(ANQy).
Therefore, one of the following holds:
Pj(A)=0 foralli=1,2,...,N,
or
P;(A°)=0 foralli=1,2,...,N.

It follows that either V' (A) =0 or V(A¢) =0.
Finally, we prove it is not weakly mixing. Let

f(w)ze%i% forwe Xy, £€{1,2,...,N}.

Then foT = 2Ty f,and f is not constant, V' -a.s., which shows that V' is not weakly mixing.
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7. Subadditive ergodic theorem for capacities. In the last section of this paper, we
apply the common conditional expectation and invariant skeleton to study the subadditive
ergodic theorem on upper probability spaces, which provides a way to understand the long-
term behaviour of subadditive functions. Subadditive functions have applications in a variety
of fields, including probability theory, information theory, and statistical physics.

7.1. Proof of subadditive ergodic theorem for invariant upper probabilities. We recall
that a sequence of F-measurable functions { f,, }»en on the capacity space (£2, F, u) is said
to be subadditive (resp. superadditive) if for each k,n € N, f, x < fi, + fr o T (resp.
frnvk = fon+ foT™), p-as. If a sequence is subadditive and superadditive, then it is said
to be additive. Given an F-measurable function g, let f,, = Z?;Ol g o T foreachn € N.
Then fnix = fn + fr o T™ for each k,n € N, and hence it is additive. However, for ex-
ample, {|f,|}nen is only subadditive. Thus, subadditive ergodic theorem can be viewed as
an extension of Birkhoff’s ergodic theorem. We remark that, as the proofs of subadditive
and superadditive sequences are similar, we only state and prove the results for subadditive
sequences.

In the following, a standard setup is a capacity preserving system (€2, F,V,T'), where
(2, F) is a standard measurable space, T": € — () is a measurable transformation, and V' is
a T'-invariant upper probability.

THEOREM 7.1. Suppose that { f,, } nen is a sequence of F-measurable functions satisfy-
ing the following conditions:

(i) there exists A > 0 such that — n < f,(w) < A foranyn €N, and w € Q;

(i) foreachk,neN, frip < fn+ froI™, V-a.s.
Then there exists f* € B(2,T) such that

lim lfn(w) = f*(w) for V-a.s. w € Q.

n—+00 1N,

If, in addition, V is ergodic, then f* is a constant V -a.s.

PROOF. Define
1
S, = —fn foreachn € N.
n

By Assumption (i), one has S,, € B(£2, F) for each n € N. By Lemma 2.16, for each n € N,
there exists .S,, € B(2,Z) such that for any n € M(T),

Sn=E,(Sn|Z), n-as.

Let f* = inf,en Sy, and QF = {w € Q:limy_00 Sp(w) = f*(w)}. Then by Theorem 2.6, one
has n(2*) =1 for any n € M(T') Ncore(V'). In particular, for any P € core(V'), its invariant
skeleton satisfies that P((€2*)¢) = 0. By Lemma 2.13 (ii), we deduce that V ((€2*)) = 0.
Suppose that V' is ergodic. Applying Lemma 2.11 on the 7T-invariant function f*, we have
f* is constant, V-a.s. ]

REMARK 7.2. (i) Cerreia-Vioglio, Maccheroni and Marinacci [9] considered a sub-
additive ergodic theorem on the upper probability space (€2, F,V’). However, they im-
posed the additional condition that there exists a compact subset A of M(T') such that
V =maxpecp P. We recall Example 2, in which V' does not satisfy this condition.
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(i) When V is ergodic, core(V) N M(T') has only one element. So we do not need to use
the common conditional expectation. Therefore, in this case, the subadditive ergodic theorem
holds for general probability spaces, but not necessarily standard ones.

Continuing with the viewpoint of Theorem 4.7, the following result provides the subaddi-
tive ergodic theorem for a class of non-invariant probabilities.

THEOREM 7.3. Let (2, F,P) be a probability space (not necessarily standard),
and T : Q — Q be an invertible measurable transformation. Suppose that the limit
limy, 00 & Z?:_()l P o T? exists, denoted by Q. Suppose that {f,}nen is a sequence of F-
measurable functions satisfying the following conditions:

(i) there exists A > 0 such that — n < f,(w) < Anforanyn € N, and w € Q;

(i) foreach k,neN, foip < fn+ froT™.

If Q is ergodic, then there exists a constant ¢ € R such that

lim lfn =c¢, P-a.s.
n—oo N,

7.2. The multiplicative ergodic theorem for capacities. In this subsection, we apply The-
orem 7.1 to obtain an extension of Furstenberg-Kesten theorem ([25], see also [46, Corollary
10.1.1] or [2, Theorem 3.3.3]) to an upper probability space and further use it to prove the
multiplicative ergodic theorem [34] on upper probability spaces. Let us begin with the no-
tation. Denote by R%*? the space of all linear operators on R%. By choosing a basis of R,
we can view R?*¢ as the space of all d x d matrices. For any A € R%*?, denote by A* its
transpose matrix.

Let (Q, F, u,T) be a capacity preserving system and L : Q2 — R%*? be a measurable map
such that for each w € €2, L(w) is a d x d matrix. Define

(60) ®(n,w) = L(T" 'w)L(T" 2w) - L(w), forn >1and w € Q,

where ®(1,w) := L(w) € R is the generator of ®. Let A*RY, 1 < k < d, be the k-fold
exterior power of R (see [43, Chapter V] for more details). The cocycle property

O(n+m,w)=(m,T"w) ®(n,w)
lifts to AFR?, 1 < k < d (see [2, Lemma 3.2.6])
(61) AF®(n +m,w) = (A*®) (m, T"w)(A*®)(n,w).

In the following, we always suppose that || - || is a matrix norm on R9*4, i.e., a norm on R%*¢
with additional property || AB|| < || A|||| B]|.
Now we prove the Furstenberg-Kesten theorem on upper probability spaces.

THEOREM 7.4 (Furstenberg-Kesten theorem for upper probabilities). Let ® be defined,
by (60), on the capacity preserving system (0, F,V,T), where V is an upper probability. If
the generator L : Q2 — R of ® is a measurable function such that log || L(w)|| € B(Q, F),
then

(i) foreach k=1,...,d the sequence {fT(Lk) (W) }nen defined by
f7(Lk) (w) :=log H/\k@(n,w)H foreachn € N

is subadditive;
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(ii) there exist v\F) € B(Q,F) fork=1,2,...,d such that

1
(62) lim - log H AR (n, )H — A0 Yo,
n—o00 N,

PROOF. Fix k € {1,2,...,d}. Since |[(AFLy) - (A*Lg)|| < || A*¥ Lq|| - || A¥ La]| for any
Ly, Ly € R¥¥4 (see [2, Lemma 3.2.6 (vi)]) it follows from (61) that { f,(lk) (w)} is subadditive.
Meanwhile, since log || L(w)|| € B(£2, F), there exists M > 0 such that

[log || L(w)||| < M for any w € €,

which shows that for each n € N,
(63) |£)(w)| < knM for any n € N.

The proof of (ii) is completed by applying Theorem 7.1 on the sequence { fT(lk) (w) }nen for
eachk=1,2,....,d. ]

THEOREM 7.5 (Multiplicative ergodic theorem for upper probabilities).  Under the same
conditions as in Theorem 7.4, there exists Q0 € T with V (Q2°) = 0 such that for any w € €,

(i) The limit limy, o0 (®(n,w)*®(n,w))Y/?" := W(w) exists.

(ii) Let eM@ @) < < M) be the different eigenvalues of ¥ (w), where p(w) is the
number of the different eigenvalues of V(w), and let Uy, (w), . .., U1 (w) be the correspond-
ing eigenspaces with multiplicities d;(w) := dim U;(w). Then

p(Tw) = p(w), \i(Tw) = A\i(w), and d;(Tw) = d;(w) forall i € {1,2,...,p(w)}.
(iil) Put Vyy41(w) := {0} and fori=1,2,...,p(w)
Vi(w) :=Upy(w) @ ... & Us(w)
such that
Vyw)(w) C...CVi(w) C...C Vi(w) =R%

Then for each x € R4\ {0} the Lyapenov exponent
Mw,x) = nlirgo%log |®(n,w)x||
exists as a limit, and
Aw,2) = M(w) & 7 € Vi(@)\Vig ()
equivalently
Vi(w) = {z € R?: A(w,z) < Ni(w)}.
(v) Forall x € R%\ {0}
A(Tw, L(@)2) = Aw,2),
whence
L(w)Vi(w) CVi(Tw) forallie{1,...,p(w)}.

(v) If V is ergodic, then the function p is constant on Q, and the functions \; and d; are
constant on {w € Q :p(w) > i}, i=1,2,...,d.
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PROOF. Under the assumption that log || L(w)|| € B(€2, F), it is easy to see that for any
w € Q, limsup,,_,, = log | L(T"w)|| < 0. Moreover, ®,, defined as in (60) also satisfies (62)
on a subset ; of 2 with V' (Q§) = 0. Thus, (i), (ii) and (iii) are true on ; from Oseledec’s
deterministic multiplicative ergodic theorem (see [2, Proposition 3.4.2]).

Now we check that (iv) holds for any w € §2;. Note that ®(n,Tw)L(w) = ®(n + 1,w) for

any n € N and w € Q. Thus, for any w € €21, by (iii), one has

1 1
AMTw, L(w)x) = lim —log||®(n,Tw)L(w)z| = 1i_>m —log||®(n+ 1,w)z|| = Aw,x).
n n—oon

n—oo
Using (iii) again, for any z € V;(w), A(w, z) < \;(w), which shows that
MTw, L(w)z) = \(w,z) < M(w) 2 A\(Tw).
Therefore, L(w)x € V;(Tw), which by the arbitrariness of x € V;(w), implies that L(w)V;(w) C
Vi(Tw).

Since p is T-invariant on ©; and V' (Q§) = 0, it follows from Lemma 2.11 that p is constant
on some measurable set Q2 C ©; with V(Q$) = 0. Using Lemma 2.11 again, there exists
Q C Qg with V(Q2¢) = 0 such that the functions \; and d; are constant on {w € Q : p(w) > i},
1=1,2,...,d. The proof is complete. O

As a direct corollary of Theorems 7.3 and 7.5, one has that multiplicative ergodic theorem
holds for a class of non-invariant probabilities.

THEOREM 7.6. Let (S, F, P) be a probability space, and T : ) — ) be an invertible
measurable transformation. Suppose that the limit lim,,_ % Z?:_ol P oT" exists, denoted
by Q. Then (i)-(v) in Theorem 7.5 holds, P-a.s.
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